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A B S T R A C T  
 

The optimization of investment portfolios is the most important topic in financial decision making, and 

many relevant models can be found in the literature.  According to importance of portfolio optimization 

in this paper, deals with novel solution approaches to solve new developed portfolio optimization model. 
Contrary to previous work, the uncertainty of future returns of a given portfolio is modeled using LR-

FUZZY numbers while the function of its return are evaluated using possibility theory. We used a novel 

Lp-metric method to solve the model. The efficacy of the proposed model is tested on criterion problems 
of portfolio optimization  on LINGO provides a framework to optimize objectives when creating the 

loan portfoliso, in a search for a dynamic markets decision. In addition to, the performance of the 

proposed efficiently encoded multi-objective portfolio optimization solver is assessed in comparison 
with two well-known MOEAs, namely NSGAII and ICA. To the best of our knowledge, there is no 

research that considered NSGAΠ, ICA fuzzy simultaneously. Due to improve the performance of 

algorithm, the performance of this approach more study is probed by using a dataset of assets from the 
Iran’s stock market for three years historical data and PRE method. The results are analyzed through 

novel performance parameters RPD method. Thus, the potential of our comparison led to improve 

different portfolios in different generations. 

doi: 10.5829/ije.2019.32.09c.11 
 

 
1. INTRODUCTION AND PREVIOUS WORK1 
 

Currently, portfolio selection is one of the most complex 

issues that needs to decide on both the  strategic level and 

the oprational level [1]. Modern portfolio selection 

theory is derived from the mean–variance probabilistic 

model by Markowitz [2]. Markowitz's classic model 

shows the involvement of the investor in the amount of 

investment. This research considered optimization of the 

three-objective model with constraints simultaneously .  

Today, in this zoon, there are some models to determine 

portfolios that over time the defects are specified, and one 

model is replaced by another one. On the other hand, 

volatility on the stock exchange is unpredictable and has 

a random nature. Access to an appropriate portfolio 

without planning and evaluating investment options is a 

difficult problem. The most important problem is how 

much of each asset is allocated in the portfolio of each 
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investor and the reason for that uncertainty is the return 

from each asset. 

Saborido et al. [3] and Bermudez et al. [4] described 

the skewness to combine the measurement of fuzzy data 

asymmetry in a portfolio, and a study of its role in 

selecting a potential portfolio have been addressed [5]. 

The model was developed as a robust model and to 

ensure proper implementation of the model [6].  There are 

different [7] strategies for solving the portfolio 

optimization model in fuzzy space. To solve the fuzzy 

problem, the LR-FUZZY approach was used. In this 

context, Vercher et al. [8] used probability distributions 

using fuzzy LR- NUMBERS to determine the amount of 

portfolio return in an uncertainty. The membership 

function of the random function was obtained using 

historical data. This random function was obtained using 

the features derived from investment inflows [9, 10]. 

Framework. They used some analysis techniques to solve 
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this problem. On the other hand Harvey et al. [11] used 

hybrid algorithems (ICA-FA) to solve multi-period 

problem. Based on uncertain theory, we present a novel 

multi-period multi-objective mean-variance-skewness 

model by considering multiple realistic investment 

constraints, such as transaction cost, bounds on holdings, 

and cardinality etc [12]. To this end, wang et al. [9] have 

solved multidisciplinary MDRS problems using meta-

framework methods that are specifically designed to 

produce different portfolios with a different substitution 

than the MDRS model since evolutionary algorithms 

such as genetics and other algorithms were developed 

with the propose of optimizing optimal portfolios and 

optimizing multi-objective problems [9]. Therefore, the 

MDRS probabilistic [13, 14] model cannot optimize all 

specially designed for dealing with the difficulties of the 

cardinality constrained portfolio optimization problem 

(CCPOP). Also, the proposed algorithm incorporates a 

new mutation and recombination operator tailor-made to 

work well with the new encoding scheme [15]. 

According to the priviouse work and researches gap, 

• Through the total stock income to the stock portfolio 

• Resolving a single-period portfolio problem 

• •Use of evolutionary algorithms like GA, PSO, FA, 

NSGAII, ant colony. 

• Using goal programming and weighting to solve 

multi-objective problems. 

• According to gap in the litrature 

• Most of the works done in this field comes from the 

collection of each single stock in the desired portfolio, 

and in this research, on the contrary, this process has been 

taken from the hypothetical portfolio to the desired 

stocks. It means that, we have considered a hypothetical 

portfolio and reached the portfolio to the required stocks, 

but on similar issues, the stock will reach the desired 

portfolio. 

• Solving the problem by using the L-Pmetric method 

in order to change multi-objective problem to single 

target .So, the novelties of our paper are: 

• Changing the single period problem to multi-period 

one solving the problem with MOEA(ICA). The reason 

for the use of the ICA algorithm is that: this algorithm 

provides an excellent answer to the Markowitz (mean- 

variance) model problem, which is rarely used or never 

used, NSGAII and lingo in IRAN’s market. The reminder 

of the paper is organized as follows: In section 2, we 

briefly review of the model. the description of the 

algorithem and pseudo code of algorithems in section 3. 

Section 4 presents the proposed ICA and NSGAΠ 

algorithms for MDRSMP model And the numerical 

results for a data set from Iranian market. Then we are 

provided some managerial results in section 4, and 

finally, we conclude and give some future directions in 

section 5. 

 

 

2. PROBLEM DEFINITION 
 
Contrary to previous works, the MDRSMP model is 

developed on fuzzy MDRS models, is used a novel Lp-

metric method to solve the model and is assumed that 

portfolio optimization  model is multi-period. The 

efficacy of the proposed model is tested on criterion 

problems of portfolio optimization with LINGO provides 

a framework to optimize objectives when creating the 

loan portfolio, default in a search for a dynamic markets 

decision when the uncertainty of the return on a given 

portfolio is directly quantified through its possibilistic 

moments for power LR-fuzzy numbers and the risk of the 

investment is measured by means of the downside risk.  

 
2. 1. Prameteres and Variables 
𝑥𝑖𝑡 = The decision variable, the fraction of the total 

capital, is invested in the purchase of a stock i in the 

period t, 

𝑎𝑢𝑖𝑡=The upper limit of the price of the i-th stock in t, 

alit = Limit the price of the i-th stock in t, 

𝑐𝑖𝑡 , 𝑑𝑖𝑡 =  Trapezoidal numbers for trapezoidal fuzzy 

logic that lie between upper and lower bounds, 

Lit= The lowest investment in stock i in period t, 

𝑢ti=The highest investment in stock I in priod t, 

∑ 𝑥𝑖𝑡
n
𝑖=1 = 1, the aggrigation of investing in stocks  must 

be equal to one. 

 
2 .2. Assumptions 
• The model is considered periodically, 

• The principle that the price of any stock is limit and 

cannot be exceeded, 

• The market assumed efficient, 

• The performance of the market is the highest, and 

stocks traded easily, 

• Data are supposed to be normal, 

• The stocks selected from four different industries 

because stocks do not have any correlation with each 

other . 

 
2. 3. Model               This study aims to tackle the Mean-

downside risk-skewness-multi period problem for 

selecting the best portfolio by considering evolutionary 

algorithms. The proposed model is a multidimensional 

where the  objective functions concord to the crisp values. 

These objective functions are nonlinear because they 

depend on the sample percentiles of the returns on the 

stock X. According to earlier papers, for selecting 

efficient portfolios, we propose to maximize the odd 

moments while minimizing the downside risk value. The 

portfolio selection problem can be formulated as follows : 

Where the decision variables are xi, the fraction of the 

portfolio value invested in asset i, and i =1, 2, ..., N denote 

the different risky assets: 
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𝑀𝑎𝑥 𝐸(𝑝~
𝑥) =

∑ 𝑎𝑢𝑖𝑡
𝑛
𝑖=1 xit+∑ alit

n
i=1 xit

2
  (1) 

𝑀𝑖𝑛 𝑤(𝑝~
𝑥) =

∑ 𝑑𝑖𝑡𝑥𝑖𝑡+∑ 𝑐𝑖𝑡𝑥𝑖𝑡
𝑛
𝑖=1

𝑛
𝑖=1

2
+

∑ 𝑎𝑢𝑖𝑡𝑥𝑖𝑡−∑ 𝑎𝑙𝑖𝑡𝑥𝑖𝑡
𝑛
𝑖=1

𝑛
𝑖=1

1
  

(2) 

𝑀𝑎𝑥 𝜇(𝑝�̃�)      =   
1

32
(∑ 𝑑𝑖𝑡𝑥𝑖𝑡 − ∑ 𝑐𝑖𝑡

𝑛
𝑖=1 𝑥𝑖𝑡

𝑛
𝑖=1 )3 +

(
∑ auitxit−alitxit

n
i=1

16
) ((∑ 𝑑𝑖𝑡𝑥𝑖𝑡)2 − (∑ 𝑐𝑖𝑡𝑥𝑖𝑡

𝑛
𝑖=1

𝑛
𝑖=1 )2) +

1

8
(∑ 𝑑𝑖𝑡𝑥𝑖𝑡

𝑛
𝑖=1 )(∑ 𝑐𝑖𝑡𝑥𝑖𝑡

𝑛
𝑖=1 )(∑ ditxit − ∑ citxit

n
i=1

n
i=1 )  

(3) 

St: 

∑ 𝑥𝑖𝑡
n
𝑖=1 = 1(Budget constraint)  

 

(4) 

𝑘𝑙 ≤ 𝐶(𝑋) ≤ 𝑘𝑢(𝐶𝑎𝑟𝑑𝑖𝑛𝑎𝑙𝑖𝑡𝑦 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡)  (5) 

𝐿𝑖𝑡 ≤ 𝑥𝑖𝑡 ≤ 𝑢𝑖𝑡(𝐵𝑜𝑢𝑛𝑑 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡)  (6) 

𝑙it ≥ 0, 𝑥𝑖𝑡 ≥ 0  (7) 

difference between performed a thorough comparative 

[16] assessment of different bi-objective models as well 

as multi-objective one, in terms of the performance and 

robustness of the whole set of Pareto optimal portfolios. 

Barbati et al. [17] proposed a different approach that 

enables the Decision Maker (DM) to control the 

distribution of good evaluations on different criteria over 

the projects composing a portfolio. With this aim, for 

each criterion we fix a certain number of reference levels 

corresponding to the qualitative satisfaction degrees. The 

last example of 2018 works with this title (including the 

mainconstraints) were introduced into this study 

facilitates a more reasonable investment decisions with 

four objective decision criteria including Burg’s entropy 

[18]. Mokhtarian Asl et al. [15] proposed a novel 

multiobjective evolutionary Algorithm (MOEA) for the 

solution of the cardinality constrained portfolio 

optimization problem (CCPOP). The proposed algorithm 

introduces an efficient encoding scheme. 

Three important components of decision making are 

risk, returns, and skewness. Most investors are getting a 

certain amount of return. Markowitz showed his mean-

variance model, with the selection of a portfolio of 

financial assets, is possible to reduce a certain level of 

risk returns. This possibility is due to the lack of 

correlation between financial assets. Individuals will 

invest by their expected utility and will ignore the 

consumption of today in the future. The utility function 

of each investor-investor is determined by the 

preferences of the same person, which is not necessarily 

the same as other investors [10]. The optimization of the 

portfolio is to select the best combination of financial 

assets in the direction that objectives and constraints of 

multi-objective problems with the explanation that the 

three objectives of the mean, variance, and the skewness 

generated by the data cannot be optimized 

simultaneously with this explanation [19]. 

This paper deals with mean, downside risk, and 

skewness and multi-period called (MDRSMP) model. 

We use a novel Lp-metric method to solve the model. To 

optimize objectives when creating the loan portfolio, 

default in a search for a dynamic markets decision. It 

optimizes the expected return, the downside risk, and the 

skewness of a given portfolio taking into account budget 

bound and cardinality constraints. The nobility of this 

study dealt simultaneously with the optimization of 

returns, risk, skewness, and cardinality constraint. In 

addition to, the uncertainty of future returns of a given 

portfolio is modeled using LR-FUZZY numbers while 

the function of its return are evaluated using possibility 

theory. 

The main propose of this paper is solved the 

MDRSMP portfolio selection model as a whole 

constrained by three objective functions and relevant 

limitations. According to literature review to solve this 

problem, we started with a feasible problem, and then we 

used NSGAII along with the evolutionary algorithms 

MOEA-ICA, the reason for the use of the ICA algorithm 

is that: This algorithm provides an excellent answer to the 

Markowitz (mean-variance) model problem, which is 

rarely used or never used- and NSGAII what has not been 

done before in order to analyze the efficient portfolios 

which optimize the three criteria simultaneously. Finally, 

we studied for a data set from Iran's market to find out 

the trade-off between Lingo software and MATLAB. 

That maximizes the return on investment of the investor 

[17]. 

 

 

3. COMPUTATIONAL TESTS 
 

After that the original model is solved by MATLAB 

software and Lingo (the model is presented in the 

previous section). Given the assumptions of the model 

and the fact that the shares selected in this research have 

no dependence: 

According to the output of proposed model in Table 

1, which has been selected from a Spanish market paper 

and implemented in the Iranian market and examined in 

a multi-variate manner in this study, shows that: 

1. In constant periods, with the addition of the number of 

stocks, the values of the return and skewness functions 

have not changed or have not changed at all, but the risk 

level of the stock portfolio decreases.  

2. According to the definition of Meta-Heuristic, it does 

not give an accurate value and gives us an answer close 

to the optimal answer and the results of NSCAII are 

better than ICA. The advantage of the methods of solving 

Meta-Heuristic is the time to solve them. As shown in the 

answer, the time to solve it is better than the time used by 

lingo to resolve it.  
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TABLE 1.  Difference between out puts of LINGO and ICA and NSGAII 

LINGO  The best answer of ICA  The best answer of NSAGII 

Sample 
Number 

of stock 
Period(t) OFV1* OFV2 OFV3  Time(s) OFV1 OFV2 OFV3  SV** OFV1 OFV2 OFV3 SV 

1 4 2 3700 878 12691  30 3665 945 11790  113.5 3680 920 11920 12 

2 6 2 3700 859 12691  30 3665 959 11790  15 3680 934 11940 15 

3 8 3 5845 1949 39712  32 5698 1560 39600  15 5700 1458 39600 14.50 

4 10 3 4667 1689 39712  45 5780 1590 39580  17 5800 1460 39600 15 

5 12 4 5473.5 1235 99532  52 6000 1600 99526  17 6500 1498 99580 15.30 

6 14 5 0 0 0  0 6750 1670 201609  17 6800 1540 201620 15.30 

7 16 5 0 0 0  0 6750 1670 201609  20 6800 1578 201628 18 

8 18 5 0 0 0  0 7010 1670 201609  21 7400 1597 201628 19.30 

9 19 6 0 0 0  0 7300 1720 348645  23 7680 1603 348660 22 

10 20 6 0 0 0  0 7960 1723 348645  25 7980 1603 348660 24 

11 30 6 0 0 0  0 8000 1800 350000  27 8100 1743 353000 26 

12 50 7 0 0 0  0 8500 1970 358000  33 8960 1830 370000 29 

13 60 7 0 0 0  0 8768 2300 378000  37 9345 1950 410000 32 

14 80 8 0 0 0  0 8793 2700 400000  40 10280 2020 43350 36 

* OFV(Objective Functional Value)             **SV(Solving time) 

 
3. Determination of the parameters related to the ICA 

algorithm. Now, to carry out a difference between three 

algorithems , the results are of high accuracy and quality. 

Therefore, in this research, three functions setting RPD 

Figure 1 was used for this purpose. Further explanations 

are given about RPD, and then related affiliations will be 

raised in connection with this research. Finally, the 

problems were solved by using Lingo's small-scale 

software and Macro software (meta-heuristic) in large 

dimensions [10]. 

In constant periods, with the increase in the number 

of stocks, the values of the return and skewness functions 

have not changed or have not changed at all, but the risk 

level   of   the   portfolio   decreases.    According   to   the 

 

 

 
Figure 1. The difference between RPD’s answers between 

NSGAII, ICA, and LINGO 

definition of meta-heuristic, it does not give a precise 

amount and gives us the nearest answer to the optimal 

answer and the results of NSGAII Figure 2 were better 

(both of time and values) than ICA Figure 3. The 

advantage of the meta-heuristic solution and the amount 

of investment in all stocks in all proposed portfolios, as 

shown in the answer, is the time to solve problems which 

is better than the time Lingo uses to solve them Figure 4.  

Results are taken from four randomly selected stocks 

which are among the active industries in Iran. If they 
were selected from different companies or the size of the 

company were changed, type of investment in different 

parts would also change. 

 

 

 
Figure 2.The output of NSGAII’s Algorithem 
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Figure 3. The output of three functions for ICA’s Algorithm 

 

 

 
Figure 4. The out put of LINGO’s Algorithem 

 
 
4. MANAGERIAL RESULTS 
 
In order to increase the return of our portfolio the investor 

could have different approaches: the first one is that, if he 

is a risk taker, he could choose different stocks from 

small industries in a short term. Because some of these 

firms in primarily years of construction are really 

profitable.  Some people are risk averse. It means that 

they escape from the risk. So, we suggest that they choose 

heavy stocks. It means that these stocks are from the well-

known companies. They are expensive and most of 

people follow these companies’ stocks. Because, in long 

terms (more than one year) they are profitable. Another 

solution for risk averse in stock market is better that the 

investors try to increase the cardinality of their portfolio. 

If some stocks face different risks in markets risks, other 

stock’s return is covered their risks. So, we suggest that, 

they make a balanced between their stocks. 

 

 

5. CONCLUSION 
 
Modern portfolio selection was driven by Markowitz 

considering that investors would choose their portfolios 

based on two criteria of risk and return, and for these 

purposes, he presented his mathematical model based on 

selecting the optimal portfolio. One of the biggest  

problems with his model is that it just only considered 

two criteria, mean and standard deviation of returns, so 

investors consider different criteria when selecting 

portfolios. In this study, portfolio selection is approached 

and achieving the amount of investment per stock in the 

fuzzy space was used and finally, the problems were 

solved by using Lingo's small-scale software and Macro 

software (meta-heuristic) in large dimensions [10]. In 

constant periods, with the increase in the number of 

stocks, the values of the return and skewness functions 

have not changed or have not changed at all, but the risk 

level of the portfolio decreases. According to the 

definition of meta-heuristic, it does not give a precise 

amount and gives us the nearest answer to the optimal 

answer and the results of NSGAII  were better(both of 

time and values) than ICA. The advantage of the meta-

heuristic solution and the amount of investment in all 

stocks in all proposed portfolios, as shown in the answer, 

is the time to solve problems which is better than the time 

Lingo uses to solve them. Results are taken from four 

randomly selected stocks which are among the active 

industries in Iran. If they were selected from different 

companies or the size of the company were changed, type 

of investment in different parts would also change. 
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 چکیده

 

های مرتبط  که بسیاری از مدلباشد در حالیهای اقتصادی میگیریترین مسائل در تصمیمسازی سبد سهام یکی از مهمبهینه

های جدید به حل مدل  گیری از رویکردسازی پرتفوی این مقاله با بهرهمبنای اهمیت بهینهشود. بربا این موضموع یافت می

آمد حاصل از پرتفوی را با استفاده های پیشین، این مقاله، عدم اطمینان از درخالف پژوهشپردازد. برسازی پرتفوی میبهینه

سازی کرده است. در این مدل از رویکرد  نظر با استفاده از تئوری احتمالی را مدل به ارزیابی درآمد مورد  LR-Fuzzyاز اعداد  

سازی  بهره گرفته شده است. اثربخشی این مدل به این شرح است که: این مدل بر مبنای مسایل بهینه LP-metric جدیدی از

تحقیق در عملیات در فضای پویا حل گردیده است. عالوه بر این، این های جامع افزارهدفه پرتفوی و با استفاده از نرمچند

پرداخته است. بر طبق مطالعات ما، تاکنون پژوهشی که همزمان به مقایسه حل این دو    ICAو   NSGAIIمقاله به مقایسه حل  

بازار بورس ایران در سه سال گذشته  های در فضای فازی بپردازد انجام نشده است. برای بهبود اثربخشی این تحقیق از داده

های ی قوت این پژوهش ایجاد پرتفویبراین، نقطهها با استفاده از روش تاگوچی بهره گرفته شده است. بناو تنظیم پارامتر

 باشد. های متفاوت میمختلف در نسل
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