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In this paper, a three-dimensional finite element (FE) model of carbon nanocones (CNCs) is proposed
and used for obtaining Young's modulus of CNCs. In this model, stretching and bending forces
between carbon atoms are simulated using truss elements in ANSYS software. Then, the model is
subjected to the tension and by obtaining the stiffness of the CNC and using elasticity theory, Young’s
modulus is calculated. The results showed that for a fixed length of CNC, the modulus increase with
the increase in diameter whereas it decreases by an increase in the apex angle. Also, Young’s modulus
of double walled carbon nanocones (DWCNCs) obtained between the values of each layer.
Furthermore, it is showed that elastic modulus can be effected by defects and their positions in CNC.
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1. INTRODUCTION
1

Carbon nanocones are a group of carbon-based
nanostructures which are conical graphitic structures
and have unique mechanical, electrical and thermal
properties [1-3]. CNCs can be used as probes in
scanning tunneling microscope (STM), atomic force
microscope (AFM), magnetic force microscopy (MFM),
gas sensors, energy storage and biosensors [4-6]. Also,
they have potential applications in nanoindentations and
electron fieldemitters [7, 8]. For CNCs, five apex angles
of 19.2°, 38.9°, 60°, 86.6° and 123.6° are proposed by
Ge and Sattler [9]. Due to the application of carbon
nanotubes (CNTs) and CNCs in nanocomposites,
investigation of elastic modulus will be very useful [10,
11]. Young's modulus is one of the important
mechanical properties of the materials.
According to the authors’ knowledge, not many
research works were found about mechanical and
Young’s modulus of CNCs in the available literature.
Molecular dynamics (MD) simulations are widely used
by researches in investigation of mechanical and
*Corresponding Author Email: Mo.mohammadyan@gmail.com (M.
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thermal properties of CNCs. By this method, Wei et. al.
[1] studied the elastic and plastic properties of singlewalled carbon nanocones (SWCNCs). Tsai and Fang
[12] investigated the thermal stability of the CNC. In
addition, MD method is used by Liew et. al. [13] in
buckling behavior of CNCs, and is used by Liao et. al.
[14] in tensile and compressive behaviors of open-tip
CNCs. Kumar et al. [15] investigated the Young’s and
shear modulus of CNCs by employing secondgeneration reactive empirical bond-order potential. They
found that the value of Young’s modulus lies in the
range of 0.24 Tpa to 0.73 Tpa, and the Shear modulus
varies from 0.1 Tpa to 0.29 Tpa. Also, vibration
properties of CNCs are studied by researchers. Abadiet
et al. [16] and Fakhrabadi et al. [17] used, respectively,
nonlocal continuum shell model and molecular
mechanics approach in free vibration analysis of CNCs.
In this paper, a truss model of graphene sheet and
CNT is proposed and developed for construction of
single walled carbon nanocones (SWCNCs) and
DWCNCs. Nearly, similar models are used by
researchers in investigation of CNTs. Chang and Gao
[18] used an elastic rod and a spiral spring to model the
stretching and twisting bonds. Also, similar rod–spring
geometric configuration is performed by Nasdala and
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Ernst [19]. They calculated the properties of the
structure by fitting MD and ab initio analysis. Leung et
al. [20] have used three rods in the hexagonal unit of
carbon atoms. One of them is used in C–C bonds and
two others are named as factious trusses and utilized for
the non-bonds carbon atoms. Nahaz and Rabou [21]
obtained the Young’s modulus of graphene sheet and a
CNT by similar truss finite element model. Based on
non-linear interatomic potentials, Rafiee and Heidarhaei
[22] used non-linear spring elements for C-C bonds.
Using this model, they studied the Young’s modulus of
CNTs.
In this paper, two elastic rods are used to represent
the bond stretching and angle variation in the hexagonal
unit of carbon atoms. There are two differences between
the work done in this paper and the works of
investigators mentioned. The first difference is the
values that are obtained for the characteristics of the
rods, and the second is using the model in the CNCs.
Our review shows that this model hasn’t been used so
far in obtaining Young’s modulus of CNCs.
This paper contains the following sections: First, the
structure and the properties of SWCNCs and multi
walled carbon nanocones (MWCNCs) are described.
Second, characteristics of the rods in truss model are
obtained using potential energy of a molecular system.
Third, the model is used by finite element method for
calculating Young’s modulus of graphene sheet and
CNTs and results compared with the findings of other
researchers. Finally, Young’s modulus of SWCNCs and
DWCNCs is obtained by the presented model and effect
of defects is discussed.
2. THE STRUCTURE OF SWCNCs AND MWCNCs
Graphene sheet can be rolled in a desired direction and
then, if the open edges are joined to each other, a
SWCNC will be constructed. Carbon nanocones can be
produced by chemical vapor deposition (CVD) method
and also by using plasma for decomposing
hydrocarbons [23, 24]. Because the hexagonal texture of
graphene sheet must to be maintained, the apex angle of
the cone can’t been arbitrary angle. There are only five
possible apex angles for nanocones which can be
obtained as follows [25]:
α = 2 arcsin(1 −

θ
)
360

(1)

where, θ is the disclination angle in degrees. By
selecting the values of θas 60°, 120°, 180°, 240° and
300°, the apex angles of closed cones will be 112.9°,
83.6°, 60°, 38.9° and 19.2°, respectively. It can be seen
that CNTs are special cases of CNCs with zero apex
angle. For instance, Figure 1 demonstrates the graphene
sheet with the disclination angle of 240° and the
constructed SWCNC with the apex angle of 38.9°.
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Analogous to CNTs, the CNCs can also be found as
MWCNCs according to their number of layers.
When some SWCNCs are put on each other with
longitudinal distance, they form a multi walled carbon
nanocone. The apex angle of each layer can be different
with the other layers. In Figure 1, a MWCNC with the
same apex angle for all layers is depicted.
3. ATOMISTIC MODELING
The atomistic approches in modeling of CNTs and
CNCs are computationally expensive. Thus, in this
paper FEM is used by a linkage between inter atomic
potential energies of molecular structure and an
equivalent structure model. By this method, results of
modeling of CNTs and nanocomposites are in good
agreement with the results of atomistic approches [10,
17, 21].
Finite element model of an open-tip CNC with a
hexagonal unit of carbon atoms is shown in Figure 2.
Each hexagonal includes two types of elastic rod
which are used for representing the interaction forces
between carbon atoms. Here, we determine the
characteristics of the rods which are needed in FEM.
The total potential energy of a molecular system can
be obtained from Equation (2) [18]:
U =

∑U +∑U +∑U +∑U +∑U
r

θ

ϕ

ω

vdw

(2)

where, Ur, Uθ, Uφ, Uω and Uvdw are energies that are
related to the bond stretching, angle variation, dihedral,
out of plane torsional and van der Waals (vdW),
respectively. Dihedral, torsional and vdW energies are
ignorable and can be neglected in comparison with the
other energies [26]. Therefore, in small strains Equation
(2) can be simplified as follow:
U =

∑U + ∑U
r

θ

(3)

The two terms of above equation can be formulated
as below [20]:
U r = K r ( R − R0 ) 2

(4)

U θ = Kθ (θ − θ 0 ) 2

(5)

where, R, R0, θ and θ0 are the secondary length, initial
length, varied angle and initial angle, respectively. Kr
and Kθ are force constants which are equal to 326
nN/nm and 0.438 nN.nm, respectively.
In Figure 2, solid and dashed lines are rods with circular
cross section and represent stretching and angle
variation between bond and non-bond carbon atoms,
respectively. Since the rods can’t be bended and they
can only be stretched, the strain energy (U) of a rod will
be:
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1 AE
(
)( ∆ L ) 2
2 L

(6)

where, A, E, L and ΔL are the cross section area, the
Young’s modulus, the length and the length variation of
the rod, respectively. In Equation (4), the term (R-R0)2
is equal to the term ΔL2 in Equation (6). Therefore, by
comparing Equation (4) and Equation (6), the Young’s
modulus of the bond rods are obtained as follows:
E bond =

2 LK r
A

(7)

For the non-bond rods, the angle variation (Δθ) must be
correlated to the length variation (ΔS). From Figure 2,
the relation between L, S and θ is:
S 2 = 2 L2 (1 − cos θ )

(8)

4. RESULTS AND DISSCUSION

(9)

In this section, using the mentioned model, Young’s
modulus of graphene sheet and CNTs are calculated and
compared with the results of other investigators. Then,
SWCNCs and DWCNCs are modeled and young’s
modulus is obtained.

The first derivation of above equation is:
dS
L2 sin θ
=
dθ
S

By substituting θ=120° in Equation (9), we have
dS/dθ=L/2. So, for the small displacements, the relation
between Δθ and ΔS will be:
∆θ =

2
∆S
L

(10)

Hence, by using Equation (5) and Equation (6), the
Young’s modulus for the non-bond rods are obtained as
follow:
E non − bond =

8 SKθ
AL2

Figure 2. a) Hexagonal unit of carbon atoms b) Finite element
model of an open- tip CNC

(11)

The value of A is obtained from minimization of the
total strain energy of the structure. The details of the
procedure can be found in [27]. By substituting
A=0.0015 nm2, L= 0.142 nm and S=0.24595 nm, the
Young’s modulus of the rods can be calculated as
follow:
Ebond=61.72Tpa, Enon- bond=28.36Tpa
The above numerical values are fed into the required
properties of the rod elements in finite element models.

4. 1. Modeling of Graphene Sheet
Four different
sizes of graphene sheet are modeled using 2D LINK1
elements in ANSYS software. In all cases, the nodes
which are located in the left end are fully fixed and the
nodes in the right end are subjected to a horizontal
stretching of 0.001 nm. This value is selected to avoid
nonlinearity of the analysis. The stretching lead to
reaction forces in the fully fixed nodes and these forces
can be determined by finite element method. By
summing the total reaction forces in x direction (Fx) and
having the longitudinal stretching (Δl=0.001 nm), the
stiffness (K) of the graphene sheet can be calculated by
the following equation:
K=

∆l

x

(12)

Consequently, the Young's modulus is obtained from
Equation (13):
E=

Figure 1. a) Graphene sheet with the disclination angle of
240°, b) A CNC with the apex angle of 38.9°, c) A MWCNC

∑F

KL
A

(13)

where, L is the length and A=Wt is the cross section
which are of a graphene sheet with width W and
thickness t. The thickness is assumed to be equal to
interlayer spacing of graphite, 0.34 nm. The Young’s
modulus is calculated for graphene sheets by using
Equation (13) and presented in Table 1. The results are
in good agreement with the findings of Li and Chou
[28].
For instance, finite element model of a graphene
sheet and generated axial stresses are depicted in Figure
3. The length and the width of the sheet are

M. Mohammadian and A. Fereidoon / IJE TRANSACTIONS C: Aspects Vol. 27, No. 9, (September 2014) 1467-1474

approximately 3.13 nm and 0.98 nm, respectively. This
model includes 182 nodes and 568 elements. The
maximum value of axial stress is obtained about
12.8Gpa.
4. 2. Modeling of CNT
For investigating the
applicability of the proposed model during obtaining
Young’s modulus of carbon nanotubes, four CNTs with
different values of lenghts and diameters are modeled
using 3D LINK8 elements in ANSYS software. In all
cases, one side of the model is fully fixed and the other
side is subjected to a longitudinal stretching of 0.001
nm. For example, Figure 4 demonstrates the finite
element model and axial stresses for a CNT with the
diameter of 1.085 nm and the length of about 2 nm. In
this case, the maximum value of axial stress is 14.2Gpa.
The reaction forces are obtained by ANSYS data and
the stiffness and Young’s modulus calculated by
Equations (12) and (13). The value of A in Equation
(13) is equal to πDt, where D is the mean diameter of
the CNT and t is the thickness which is assumed to be
0.34 nm. The results are presented in Table 2. The
average value of Young’s modulus is obtained as
0.996Tpa which is very close to 1.042 Tpa that is
obtained by researches [28, 29].
4. 3. Modeling of SWCNC and DWCNC
As be
showed before, the presented model in section 3 with
the obtained characteristics is suitable in modeling of
graphene sheet and CNTs. Thus, this model is used for
obtaining the Young’s modulus of CNCs. In this paper,
due to geometric limitations at the apex of CNC, four
open-tip SWCNCs with the apex angle of 19.2° and
38.9° are modeled in ANSYS software using 3DLINK8
elements. These models are named as case 1, case 2,
case 3 and case 4. The length of the CNCs is fixed and
is approximately 14Å. Other geometric dimensions and
the number of nodes and elements for the cases are
listed in Table 3. By using the SWCNCs which are
presented in Table 3, two DWCNCs are constructed.
One of them is named as DWCNC1 and is the
combination of case 1 and case 2 with the apex angle of
19.2° and the other one is combination of case 3 and
case 4 and is named as DWCNC2 with the apex angle
of 38.9°. In concentric MWCNCs, Ansari et al. showed
that if the longitudinal distance (Z) between the cones
apex be larger than 9Å, the vdW force between the two
layers is negligible and can be ignored [25]. So, the
dimensions of SWCNCs which are presented in Table 3
are selected so that in constructed DWCNCs, the vdW
force is negligible.
The same mechanical and geometrical properties of
graphene sheet and CNT are applied for the elements in
SWCNCs and DWCNCs. Similar to the boundary
condition of CNT and graphene sheet, the CNCs are
fully fixed at the side with the largest radius. The other
side is subjected to a longitudinal stretching of 0.001nm.
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For instance, finite element model and generated axial
stresses for SWCNCs and DWCNCSs are shown in
Figures 5 and 6, respectively.
By subistuting n=1and n=2 in Equation (17) which
is described in appendix, the Young’s modulus is
calculated and presented in Table 4. As it is obvius in
this table, the obtained values for the Young’s modulus
of CNCs are smaller than those of CNTs. In CNTs, this
value is about 1.042Tpa whereas for the CNCs the value
is obtained in the range of 0.4 Tpa to 0.7 Tpa. As it was
reviewed in introduction, Kumar et al. [15] found that
the value of Young’s modulus for CNCs with different
geometrical dimension lies in the range of 0.24 Tpa to
0.73 Tpa. Therefore, the results of presented model for
CNCs are in good agreement with the findings of
Kumar et al. [15]. By attention in Table 4, it is found
that by increasing the apex angle, the Young’s modulus
decresed. The reason is that by increasing the apex
angle in a cone with a specified length, the difference
between the largest and smallest radius increases and
thus the cone gets away further from the cylindrical
shape. Also, by comparing case 1 with case 2 and case 3
with case 4, we found that in a desierd apex angle,
increasing the smaller radius can lead to increment of
Young’s modulus. Table 4 shows that values of
Young’s modulus in DWCNCs are located between the
values of each layer. This result is different for the
CNTs. In multi-walled carbon nanotubes, Young’s
modulus is larger than those of each layer and by
increasing the layers, elastic constant increase.
4. 4. Defected Carbon Nanocones
Due to the
restrictions of CNT manufacturing, the production of
perfect nanotubes is very hard, and the percentage of
those is very low compared to the percentage of defect
nanotubes. Vacancies result from missing carbon atoms
in the CNT walls. This can happen when CNTs are
subjected to irradiation [30]. The distribution and types
of defects in CNT will play a central role in their
mechanical strength [31]. In this section, the FE model
is developed to investigate the effect of defect and its
position on Young’s modulus of CNCs.
For modeling, one carbon atom with bonds and nonbonds elements is omitted from the CNCs. This defect is
created in two opposite points and three positions are
considered for them. As depicted in Figure 7, two
defects are located at two end of CNC and denoted by
Pos. 1 and Pos. 3, and the third is located in the middle
of CNC and denoted by Pos. 2. The geometric
dimensions and the boundary conditions are as same as
un-defected cases. The results are illustrated in Figure 8.
As it is obvious in this figure, defect decreased the
Young’s modulus of CNCs. The most decrease is
related to the defect that is located in position 2. This
means that defects which are almost further than
boundaries, have more influence on decreasing
ofYoung’s modulus.
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Figure 3. Generated axial stress in graphene sheet

Figure 4. Generated axial stress in CNT

Figure 5. Generated axial stress in two SWCNCs

Figure 6. Generated axial stress in two DWCNCs

Figure 7. Defect and its position in CNC
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Figure 8. Effect of defect on Young’s modulus of CNC

TABLE 1. Obtained Young’s Modulus of Graphene Sheet
Sheet dimensions

Young’s modulus (Tpa)

Length(nm)

Width(nm)

Present work

Ref. [28]

2.84

0.74

0.958

0.995

3.13

0.98

0.993

1.002

4.83

1.97

1.010

1.021

9.85

1.97

1.018

1.024

TABLE 2. Obtained Young’s Modulus of CNTs
CNT type

Diameter (nm)

Length (nm)

Young’s modulus(Tpa)

(7,7)

0.949

≈5

0.964

(8,8)

1.085

≈2

1.023

(9,0)

0.704

≈8

0.960

(22,0)

1.72

≈ 10

1.031

TABLE 3. The Properties of Selected SWCNCs
CNC type

Apex
angle

smallest
radius(Å)

Largest
radius(Å)

Number of
nodes

Number of bond
elements

Number of non-bond
elements

Case1

19.2°

4.10

6.52

195

276

522

Case2

19.2°

5.46

7.82

266

380

704

Case3

38.9°

4.06

8.99

280

394

748

7.16

11.9

396

557

1000

Case4

38.9

°

TABLE 4. The Longitudinal Stiffness and Young's Modulus of CNCs
CNC type

Stiffness (Nm-1)

Young’s modulus(Tpa)

Case 1

512

0.643

Case 2

703

0.696

Case 3

394

0.419

Case 4

620

0.436

DWCNC1

1204

0.671

DWCNC2

1020

0.429
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5. CONCLUSION
In this paper, Young’s modulus of SWCNCs and
DWCNCs is obtained using finite element method. For
modeling of CNCs, two elastic rods are used for
representing the bond stretching and the bond angle
variation between carbon atoms. For the CNCs, the
value of Young’s modulus is obtained in the range of
0.4Tpa to 0.7Tpa. Results showed that an increase in the
apex angle can decrease the modulus. Furthermore, in
CNC with a fixed length, an increase in the diameter
can lead to increment of modulus. In DWCNCs, the
value of this elastic constant lies between the values of
each layer. Also, defects decrease the Young’s modulus
and this decrement is influenced by the position of
defects in CNC.
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APPENDIX

E=

A multi walled nanocone with n layers is shown in
Figure 9. It is assumed that all layers have the same
apex angle (α). The left end is fully fixed while the
other end is subjected to a stretching horizontal load.
For an element with the length of dx which is located in
position x, the relation between load (P) and length
variation (Δl) can be written as follows:

K
nL tan(α / 2)
ln(1 +
)
2π tn tan(α / 2)

∑
n

r 0i
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(17)

i =1

where, K is the stiffness of MWCNC and is equal to
P/ΔL.

P dx

∆l =

n

2π E

∑ rx

(14)

i

i =1

For a cone we have:
rxi = r 0 i + x tan(α / 2)

(15)

by substituting above equation in Equation (14), the
total length variation (ΔL) of MWCNC is obtained as
follows:
L

∆L =

∫
0

P dx
n

2π E (

∑r

0i

+ x tan(α / 2))

(16)

Figure 9. A multi walled nanocone which issubjected to a
longitudinal direction

i =1

So, the Young’s modulus of the MWCNC in
longitudinal direction is:

Young's Modulus of Single and Double Walled Carbon Nanocones
Using Finite Element Method
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 در اﯾﻦ ﻣﺪل ﻧﯿﺮوﻫﺎي ﮐﺸﺸﯽ و ﺧﻤﺸﯽ ﺑﯿﻦ اﺗﻢ ﻫﺎي ﮐﺮﺑﻦ ﺑﺎ.ﻧﺎﻧﻮﻣﺨﺮوط ﮐﺮﺑﻨﯽ ﺗﮏ ﻻﯾﻪ و دوﻻﯾﻪ اﺳﺘﻔﺎده ﮔﺮدﯾﺪه اﺳﺖ
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، ﻧﺘﺎﯾﺞ ﻧﺸﺎن داد در ﯾﮏ ﻧﺎﻧﻮﻣﺨﺮوط ﺑﺎ ﻃﻮل ﺛﺎﺑﺖ. ﻣﺪول ﯾﺎﻧﮓ ﻣﺤﺎﺳﺒﻪ ﺷﺪه اﺳﺖ،ﻧﺎﻧﻮﻣﺨﺮوط و ﺑﻪ ﮐﻤﮏ ﺗﺌﻮري اﻻﺳﺘﯿﺴﯿﺘﻪ
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اﺳﺘﻔﺎده از اﻟﻤﺎن ﻫﺎي ﺧﺮﭘﺎ در ﻧﺮم اﻓﺰار اﻧﺴﯿﺲ ﺷﺒﯿﻪ ﺳﺎزي ﺷﺪه و ﺳﭙﺲ ﺑﺎ اﻋﻤﺎل ﮐﺸﺶ و ﺑﺪﺳﺖ آوردن ﺳﺨﺘﯽ

 ﻫﻤﭽﻨﯿﻦ. درﺣﺎﻟﯽ ﮐﻪ ﺑﺎ اﻓﺰاﯾﺶ زاوﯾﻪ راس ﻣﺨﺮوط ﻣﻘﺪار ﻣﺪول ﮐﺎﻫﺶ ﻣﯽ ﯾﺎﺑﺪ،ﻣﺪول ﺑﺎ اﻓﺰاﯾﺶ ﻗﻄﺮ اﻓﺰاﯾﺶ ﻣﯽ ﯾﺎﺑﺪ
 اﺛﺮ ﺧﺮاﺑﯽ و، ﻋﻼوه ﺑﺮاﯾﻦ.ﻣﺪول ﯾﺎﻧﮓ ﻧﺎﻧﻮﻣﺨﺮوط دوﻻﯾﻪ ﮐﺮﺑﻨﯽ ﺑﺪﺳﺖ آﻣﺪه ﺑﯿﻦ ﻣﻘﺎدﯾﺮ ﻣﺪول ﻻﯾﻪ ﻫﺎي آن ﻗﺮار دارد
.ﻣﻮﻗﻌﯿﺖ آن در ﻣﻘﺪار ﻣﺪول ﯾﺎﻧﮓ ﺑﺮرﺳﯽ ﺷﺪه اﺳﺖ
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