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A B S T R A C T

Reliable estimation of the porous membranes neck-pore size distribution (NPSD) is the key element in
the design and operation of all membrane separation processes. In this paper, a new approach is
presented for reliable determination of NPSD of porous membranes using wet flow-state bubble point
test data. For this purpose, a robust method based on the linear regularization theory is developed to
extract NPSD of membranes from bubble point test data. The performance of the proposed method is
tested using various experimental data. The predicted results clearly demonstrate that the proposed
method can successfully predict the proper NPSD from a set of bubble point test data.
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1. INTRODUCTION1

Porous ceramic, metal and polymer films are widely
used as filter or membrane in various separation
processes. They are used in different applications such
as materials supporting, noise suppressor, biomedical
implants, gas dispersers, distillation and centrifugation.
The membrane technology is also having wide
applications in water and wastewater industry, food
industry, pharmaceutical and medical industry,
biotechnology, air filtration and gas purification.
Characterization of membranes structure in terms of
pore size distribution (PSD) is an important step in
research and development of porous materials [1-3].
The PSD is a useful parameter for optimization of
different membrane processes and commercial
manufacturing of the membranes. Various methods
have been proposed for characterization of PSD of
porous membranes. The major ones are presented
below: Bubble pressure breakthrough method is based
on the measurement of the pressure necessary to blow
air through a porous membrane filled with liquid [4-6].

1*Corresponding Author’s Email: mehrzad.arjmandi89@gmail.com
(M. Arjmandi)

Mercury porosimetry is based on the same principles as
the bubble pressure method; but now a non-wetting
(mercury) is used to fill a dry membrane [7, 8]. Electron
microscopy which is available to view the top or cross
sections of membranes, such as scanning electron
microscopy (SEM) [9], transmission electron
microscopy (TEM) [10] etc... Atomic force microscopy
used to study of non-conducting materials surface
(down to the scale of nanometers) [11, 12]. Solute
retention challenge, in which pore sizes can be
evaluated by measurement of rejection for various
solutes of increasing molecular weights or
hydrodynamic sizes [13]. Adsorption–desorption
methods, in which pore size distribution can be also
analized by gas adsorption/desorption devices (BET
adsorption theory is one of these methods) [14].
Thermoporometry is based on the fact that the
solidification point of the vapour condensed in the pores
is a function of the interface curvature [15, 16].
Permporometry is based on the controlled blocking of
pores by condensation of vapour and measurement of
the gas flux through the membrane [17, 18]. NMR
measurements method is determination of pore size in
water-saturated membranes using nuclear magnetic
resonance (NMR) [19, 20].
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measurements, solute retention test, liquid displacement
method, permporometry etc... are useful to characterize
the thin layer in asymmetric membranes but they don’t
give any insight into the structure of  remaining
membrane. However, the other methods such as gas
adsorption–desorption, atomic force microscopy
(AFM), mercury porosimetry, electron microscopy,
thermoporometry etc... give complete information on
the porous structure. Among various techniques
available to predict the PSD of membranes, some of
them operate according to the capillary flow and are
called capillary flow porometery (CFP) [21]. The CFP
method can be used for accurate measurement of the
neck-pore size distribution (NPSD) of membranes with
understanding wet and dry flow-state data and the flux
of porometer fluid coming out of the pore which its size
equals to r (G(r)). The CFP is a simple, non-destructive
and rapid technique. In this study, a new method based
on the linear regularization theory is developed to
extract the NPSD of membranes from bubble point test
data with using the minimum number of experimental
and physical data (with only wet-flow state and without
the need to G(r) function). The performance of the
proposed method is also tested using different
experimental data.

2. THEORY

2. 1. Bubble Point Method When a liquid is
dropped on a solid surface, the result will be a surface
tension between the gas- liquid, liquid-solid and gas-
solid phases. That is why the porous screen is able to
separate the two phases due to the capillary force.
According to Equation (1), the surface tensions results
in a contact angle. The contact angle is the angle
conventionally measured through the liquid, where a
liquid/vapor interface meets a solid surface.
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where,  is the surface tension; s, l and g are solid,
liquid and gas/vapor phases, respectively. When sg >

s1 and  < 90  , the liquid wet the surface; while

sg < s1 and  >90  the liquid could not wet the
solid surface. As it is shown in Figure 1, in the bubble
point method, the membrane is placed in a chamber and
a liquid is added above its surface. Water is usually used
for hydrophilic membranes, while alcohols can be used
for hydrophobic membranes. Then, the gas pressure is
applied on the bottom surface of the membrane and
gradually increases over time. During this process, the

membrane pores are filled with the liquid and then
membrane is cleaned with the help of gas bubbles
blown from the bottom. Different steps of pore opening
are shown in Figure 2. With increasing gas pressure, the
liquid will be under pressure. When the pressure is high
enough, the pressure force will overcome capillary force
and the pores will be open quickly. The pore shape is
irregular in most cases. However, with simple
approximation, we assume a cylindrical shape of the
pores with equivalent radius r. Several more
sophisticated characterization methods related to the
bubble point measurements have been also proposed.
All of them use the Young-Laplace equation [22],
which gives the pressure needed to displace one fluid by
another through a pore with radius r as:

P
 cos2=r (2)

where,  is the surface tension of liquid; is the
contact angle of the liquid on the pore wall; and P is gas
critical pressure required to reopen the pores (bubble
point pressure). As shown in Figure 2, since the
pressure p is related to the bubble point pressure and is
also the highest pressure required to overcome the
capillary forces, Equation (2) will represent the size of
the pore neck. If the wetting is perfect ( 0 ), we can
also use the Cantor equation (Equation (3)).

P
2=r (3)

According to Equations (2) and (3), if the gas pressure
increases, pores with smaller radius will be opened. In
other words, the larger pores are opened before the
smaller ones. Opening of new pores can be studied by
changing the flux of gas passing through the membrane.
According to the dry and wet-state pressure-gas flux
curve, we can obtain the distribution of the pore size in
the membrane.

Figure 1. Schematic of bubble point method

Figure 2. Schematic of pore opening steps.
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In this study, we assume a system shown in Figure 3

to obtain data from a bubble point method. According to
this figure, the membrane is placed between fluids A
and B, and then pressure applies on the fluid A. When
∆p increases from zero to the critical pressure P0 (initial
pressure for permeation), fluid A seeps through the
membrane into the fluid B and the flux is measured with
a flow meter. It is essential to note that the fluids A and
B are immiscible. With further pressure increase on side
A, more membrane pores will be opened and
consequently the flux of A will be increased.

2. 2. Governing Equations The energy balance
equation between two points marked on Figure 3 (1 and 2)
is applied. It is important to note that the permeation of
substance A through the membrane is very slow and the
friction factor can be neglected in the energy equation.
Therefore, instead of applying the total energy balance
equation, the Bernoulli's equation can be written between
the two points:


PZgu i 




2

2

(4)

where, ∆ui is the velocity difference between points 1
and 2. According to Figure 3 and assuming that the fluid
velocity is zero within the membrane, we have ∆ui=ui.
Also, the potential energy difference between two the
sections is equal to ∆Z which can be considered zero.
Finally, Equation (4) can be written as:


i

i
Pu 2

 (5)

where, ρ is the density of fluid A. Flux of fluid A
permeating through a square shaped membrane with
pore radius ir is equal to )( irQ under pressure pi:

iiiii drrfurrQ )()( 2 (6)

where, ii drrf )( is the number of pores with radius ir
in unit surface of the membrane. Also, according to
Equation (6), it is assumed that the membrane pores,
regardless of the pores shape, have a circular cross
section area (Figure 4). By inserting Equation (5) into
Equation (6) and rewriting, it gives:

ii
i

i
i drrfPrrQ )(2)(

2


 (7)

Then, by inserting Equation (3) into Equation (7) we
will have:

iiBAii drrfrrQ )(cos4)(   (8)

Finally, Equation (8) can be written as:

iiii drrfrGrQ )()()(  (9)

Figure 3. Schematic of the system used in this study for
derived governing equations.

Figure 4. Schematic of cross section area of pores

where:

 cos4)( BAii rrQ  (10)

In addition, under pressure Pi, the total flux of gas
passing through the membrane is equal to:
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The equation above provides the total flux of fluid
passing through the membrane and also states that the
total flux depends on the pore size, pore size distribution
and other parameters (pore radius, surface tension, and
contact angle) shown by )(rG . In other words, function

)(rG presents flux of fluid A passing through the pore
with radius equal to r. Additionally, Equation (11) is
general and comprehensive equation that all parameters
except )( irG for a certain membrane are known.
Function )(rG depends on various conditions and the
way of calculating flux of fluid through pore with radius
r. In this study, we intended to obtain neck-pore size
distribution regardless of the tortuosity and thickness of
the membrane. For this reason, the function )( irG is
defined by Equation (10). PiaÎtkiewicz et al. [23],
considered the tortuosity and thickness of the membrane
and used Hagen-Poiseuille equation for the function

)( irG as follows:




L
rG i

i 8
Pr)(

4
 (12)

where, µ is viscosity of fluid A; L is the thickness of the
membrane; and τ is the tortuosity factor.

Treating expression (11) as an integral equation,
using Equation (2) in a general form for change of
variables, differentiating it with respect to P and solving
for function )(rf results in the following expression for
relative pore size distribution function f [23]:
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There are two numerical problems in using Equation
(13). First, for a wet flow state bubble point test, if P >

maxP and P < maxP both )(
dP
dQ and )(

P
Q are equal and

0)( 
P
Q

dP
dQ . Therefore, at these pressure ranges the

distribution function, )(rf , is zero (from Equation (13)).
The second numerical problem encountered using
Equation (13) for determination of PSD results a smooth
curve through the data )(

Q
P

dP
dQ
 . Nowadays, these

problems have been treated, but according to the basic
computational (Equation (13)) the )(rG function is
always required.

Also, the measured ratio of flow rates through wet
)(Q and dry sample )( dQ can be used for obtaining the

flow-based pore-neck size distribution )(rf as [21]:
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r
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Q
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The PSD measured by Equation (14) are not expected to
be affected either by tortuosity or by thickness of the
membrane ( )(rG ). According to above equation, the dry
run plot obtained without wetting the membrane was
used as the references. However, this equation is much
simpler than the Equation (13) to prediction of PSD.
Also, the investigations have shown that the tortuosity
and the thickness of the membranes did not affect the
value of pore-neck diameter determined through the
CFP [21]. The following procedure for solving Equation
(11) does not need to know the function )(rG and dry
flow-state data )( dQ .

2. 3. Solving Method Equation (11) which is a
general equation providing the membrane pore size
distribution is known as Fredholm integral equation.
General linear integral equation is written as [24-26]:
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Assuming α(x) = a, β(x) = b, and when h(x) = 0, then
the Fredholm integral equation is the first kind equation.
If 0)( xh and bxa  , then the Fredholm integral
equation is the second kind equation. If 0)( xg , then
the equation will be homogeneous. Thus, according to
Equation (11), it is clear that the form of the equation is
similar to the homogeneous first kind Fredholm integral
equation [27]. Moreover, this equation has been used to

calculate pore size distribution and energy distribution
of the pores in the adsorption process. As noted above,
Equation (11) helps to calculate the pore size
distribution. One of the major problems is the lack of a
suitable function for )(rG . In spite of using Equations
(8) and (12), we still cannot comment specifically about
the superiority of one over another, because we cannot
verify the accuracy of the selected )(rG function.
Therefore, the results of these methods are not very
reliable. Recently, Shahsavand and Niknam [28],
provided a method (SHN1) that does not need to know
the function )(rG . They have estimated the adsorbent
pore size distribution by using the adsorption data of the
heterogeneous adsorbent and the Kelvin equation. By
this method, the Equation (11) will be written as follows
(Equation (16)):
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The above equation can be written for discrete data as
follows:

;)
2

()(
1

)(

1

11











i

k
kPM

j

jj
t

rr
rfQ j=1,2,…,N (17)

The matrix form of Equation (17) is QfR . . The
solution of this equation will be QRf .1 where the

inverse matrix is 1R . The linear system of equations is
generally solved by the method of least square. By
minimizing the norm of the above equation matrix

)(min 2QfR  , a linear equation of the following form

is obtained [29].

QRfRR TT )( (18)

Number of rows in matrix R is related to the number
of experimental data (N) and number of columns is
equal to multiplication N by number of discretization in
each interval ))()((( PMNPM  . Since number of
columns of matrix R is much greater than number of
rows, the direct solution of the equation provides
several results. Also, matrix R is an ill-posed one and it
is not easy to inverse that. In such problems, using only
the least square method is not a reliable and accurate
criterion to find a response. These issues need more
advanced techniques such as linear regularization and
singular value decomposition (SVD) approach [30-34].
Thus, by using regularization, we will be able to write
the above equation as follows:

QRfBBRR TTT  )(  (19)
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This method is known as Tikhonov regularization [35-
37]. For the first order regularization, the double band B
matrix has one fewer rows than its columns.
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Similarly, as shown in Equations (21) and (22), the B
matrix has two or three rows fewer than their columns
when second or third orders of regularization are
employed.
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In this study, the first order regularization is employed.
Matrix R is also defined as follows:
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Moreover, elements of matrix R, according to the
Laplace equation are:
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Matrix Q is obtained from the experimental data. So, the
equation can be written as follows:
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The optimal level of regularization parameter (λ)
should be selected to establish the best stabilization of
the solution vector )(rf . Various criteria (e.g. LOOCV,
LC, UC and MLC) have been used in literatures for
selection of optimum regularization parameter (λ). In
this study, we have used the Leave One Out Cross
Validation (LOOCV) method [38].
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where:
TTT RBBRRRH 1)()(   (28)

The optimal value of regularization parameter can be
selected by minimization of the above merit function.
For this purpose, we need to calculate the inverse of
matrix )( BBRRMM TT  .

3. CASE STUDIES

3. 1. Case Study No. 1 In this case study, the
data of CFP method on 10 µm-thickness polycarbonate
track-etched membrane (T-3) are examined. Other
related information for this case was obtained from
literature [21]. The Porometerused in this test can be
governed in the range of 0-30 barstandard pressure with
flux above 200 1/min. Liquid used for this test (coulter
porofil) had low surface tension (  =16×10-3 N/M),
low vapor pressure (3 mmHgat 298 K), and low
reactivity which can be assumed the contact angle for
all pores is zero ( 0 ). The gas used in this
experiment was air. To measure the CFP, the membrane
sample has been immersed and wetted in the liquid for 1
h at room temperature. An example of the directly
measured wet flow-state for the track-etched
polycarbonate membranes (T-3) is shown in Figure 5.

3. 2. Case Sstudy No. 2 The data of polycarbonate
membrane bubble point (C04) with 0.4 μm pore
diameter, 10 µm thickness, and 13% mean porosity has
been examined in this case [39]. The liquid used for the
bubble test experiment (coulter porofil) had a low
surface tension (γ=16×10-3N/M), low vapor pressure (3
mmHg at 298 K), and low reactivity. Therefore, it was
assumed the contact angle for all pores is zero ( 0 ).
An example of the directly measured wet flow-state is
shown in Figure 6 for this C04 membrane.

3. 3. Case Study No. 3 In this case, the data of
polycarbonate membrane bubble point (N08) with 0.8
μm pore diameter, 9 µm thickness, and 15% mean
porosity has been examined. Other information related
to this case was obtained from reference [40]. The
bubble point pressure of the membrane is at least 1.24×
105 Pa for water. Also, it has a regular porous medium
with cylindrical pores and uniform size. The membrane
has been used for the bubble point method with liquid
replacement technique. The liquid used for this
experiment (coulter porofil) had a low surface tension
(γ=16×10-3 N/M), low vapor pressure (3 mmHg at 298
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K) and low reactivity. It could be assumed that the
contact angle for all pores is zero ( 0 ). The gas used
in the experiment was air. An example of the directly
measured wet floe-state is shown in Figure 7 for the
N08 membrane.

3. 4. Case Study No. 4 For the second case, the
bubble point test data of a symmetric integrated
membrane of mixed cellulose ester (MCE) has been
studied [41]. In the gas-liquid concentration test, high
purity nitrogen gas, n-butanol (γ=24.5 dyns/cm) and
deionizer water (γ=72 dyns/cm) as wetter liquid have
been used. Therefore, it was assumed the contact angle
for all pores is zero ( 0 ). An example of the directly
measured wet flow-state for MCE membrane is shown
in Figure 8. Table 1 provides a summary of information
of the membranes and bubble point test for four
different case studies.

4. RESULTS AND DISCUSSION

To evaluate the validity and accuracy of this approach,
the PSD obtained from the proposed method in this
study were compared with the PSD data presented in the
literatures. In the case study 1, the CFP experiment has
shown that the PSD of membrane has two sharp peaks
at about 256 nm and 320 nm and also, there are very
few pores smaller than 200 nm (Figure 9). Figure 9 also
shows PSD of the membrane obtained according to
SEM images. SEM results show that the membrane has
two peaks around 226 nm and 320 nm. In addition,
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from the air porometry method is m04.086.0  . By
comparing the PSD calculated by the proposed method
(about m835.0 , shown in Figure 11) with those
reported in the literature [40], we can confirm the
accuracy of the proposed method. In the case study 4,
according to the data obtained from the wet flow-state
(Figure 8) as well as the liquid used in the gas–liquid
porometry test, the PSD of MCE membrane is
calculated by the proposed method (Figure 12). Mean
pore diameter of the MCE membrane calculated by the
proposed method is about m555.0 which is roughly
consistent with the mean pore diameter reported in the
literature ( m55.0 ) [41]. The optimal λ parameters
chosen by LOOCV method for each case study are
shown in Table 2. Table 3 provides a comparison
between the results obtained by different methods and
the proposed method in this study to calculate the
average diameter of the membranes. By comparing the
results obtained from different procedures, the accuracy
of the proposed method is confirmed. Also, considering
this method in which the number of discretization in
each interval (M(P)) is adjustable, the number of output
points (f(r) and r) can be much greater than the number
of input points (P and Q). Even with a very low number
of input points (from wet flow-state), the NPSD of
membranes (a curve without fracture) can be obtained.
For example, if input data are reduced to four points for
case 4, according to previous techniques, only 3 points
of f(r) and r can be achieved (because wet flow-state
diagram has three slope) and appropriate curve for
NPSD cannot be achieved. According to proposed
method in this study, with 4 input data in case 4, if
M(P)=2, the eight output data was calculated (minimum
number of output data for 4 input data). The NPSD of
this membrane is shown in Figure 13.

TABLE 2. Optimal λ parameters.
Case study 1 2 3 4

Optimum λ 10-10 10-22 10-16 10-25

Figure 9. Pore diameter distribution of T-3 membrane
obtained from CFP analysis [21], analysis of SEM images [21]
and proposed method.

Figure 10. Pore diameter distribution of C04 membrane
obtained from the proposed method.

Figure 11. Pore diameter distribution of N08 membrane
obtained from the proposed method.

Figure 12. Pore diameter distribution of MCE membrane
obtained from the proposed method.

Figure 13. Pore diameter distribution of MCE membrane
obtained from the proposed method by M(P)=2 and
M(P)=500.

As shown in the figure, even with 8 output data,
good diagram of NPSD cannot be achieved. Usually at
this situation, a Gaussian function fitting is used. This
procedure will cause a large error. For case 4, if
M(P)=500, via 4 obtained data from the wet flow-state
diagram (input data), 2000 output data points can be
calculated, then the NPSD diagram of this membrane
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TABLE 3. Comparison between the results obtained by the
different methods and the proposed method.

NO. M1 PM2

(μm)
AP3

(μm)
MP4

(μm) SEM (μm) Ref.

1 T-3 0.32&
0.254

0.32&
0.256 - 0.32&0.226 [21]

2 C04 0.4614 0.462 0.401 - [39]

3 N08 0.835 0.86 ±
0.04 - 0.69 ± 0.04 [40]

4 MCE 0.555 0.55 - - [41]
1Membrane Type3Air Porometer
2Proposed Method4Mercury Porometer

will be obtained without fracture (Figure 13) and fitting
by a Gaussian function is not required. According to
obtained results, Figure 12 (which is calculated with
high input data) is clearly similar to the Figure 13
(continues line).

5. CONCLUSION

In this study, the determination of the neck-pore size
distribution has been examined by using the wet flow-
state bubble point test data. The first order linear
regularization method has been used in order to dissolve
the integral equation governing the process, which the
optimized λ parameter acquired from LOOCV method.
In this study, there are different case studies of various
literatures that each one used for obtaining of many
membrane pores determined by acquiring the wet flow
curve and data related to the bubble point experiments.

The comparison between the results made by
different methods and proposed method in this study has
showed the accuracy in this theory clearly, in order to
determine the neck-pore size distribution of membranes.
The main features of the proposed method can be
summarized: (1) No need to the dry flow-state data (

dQ ). (2) Does not require priori information about the
flux of fluid A coming out of the pore which its size
equals to r ( )(rG ) and unlike the forward method, it
provides an optimal solution for the NPSD. (3) Have an
answer in P > maxP and P < minP and smooth curve.
(4) In this method, the number of discretization in each
interval is adjustable and the number of output points
can be much greater than the number of input points. (5)
Unlike traditional methods, even with a very low
number of input points (from wet flow-state), it can be
found NPSD of membranes (a curve without fracture).
According to the results, this method can be replaced for
existent multi-step method appropriately. In other
words, this is practically the only available method to
calculate the NPSD of membranes by using the
minimum number of experimental and physical data
(only need to wet flow-state and no need to )(rG

function) and offers a significant performance in
obtaining of the NPSD of porous membranes.
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چکید

در . تخمین قابل اعتماد توزیع سایز گردنه غشاها عنصر اصلی در طراحی و عملکرد همه فرایندهاي جداسازي غشایی است
هاي این مقاله، یک رویکرد جدید براي تعیین قابل اعتماد توزیع اندازه گردنه حفرات غشاهاي متخلخل با استفاده از داده

براي این منظور، یک روش قدرتمند بر پایه تئوري ریگوالریزاسیون . ارائه داده شده استیشگاهی حالت جریان ترآزما
هاي آزمایش نقطه حباب گسترش داده شده دادهبه کمکخطی براي به دست آوردن توزیع اندازه گردنه حفرات غشاها 

نتایج پیش . زمایشگاهی مختلف مورد آزمایش قرار گرفته استکارایی این روش ارائه شده با استفاده از داده هاي آ. است
بینی شده به طور واضح نشان می دهد که این روش پیشنهادي به طور موفقیت آمیز می تواند توزیع اندازه منافذ قابل قبولی 

.مجموعه اي از داده هاي آزمایش نقطه حباب پیش بینی کندبه کمک
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