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The steady-state fully-developed laminar flow of non-Newtonian power-law fluids is examined in a
circular microchannel with slip boundary condition and under an imposed constant wall heat flux.
Effects of slip as well as the hydrodynamic and thermal key parameters on heat transfer and entropy
generation are investigated. The results reveal that increasing the Brinkman number and the flow
behavior index both lead to increasing the entropy generation and decreasing the Nusselt number. In
heating process, the temperature difference between the fluid and the wall decreases as the slip
coefficient increases; similar trend may or may not be observed for cooling process, determined by the
range of the slip coefficient as well as the Brinkman number. An increase in the slip coefficient leads
to an increase in both the Nusselt number and the Bejan number, whereas it gives rise to a decrease in
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1. INTRODUCTION1
For liquid flows in macro scale, no-slip boundary
condition on solid surface is widely assumed, which
may not be always correct in micro and nano fluidic
systems. Recent experimental studies of microflows
revealed that boundary conditions at the channel wall
depend on both flow length scale and surface properties.
Hydrophobic
smooth
surfaces
such
as
in
polydimethylsiloxane (PDMS materials) made channels
[1-3]. Analysis of heat and fluid flow at microscale is of
great importance not only for playing a key rule in the
biological systems, but also for its application in cooling
of electronic equipments [4]. Liquid slip can occur even
when the continuum hypothesis is perfectly valid [5]. It
is well studied that boundary slip is often characterized
by slip length, which is defined as the distance between
the surface and the point inside the surface at which the
extrapolated velocity of the fluid equals to zero. Liquid
molecules exist in a state of continual collision. Their
behavior is completely different from that of gases and
*Corresponding Author’s Email: alijabari@shahroodut.ac.ir (A.
Jabari Moghadam)

is significantly more complex; the molecular theory of
liquids is not as well developed as that for gases. There
are no parameters such as Knudsen number to help in
determining the regime in which a liquid might be [6].
Afonso et al. [7] performed analytic solution for
viscoelastic fluids under the mixed influence of
electrokinetic and pressure forces in micron sized ducts.
Ashorynejad et al. [8] used Parameterized Perturbation
Method to obtain the solution of momentum and heat
transfer equations of non-Newtonian fluid flow in
channel with porous wall. They found that the
increment in the Reynolds number has similar effects on
velocity components, both of them increased. Chiu and
cheng [9] performed an analytical model for
electrokinetic flow of power-law fluid through a slit
channel. Thay observed that in the presence of an
applied pressure gradient, the power-law rheology
becomes more influential on the flow, despite the
Newtonian depletion layer. Bharti et al. [10] studied
numerically the electroviscous effect of power-law
fluids through a uniform cylindrical microchannel by
solving the Poisson-Boltzmann and momentum
equation. Dehkordi and Mohammadi [11] performed a
numerical investigation on the transient behavior of a
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fully-developed flow of a laminar power-law fluid,
taking into account the effect of viscous dissipation.
Barkhordari and Etemad [12] conducted a numerical
study on convective heat transfer of non-Newtonian
fluid flows in microchannels at both constant
temperature and constant heat flux boundary conditions
in the absence of viscous dissipation. Their
computational results showed that a change in the slip
coefficient decreased Poiseuille number while
increasing local Nusselt number. Tyagi [13] performed
a wide study on the effect of viscous dissipation on the
fully developed laminar forced convection in cylindrical
tubes with an arbitrary cross-section and uniform wall
temperature. Rao and Rajagopal [14] investigated the
consequences of slip at the wall on the flow of a linearly
viscous fluid in a channel. Since there are many
practical applications related to non-Newtonian fluids,
the assessment of the heat transfer characteristics is vital
for accomplishing successful thermal designs. An
analysis of laminar forced convection in a pipe for a
Newtonian fluid with constant properties was performed
by Aydin [15]. The temperature distribution and Nusselt
number were analytically determined as a function of
the Brinkman number by taking the viscous dissipation
into account. Tso et al. [16] investigated the effect of
viscous dissipation on the heat transfer for a power-law
fluid between fixed parallel plates and compared the
heat transfer for pseudo-plastic and dilatant fluids.
Lawal [17] performed an analytical study of forced
convection heat transfer of power-law fluids in four
geometric shapes including trapezoidal, triangular,
circular and square ducts. Hung [18, 19] investigated an
analytical study on the forced convection laminar fullydeveloped flow of constant property nanofluids in
microchannels. Chen et al. [20] studied heat transfer
characteristics of power-law fluid flow in a
microchannel and presented dimensionless temperature
distributions and fully developed Nusselt numbers for
different parameters such as flow behavior index, ratio
of Debye length to half channel height, ratio of Joule
heating to surface heat flux, and Brinkman number.
Moghadam [21, 22] recently studied the electrokinetic
flow and associated heat transfer of Newtonian fluids in
microchannels with different shapes and under various
imposed external body forces. Also, Moghadam [23]
presented an analytical analysis on non-Newtonian
power-law fluids in a circular microchannel to get
analytical expressions for velocity and temperature
profiles, the friction coefficient, and the fully-developed
Nusselt number in the electroosmotic flow. Mohammadi
and Moghadam [24] performed an analytic analysis on
thermal characteristics of Bingham plastic fluids in
circular microchannels; they obtained closed-form
expressions for important variables in related heat
transfer and entropy generation. Also, Sarabandi and
Moghadam [25] examined flow and heat transfer of
power-law fluids in circular microchannels. Larrode et

al. [26] studied the influence of rarefaction on heat
transfer in circular tubes for slip flow. Moghadam and
Akbarzadeh [27] studied the effect of alternating current
electric field on electroosmotic flow of non-Newtonian
power-law fluids in microchannels. Also, two-fluid
electroosmotic flow in a microchannel has been
examined by Moghadam [28]. Bejan [29-31] has
focused on the different reasons behind entropy
generation in applied thermal engineering. He also
presented entropy generation minimization (EGM) in
different cases, compared them together and discussed
its derivations and applications in a vast coverage of
applied thermal engineering. Mah et al. [32] studied the
effect of viscous dissipation on entropy generation in
laminar fully-developed forced convection for a
nanofluid (water-alumina) and compared the results for
two models. Entropy generation for a non-Newtonian
fluid in microchannels was studied by Tan and chen
[33], Hung [34] and Mahmud and Fraser [35, 36]. They
analyzed the effects of viscous dissipation and nonNewtonian behavior on entropy generation for a forced
convective heat transfer in a microchannel between
parallel plates for a power-law fluid. Mahmud and
Fraser [37] represented a comparison study for powerlaw fluids for two geometries. The entropy generation
rate in a purely electroosmotic flow of a non-Newtonian
fluid in a parallel flat plate microchannel was studied by
Escandon et al. [38].
2. PROBLEM DESCRIPTION
Hydrodynamically and thermally developed flow of
power-law non-Newtonian fluids with constant
properties are analyzed under an imposed wall heat flux
in a circular microchannel (Figure 1).
The steady-state fully-developed flow of a powerlaw fluid is considered in a circular microchannel [38,
39]:
 

n
 dV z    r p
 
r m 
r 
z
 dr  

V z  r  r0   V s

,

dV z
dr

(1a)

 r  0  0

Figure1. Schematic of the physical model
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where, m and n are the consistency factor and the
power-law index, respectively; r0 is the channel radius
and V is the slip velocity on the wall. The slip boundary
s

condition can be implemented via the slightly more
intuitive idea of a slip length. If the fluid velocity at the
boundary is non-zero, the slip-length is simply the
extrapolation of the (linear) velocity gradient to zero,
beyond the boundary condition is evaluated at the
surface in which l is called the slip-length and subscript
s stands for the fluid properties at the surface [40]. In
additin, another slip boundary condition applicable to
non-Newtonian fluids is the non-linear Navier slip
boundary condition, at which the wall velocity is
proportional to the velocity gradient V s  l dV z dr r  r
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are now introduced to nondimensionalize the
momentum equation and its boundary conditions (1):
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in which, Re is Reynolds number, L is dimensionless
slip length, and  is slip coefficient. Solution of
Equation (3) is:
1
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where, the Reynolds number for power-law fluids is
defined as:
Re 

Vz

(2  n )
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(5)

m

The critical Reynolds number for power-law fluids
defined as follows [42]:

Poiseuille number is a dimensionless parameter that
indicates the resistance between fluid and microchannel
wall, and is expressed as:
Po  f Re

(10)

in which, f is Darcy friction coefficient [43]:
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dimensionless average velocity V m may be obtained;
and with the help of Equation (4), we have:
P
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Hence, the dimensionless velocity distribution in
Equation (4) is written as:

(12)

For fully-developed flow of a constant-property liquid
in a circular microchannel, the energy equation is
expressed as [38, 39]:
 C pVZ r

T
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 k r
  rm  

z
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 dr 
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(13)

where, T is temperature,  , C p and k are the fluid
density, specific heat, and thermal conductivity,
respectively [23]. The thermal boundary conditions in
non-dimensional form are:
 T 
 T 
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(14)

where, q  is the wall heat flux. The bulk temperature
T m is defined as [43]:
r
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Integrating Equation (13) over the cross-sectional area
[32]:
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Using Equations (2), (5), and (11), the Poiseuille
number for Power-law fluids is derived as:

R

n

(8)

The dimensionless slip boundary condition becomes:

[41]. The following dimensionless quantities:

d   dV 
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and utilizing Equations (14) and (15), we get:
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The dimensionless temperature and the Brinkman
number (the relative importance of viscous heat
generation to external heating) are defined as follows:
 qD 
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The positive and negative values of Br refer to wall
heating (fluid is being heated) and wall cooling (fluid is
being cooled), respectively. The energy Equation (13) in
non-dimensional form becomes:
1    
R
 V
R R  R 

n

n 1  3n  1  
n
1  2 Br 1    
 
 n  


In general, entropy generation constitutes of two terms
which are respectively due to thermal irreversibility and
hydrodynamic irreversibility. Volumetric rate of entropy
generation is [29]:
  S HT
  S FF

S gen
 dV 
 rz   z 
k
2
dr 
 2  T   
T
T
n 1
2
2
k  T   T   m  dV z 
 2 
 
   

T  z   r   T  dr 

(19)

n 1
n 1 

n 1  3n  1 
  2n 1 Br 1    
R n 



n





The dimensionless thermal boundary conditions are:
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If the following dimensionless entropy generation is as
below:

Solution of Equation (19) with respect to (20) is:
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dimensionless entropy generation due to conductive
heat transfer is correspondingly expressed as:
(22)
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Also, the dimensionless form of entropy generation
contributed by fluid friction is written as:
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For Newtonian fluids in the case of no-slip condition,
Equation (22) reduces to  768  176  768Br   , which is in
agreement with the result given in literature [31]. Also,
when Br  0 , the common value Nu  4.36 is
obtained.
In cooling process (negative values of the wall heat
flux), there is a critical Brinkman number in which the
Nusselt number tends to infinity:
2

(25)

k

as well as Equations (2) and (18) are substituted into
Equation (24), the dimensionless total entropy
generation is obtained:
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Nusselt number is analytically obtained as:
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The average dimensionless entropy generation is
defined as:
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3. RESULTS AND DISCUSSION
Effects of slip and viscous dissipation on heat transfer
characteristics of fully-developed power-law fluid flows
are studied in circular microchannels under an imposed
constant wall heat flux. Figure 2a shows dimensionless
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velocity profiles for n  0.5 and different values of  .
With increasing  , fluid velocity increases at the wall
and decreases at the centerline; while, in contrast to noslip condition, velocity gradient decreases at these
regions. For large values of  , a plug-like velocity
distribution is observed. Figure 2b represents
dimensionless velocity distributions for   0.3 and
various values of n . The core represents increased
velocity with n , while its velocity gradient decreases.
The velocity profile of pseudoplastic fluids become
more uniform with n , while the opposite is true for
dilatant fluids.
Figure 3 shows the Poiseuille number versus powerlaw index at different values of slip velocity. For a fixed
slip velocity, with increase power-law index, Poiseuille
number increases. Indeed, with increase power-law
index, the value of velocity gradient at the wall
decreases; but on the other hand, apparent viscosity of
the fluid increases and since viscosity of the dilatant
fluids are more than pseudo-plastic fluids, friction for
dilatant fluids will be greater than pseudo-plastic fluids.

In addition, with increasing slip velocity at the wall,
Poiseuille number decreases because cohesion of the
fluid in touch with the wall drastically reduces and so
this process causes decreases of the friction between
fluid and wall.
Figure 4 illustrates dimensionless temperature
distributions for n  0.5 and n  1.5 , and various
values of  for two cases of the brinkman number
(heating process). With increasing
 , the
dimensionless bulk fluid temperature increases. Since
the surface velocity gradient and also viscous
dissipation decrease; hence, a reduction in the
temperature difference between the fluid and the wall is
observed. With increasing Br , the temperature
difference between the fluid and the surface is
enhanced, due to viscous dissipation. It is clear that the
overall behavior of dilatant fluids is similar to
pseudoplastic fluids, but the former has much greater
dimensionless temperatures.
In the absence of viscous dissipation (Figures 4a
and 4c), the temperature field is more dominated by the
advection mechanism. Moreover, viscous dissipation
increases with increasing n ; hence, for non-zero values
of the Brinkman number (Figure 4d), the dimensionless
temperature for dilatant fluids is higher than
pseudoplastic fluids.

(a)
Figure 3. Poiseuille number versus power-law index

(b)
Figure 2. Dimensionless velocity profiles for various values
of (a)  (b) n
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 Br

 0.5  .

Negative dimensionless temperature
always exist near the wall (the near-wall fluid
temperature is higher than the surface temperature). For
sufficiently large values of the slip coefficient, negative
values of the dimensionless temperature are observed
throughout the flow field; to be exact, there is a radial
heat flux from the centerline towards the wall.

(b)

(a)

(c)

(b)

(d)
Figure 4. Dimensionless temperature profiles for various
values of  ; (a),(b) pseudoplastics fluids and (c),(d) dilatant
fluids

The temperature distributions of shear-thinning and
shear-thickening fluids for various values of  are
shown in Figures 5a and 5b for cooling process

(c)
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 ; this is due to the liquid slip in the wall-liquid
interface which leads to higher velocity near the wall
and hence to greater convection heat transfer. As can be
seen in Figures 6c and 6d, Nusselt number is severely
reduced (with negative sign) with increasing n and
asymptotically converges to zero; because with
increasing n , the bulk fluid temperature reduces.

(d)
Figure 5. Dimensionless temperature profiles for various
values of  and n for (a) pseudoplastics fluids, (b) dilatant
fluids; (c) Br  0.5 , (d) Br  0.5

In fact, with increasing slip coefficient, viscous
dissipation decreases and critical Brinkman number
increases; the dimensionless temperature will be
negative.
As the slip coefficient reduces, positive values of the
dimensionless temperature can be seen in the central
portion of the channel (the core); i.e., the fluid
temperature is smaller than the wall temperature. For
heating process (Figure 5c), an increase in n leads to a
decrease in the dimensionless bulk fluid temperature
(larger dimensionless mean temperature with negative
sign). This effect is especially significant for shearthickening fluids. In cooling process (Figure 5d), for
sufficiently high values of n , however, the fluid
temperature (in the broad central area) is less than the
wall temperature (positive values of the dimensionless
temperature); because the advection mechanism
dominates in this region and also for dilatant fluids the
viscous dissipation effect at the wall is more than
pseudoplastic fluids. Therefore, the wall temperature for
dilatant fluids is higher than pseudoplastic fluids.
Figures 6a and 6b show the Nusselt number as a
function of the flow behavior index n , at various values
of  for two different cases of the Brinkman number.
The Nusselt number decreases with increasing n ,
because the smaller the value of n , the greater is the
fluid velocity near the wall (see Figure 2b). However, if
viscous dissipation is taken into account, this reduction
is more tangible, so the Nusselt number is further
reduced. In the case of Br  0 , for sufficiently large
values of n , Nusselt number almost appreaches a
constant value; because when there is no viscous
dissipation, changes in the dimensionless temperature is
not significant; so Nusselt number remains
approximately constant. Nusselt number increases with

(a)

(b)

(c)
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(d)
Figure 6. Nusselt number versus n and  ; (a) Br=0; (b)
Br=1; (c) n=0.5 ; (d) n=1.5

(a)

Some singularity points in Nusselt number are also
observed in Figure 6d for each  ; where, the mean
fluid temperature reaches the wall temperature. For one
particular value of the power law index in which
Brc  1 , a steep increase in Nusselt number is
observed; the wall-fluid temperature difference
decreases rapidly until it comes to a change of sign.
Beyond the singular point, Nusselt number decreases
rapidly.
Figure 7 shows that there are singular points in Nu
for each  , in which, the bulk fluid temperature
approaches the wall temperature  Nu    .
It is noted that in higher values of  , the
singularities occur at larger Br , because viscous
dissipation at the wall and the fluid temperature
decreases with  . Therefore, in higher values of
Brinkman number, the bulk fluid temperature
approaches to the wall temperature. These singular
points, for instance, occur at Br  10.047 (   0.8333
) and Br  6.654 (   0.7857 ) for n  0.5 and
n  1.5 , respectively. These singularities will be close
to each other for smaller values of  . Nusselt number
decreases for 1  Br  Brc ; and a sharp decline is

(b)
Figure 7. Nusselt number versus Br for different values of 
; (a) n=0.5, (b) n=1.5

Actually entropy generation due to heat transfer
depends on both axial and radial diffusion. However, it
is much more affected by radial diffusion.

observed at the critical Brinkman number in which the
temperature differences rapidly goes to zero until it
comes to a change of sign. A rapid and gradual decline
in the Nusselt number are observed, respectively, in the
range of Brc  Br  0 and 0  Br  1 (heating process).
Related to Figure 8, an increase in  results in a
reduction of the surface velocity gradient and also a
reduction in the rate of thermal irreversibility for both
shear-thinning and shear-thickening fluids.

(a)
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In Figure 9, with increasing  , the dimensionless
entropy generation due to fluid friction is reduced;
because with increase of  , the velocity gradient at the
wall and therefore the viscous dissipation are decreased
for both dilatant and pseudoplastic fluids.

(b)

(a)

(c)

(b)

(d)
Figure 8. Dimensionless entropy generation from heat transfer
for various values of  and n; (a) n=0.5, (b) n=1.5; (c) Br=0,
(d) Br=0.5

An increase in the flow behavior index (also Brinkman
number) leads to enhance the dimensionless radial
temperature gradient and also the dimensionless entropy
generation due to heat transfer.

(c)
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v.

vi.

vii.
(d)
Figure 9. Dimensionless entropy generation from fluid
friction for various values of  and n; (a) n=0.5, (b) n=1.5; (c)
Br=0, (d) Br=0.5

viii.

ix.
The maximum value of N FF occurs at the wall (because
of maximum velocity gradient) and is zero at the
centerline.
Also, higher values of Br (for constant n ) result in
higher values of N FF , since viscous dissipation at the
wall increases with Br .
4. CONCLUDING REMARKS
According to this analytic study, Brinkman number, slip
coefficient and flow behavior index mainly affect the
flow field. The conclusions are:
i. The wall velocity gradient decreases with
increasing the slip coefficient, resulting in
smaller values of viscous heating.
ii. Pseudoplastics exhibit lower velocities than
dilatants near the centerline (the opposite
behavior is observed near the wall). A plug-like
velocity distribution may be attained for
sufficiently small values of the flow behavior
index (at a fixed mass flow rate).
iii. Poiseuille number decreases when slip velocity
increases at the wall which is due to the
reduction of friction between fluid and wall of
the microchannel. Also, Poiseuille number for
dilatant fluids is more than pseudoplastic
(because of the higher apparanrt viscosity of
dilatant fluids).
iv. In heating mode, the fluid-wall temperature
difference decreases with the slip coefficient (for
a fixed n ); similar behavior may not be
observed in cooling.

x.

xi.

xii.

xiii.

xiv.

Effect of increasing the flow behavior index is to
broaden temperature profiles for both surface
heating and cooling, resulting in enlarging the
temperature difference between the fluid and the
wall.
In cooling mode, the bulk fluid temperature may
be greater or smaller than the wall temperature
depending on the value of the flow behavior
index as well as the slip coefficient. For
sufficiently large values of the slip coefficient or
sufficiently small values of the flow behavior
index, the bulk fluid temperature is greater than
the wall temperature.
The higher value of the Brinkman number, the
lesser will be the conduction of heat produced by
viscous dissipation and hence larger the
temperature rise.
The fully-developed Nusselt number increases
with the slip coefficient (and decreases with the
flow behavior index and the Brinkman number)
in heating mode.
Variations of Nu with Br as well as n exhibit
singularities which occur in the cooling range; in
these singular points, the Nusselt number tends
to infinity. The critical Brinkman number
associated with this particular situation depends
on the flow behavior index and the slip
coefficient.
When viscous dissipation is negligible, for
sufficiently large values of the power-law index,
the Nusselt number remains almost unchanged
with the flow behavior index.
The critical Brinkman number decreases with
increasing power-law index, while it increases
with the slip coefficient.
Entropy generation is enhanced by decreasing
the slip coefficient or increasing the power-law
index. Dilatants are more irreversibility than
pseudoplastics.
Total entropy generation increases with
increasing both power-law index and Brinkman
number, whereas decreases with the existence of
slip condition.
For shear-thickening fluids, the rate of entropy
generation from fluid friction is more than that of
entropy generation from heat transfer; while the
reverse is true for shear-thinning fluids.
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