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A B S T R A C T  
 

 

In this paper, an analytic approach to estimate the nonlinearity of radix-4 pipelined analog-to-digital 
converters due to the circuit non-idealities is presented. Output voltage of each stage is modeled as sum 
of the ideal output voltage and non-ideal output voltage (error voltage), in which non-ideal output 
voltage is created by capacitor mismatch, comparator offset, input offset, and finite gain of amplifier. 
The integral nonlinearity (INL) can be obtained as the expected value of total input error due to the 
errors in all stages of radix-4 pipelined ADC. 
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1. INTRODUCTION1 
 
Depending on architecture of pipelined analog-to-
digital, in each stage of ADC, three main error 
mechanisms can be distinguished: quantization error, 
noise error, and static and dynamic errors [1-20]. The 
integral nonlinearity (INL) and differential nonlinearity 
(DNL) are used as static performance measures. The 
linearity of the ADC refers to the deviation of its 
transfer function from the ideal straight-line transfer 
function. INL and DNL are the error factors that are 
used to quantify this deviation. Several error sources in 
the each stage of ADC cause these errors, such as: 
capacitor mismatch, finite gain of amplifier and offset 
error. By estimation total input, error can be estimated 
by INL [1-3]. Several methods have been proposed for 
calculating INL. Limitations of pipelined ADCs 
depending on errors in each stage was presented and 
INL estimated based on expected value of total errors.  
A general method for system level prediction of INL in 
pipelined ADC based on random error with Gaussian 
distribution was presented in literatures [3, 4]. A novel 
method for stochastic nonlinearity analysis of a 
pipelined ADC was presented [2] and the INL predicted 
include linear error. In this paper, we present the method 
                                                        
1 *Corresponding Author’s Email: farshidi@scu.ac.ir  (E. Farshidi) 

for estimation INL of a N- stage radix-4 pipelined [5-7], 
ADC architecture. In section II, the INL is defined as 
the expected value of total error in ADC with Gaussian 
distribution In section III, a relationship is presented 
based on output voltage of radix-4 pipeline stage, due to 
capacitor mismatch, finite gain of amplifier and offset 
errors. In this model, the output voltage of each stage   
is sum of the ideal and non-ideal voltages.  In section 
IV, it is shown how different types of errors (capacitor 
mismatch and finite gain of op-amp) in a stage of radix-
4 pipelined ADC affect the static performance of 
converter.  
 
 
2. INL CALCULATION 
 
The Integral Nonlinearity can be obtained as the 
expected value of  with Gaussian distribution, 
where  is total equivalent input error due to effects 
of circuit non-idealities in all stages of ADC. Therefore 
the INL is given by [2, 3]: 
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3. ERROR MODEL FOR A RADIX-4 PIPELINE 
STAGE 
 
The main source of nonlinearity errors in pipelined 
ADCs are capacitor mismatch, comparator offset, op-
amp offset, and finite gain of amplifier. There are 
several design for pipelined ADC. Pipelined ADCs with 
switched-capacitor implementation, which consist of a 
cascade of several radix-4 stages have been reported in 
literatures [5, 6]. In these pipelined ADCs, the input 
signal is captured by sample and hold. This signal 
quantized by the sub-ADC, which produces a digital 
output. Redundant digit set in each stage is of {-3, -2, -
1, 0, 1, 2, 3}(6 comparator in each stage) and the digital 
signal goes to the sub-DAC, which converts it to an 
analog signal. This analog signal is subtracted from the 
input signal that is amplified. The multiplying digital-to-
analog conversion (MDAC) is performed with gain of 4. 
A pipelined ADC with a minimum redundant digit set 
of {-2, -1, 0, 1, 2} is another possible architecture [5]. 
Figure 1 shows the switched-capacitor of a radix-4 
pipeline stage. Although a fully differential switched-
capacitor circuit is used, a single-ended circuit is dealt 
here to simplify the error analysis. The circuit has two 
clock phases, for normal operation. In the sampling 
phase, the input is sampled at the bottom plates of all 
capacitors , , and . The total charge on the 
bottom plates of the capacitors is: 

( ) ( )1 2 30s inQ V C C C= − × + +  (2) 

where, is input voltage of stage. In the next clock 
phase, (amplification and subtraction) is connected 
to the op-amp feedback path,  and are connected 

to 0 or   , depending on the output from sub-
ADC. The total charge on the bottom plates of 
capacitors in this clock phase is: 
 
 
 

 
Figure 1. Switched-capacitor of radix-4 pipelined ADC stage 
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where,  is output voltage,  is parasitic 
capacitance,  is negative terminal of op-amp 
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The total charge is conserved and the output signal  
of radix-4 pipeline stage with effect of op-amp offset 
and parasitic capacitance  is given by:  
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where,  is op-amp offset. In  the   ideal case of  

, , , and , the 
output voltage is: 
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Therefore, the digital code in radix-4 pipeline stage in 
the ideal case is . The ideal 
output voltage of ith stage is shown in figure.  Errors 
due to the capacitor mismatch are defined as: 

.  

Therefore, the output voltage of ith stage  is 
expressed as: 
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Note that the effects of capacitor mismatch errors on the 
output voltage are amplification gain error and DAC 
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gain error. Therefore, there are two gain errors 
depending on capacitor mismatch and finite gain of 
amplifier. Equation (6) can be rewritten as: 
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and equivalently  can be written as: 
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where,  is ideal output voltage and  is total error 
in ith stage, that is expressed as: 
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The output voltage of ith stage is sum of the ideal 
voltage and total error of this stage that includes of gain 
errors due to capacitor mismatch and amplifier finite 
gain, and offset error of op-amp. The input-output 
relationship of first stage is given by:  

 
(10) 

and for second stage it can be written: 
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With repeat the above equations for all stages, it can be 
written as: 
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where,  is quantization error of Nth stage, and 

is ideal output of last stage. Therefore, the input-referred 
error, where is equivalent to the contributions of all the 
individual error is: 
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where, is total error in ith stage. To keep the errors 
smaller than LSB/2 (monotonic and no missing codes), 
it can be written as [1]: 
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where, FS is the full-scale conversion range, and    
is resolution of remaining in the stages after ith stage. 
Therefore, the MSB stages must have a more accurate 
gain compared to the LSB stages and first stages the 
most critical. The accuracy of first stage for M-bit 
resolution is given by: 

M
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3. 1. Capacitor Mismatch Gain Error      The 
relationship between input and output of ith stage with 
capacitor mismatch error is given by: 
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Figure 2. Amplifier gain error due to capacitor  mismatch 

 
 

 
Figure 3. DAC gain error due to capacitor   mismatch 
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Figure 4. Sum of the amplifier gain and DAC gain errors due 
to capacitor mismatch 
 
 
 
The error due to capacitor mismatch is: 
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Due to capacitor mismatch error, the slope of error 
voltage can be positive or negative. This error is sum of 
the amplifier gain error  and DAC gain error : 

DiGi mmmi eee +=  (18) 

where  

 (19) 

Depending on the ratio capacitors, capacitor mismatch 
can be positive or negative. Figure 2 shows the 
amplifier gain error with positive mismatch that has 
been assumed FS ranges is -1 and +1.  DAC gain error 
is: 
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Figure 3 shows this error. Sum of the amplifier gain and 
DAC gain error is non-ideal error in ith stage depending 
on capacitor mismatch Figure 4. Assuming that  and 

 are the same random variables with Gaussian 
distribution, zero mean and standard deviation of the 
error at  has maximum, therefore: 
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The total input referred nonlinearity error due to 
capacitor mismatch of radix-4 pipeline ADC is given 
by: 
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If all stages are the same,  will have a zero mean 

and  a standard deviation. Therefore [4]:  

 (23) 

where, is the average of absolute of , 

 Denotes the statistical expected value and  is 

the standard deviation of . Therefore  due 
to capacitor mismatch error is: 
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To keep linearity of ADC (no missing codes), it can be 
written as: 
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3. 2. Amplifier Gain Error       Due to finite gain of the 
operational amplifier, the amplification of input signal 
in each stage is usually smaller or bigger than ideal 
value and an error is generated in this stage. The 
relationship between input and output of ith stage due to 
finite gain of amplifier is given by: 

 

(26) 

Equivalently, it can be expressed as: 

 
(27) 

So, the amplification and DAC gain errors are:  
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The effects of these errors are explained in Figures 5 
and 6. Therefore, the output voltage error is: 

 
(30) 

The error due to the finite gain is, sum of the amplifier 
gain error and DAC gain error. Figure 7 shows this 
error. Assuming that is random variable with 

Gaussian distribution, zero mean and standard deviation 
of , the error at  has maximum, therefore: 
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Figure 5. Amplification gain error due to finite gain of 
amplifier 

  

  
Figure 6. DAC gain error due to finite gain of amplifier 

  

  
Figure 7. Sum of the amplifier gain and DAC gain errors due 
to finite gain of amplifier 

  

 
Figure 8. INL  vs. standard deviation of capacitor  mismatch 
error for  a 10-bit radix-4 pipelined ADC 

 
 
 

The average of  INL is given by: 

 (32) 

To keep linearity of ADC (no missing codes), it can be 
written as: 
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4. SIMULATION RESULTS 
 
Figure 8 shows the INL diagram of a 10-bit radix-4 
pipelined ADC where all stages are identical and only 
capacitor mismatch error was considered. In this figure, 
the INL is obtained via simulation and analytic method. 
For errors smaller than 0.6%, the analytical INL is very 
close to the simulated INL. For the same conditions 
(with capacitor mismatch), the INL of an 8-bit radix-4 
pipelined ADC is shown in Figure 9. In this figure for 
errors smaller 2.5 %, the analytical INL is very close to 
the simulated INL. Therefore, this method is very 
accurate for INL less than one LSB. Figure 10 shows 
the INL diagram of a 10-bit radix-4 pipelined ADC due 
to finite gain of amplifier. It can be seen that, in these 
conditions the size of errors is smaller. Maximum 
difference of INL between analytical and simulation 
results is presented in Table 1. 
 
 
 

 
Figure 9. INL vs.  standard deviation of capacitor  mismatch 
error for a 8-bit radix-4 pipelined ADC 
 
 

 
Figure 10. INL  vs.  standard deviation due to finite gain of 
amplifier  for a 10-bit radix-4 pipelined ADC 
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TABLE 1. Max. difference of INL between analytical and 
simulation results 

Maximum 
INL 

Gain error @2.5 
% dev. 

Mismatch Cap. Error 
@2.5% dev. 

Analytical 2LSB 0.48 LSB 

Simulation 2.4 LSB 0.53 LSB 

 
 

5. CONCLUSION 
 
In this paper, a new modeling of all errors in radix-4 
pipelined ADC was presented and based on this 
modeling, the INL vs. standard deviation of capacitor 
mismatch and finite gain of amplifier was estimated. 
This method can be extended to other architecture of 
pipelined ADC.  
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  چکیده
  

در این مقاله یک روش تحلیلی براي تقریب میزان غیرخطی بودن مبدلهاي آنالوگ به دیجیتال ناشی از اثرات غیر ایدال 
که   مدل شده است) ولتاژ خطا(ولتاژ خروجی هر طبقه بصورت جمع ولتاژ ایدال و ولتاژ غیرایدال. مداري ارائه شده است

لتاژ غیرایدال بدلیل ناهمسانی خازنها، افست مقایسه گر، افست ورودي و بهره محدود تقویت کننده ها ایجاد شده در آن و
به عنوان معیار تقریب تاثیر همه خطاها از همه طبقات مبدلهاي آنالوگ به دیجیتال ) INL(معیار تجمیع غیرخطی. است
 .بدست می آید 4-پایه
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