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In this article, thermo-elastic damping in nano-beam resonators is investigated based on nonlocal
theory of elasticity and the Euler-Bernoulli beam assumptions. To this end, governing equation of
motion of the beam is obtained from stress–strain relationship of the nonlocal elasticity model and also
governing equations of thermo-elastic damping are established using two dimensional non-Fourier heat
conduction. Free vibration of the nano-beam resonators is analyzed using Galerkin reduced order
model formulation for the first mode of vibration. In the present investigation a clamped-clamped
nano-beam with isothermal boundary conditions at both ends is studied. This nonlocal model
incorporates the length scale parameter (nonlocal parameter) which can capture the small scale effect.
The obtained results are compared with the numerical results of the classical thermo-elastic models.
Thermo-elastic damping effects on the damping ratio are studied for the various nano-beam
thicknesses and ambient temperatures. In addition, the study includes computations for different values
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1. INTRODUCTION 1
Development of mechanical and electronic systems in a
compact case such as Micro-Electro-MechanicalSystem (MEMS) and Nano-Electro-Mechanical-System
(NEMS) has become more important, because this
essential part of technology increases the speed and
compactness size of industrial equipment. In fact,
MEMS/NEMS is a combination of mechanical
components, electronic sensors and electronic
components. The term MEMS/NEMS first started being
used in the 1980s. It was used in the United States for
the first time and has been applied to a broad set of
technologies with the goal of miniaturizing systems
through the integration of functions into small packages.
This mechanical structure is very small in size, and has
various applications. MEMS/NEMS has grown
tremendously in the last decade and has attracted
worldwide applicable attention. This is due to the wide
application of MEMS/NEMS in different branches of
medicine, medical engineering (analysis and synthesis
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of Deoxyribonucleic acid (DNA) and genetic code, drug
delivery, diagnostic and imaging), transportation
systems (converters, accelerometers, Gyroscopes) and
production (intelligent nano-robots) and etc.
Nano-mechanical resonators are a category of NEMS
devices, used widely in applications requiring high
speed and accuracy [1]. Recently developing and
manufacturing mobile devices with limited energy
source to reduce energy consumption has been
inevitable and this is available by analyzing all factors,
interfering in energy consumption in these devices. To
obtain high performance resonators, it is necessary to
design and build a resonator that works with very low
power dissipation or in other words, it works with a
high quality factor. Quality factor of the resonator is a
measure of the amount of energy loss. Air damping and
clamping losses are the major extrinsic mechanisms of
energy dissipation. Energy loss resulting from the
thermo-elastic damping (TED) is the main intrinsic
mechanism of energy dissipation factors in nano-beam
resonators. Extrinsic losses such as air damping can be
minimized by proper design and operating conditions.
But intrinsic losses such as TED cannot be controlled as
easily as extrinsic losses and they are almost impossible
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to eliminate [2, 3].
TED is an important loss mechanism in high quality
nano-structures, especially in those using flexural
vibration modes [4-7]. Therefore,it is important to find a
way to reduce intrinsic losses, such as TED, as much as
possible. In precise measurements, TED acts as a source
of mechanical thermal noise and contributes to reduce
the quality factor and this causes an increase in energy
consumption.
Zener [8-10] was the first one who explained the
mechanism of TED. He also derived an analytical
approximation to relate the energy dissipation and the
material properties of a micro-beam structure. Lifshitz
and Roukes [4] studied TED of a beam with rectangular
cross-section and found that after the Debye peaks, the
thermo-elastic attenuation will be weakened as the size
increases. The results of Lifshitz and Roukes [4] were
obtained based on the classical Fourier thermal
conducting equation although they did not considered
the effect of boundary conditions in their research. Sun
et al. [11] studied and analyzed the TED of micro-beam
resonators using both the finite sine Fourier
transformation method combined with Laplace
transformation and the normal mode analysis. Sun et al.
[12] investigated the vibration phenomenon during
pulsed laser heating of a micro-beam. They also
analyzed the size effect and the effect of different
boundary conditions and compared the damping ratio
and resonant frequency shift ratio of beams due to the
air damping effect and the TED effect. Vahdat and
Rezazadeh [13] studied the effects of axial and residual
stresses on TED in capacitive micro-beam resonators.
Both experimental and atomistic simulation results
have shown a significant size effect in mechanical
properties when the dimensions of these structures
become very small. For this reason, the size effect has a
major role on static and dynamic behavior of micro,
nanostructures and cannot be ignored. It is well known
that classical continuum mechanics does not account for
such size effects in micro-, nano-scale structures. In
order to overcome this problem, many higher order
continuum (nonlocal) theories that contain additional
material constants, such as the modified couple stress
theory [14], the strain gradient theory [15], the
micropolar theory [16], the nonlocal elasticity theory
[17], and the surface elasticity [18] have been developed
to characterize size effect in micro, nano-scale
structures by introducing an intrinsic length scale in the
constitutive relations.
The nonlocal elasticity theory, which was introduced
by Eringen [19] to account for scale effect in elasticity
was used to study lattice dispersion of elastic waves. In
the classical (local) elasticity theory, the stress at a point
depends only on the strain at the same point whereas in
the nonlocal elasticity theory, the stress at a point is a
function of strains at all points in the continuum. In this
way, the nonlocal continuum theory contains
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information about long range forces between atoms, and
the internal length scale is introduced into the
constitutive equations simply as material parameter to
capture the small scale effect [20-23].
The aim of the present work is to investigate the
thermo-elastic damping in nano-beam resonators based
on nonlocal theory and Euler-Bernoulli beam
assumptions. Governing equations of coupled heat
conduction has been extracted from the equation of heat
conduction based on non-Fourier two dimensional heat
conduction based on continuum theory frame with one
relaxation time in an isotropic homogeneous elastic
solid by neglecting heat conduction along the width
direction. The governing equations were converted to
dimensionless form and the converted equations were
solved by a Galerkin reduced order model.
2. PROBLEM FORMULATION
We consider small motions of a thin elastic nano-beam
with dimensions of length L (0 £ x £ L) , width b
( - b / 2 £ y £ b / 2) and thickness h (-h / 2 £ z £ h / 2) , as
is shown in Figure 1. We define the x axis along the
axis of the beam and also y and z axes corresponding
to the width and thickness, respectively. The usual
Euler–Bernoulli assumption is made so that any plane
cross-section, initially perpendicular to the axis of the
beam, remains plane and perpendicular to the neutral
surface during bending. Thus, the displacements can be
given by:
u = -z

¶w
, u 0 = 0 ; v ¹ 0, v 0 = 0 ;
¶x

w = w 0 ( x, t ) ;

(1)

T = T ( x, z, t )
¶T
¶T

¶x
¶z

(2)

where u 0 , v0 and w 0 is the displacements of the midplane of the nano-beam in the x , y and z direction
respectively, T = T - T0 , T is the absolute temperature
and T0 is the temperature of the nano-beam in the
natural state assumed to be equal to the ambient
temperature.

Figure 1. Schematic diagram of the physical system
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The equation of constitutive relation for an isotropic
homogeneous elastic solid in the absence of body forces
and heat sources include [13]:
s ij = 2 me ij + d ij ( l e kk - b1 T )

(3)

eij =

s yy
¶u
¶2w s
= - z 2 = xx - n
+ at T
E
E
¶x
¶x
¶v
e yy =
=0
¶y
exx =

where:
b1 =

the nonzero components of the strain and stress tensors
in terms of the displacement field considering EulerBernoulli assumptions and thermal field effect can be
expressed as follows [13, 24]:

E
a ;
(1 - 2n ) t
1
( u i, j + u j,i ) ; i, j = x, y, z
2

(4)

ezz =

where m and l are Lame's constants, a t is the
coefficient of the linear thermal expansion, sij is the
components of the stress tensor, ui is the components
of the displacement vector, eij is the components of the
strain tensor, e = e kk is the trace of the strain tensor, n
is Poisson ratio and dij is the Kronecker delta.
Following Sadd [24] and Vahdat and Rezazadeh [13]
when the thickness ( z direction) and the width ( y
direction) of a beam are small enough in comparison to
the length ( x direction) of it, based on plane stress
condition it can be concluded that the stress tensor
components in z and y directions are zero
( szz = s yy = sxz = s yz = s xy = 0 ). Therefore, the strain

¶w
n æ ¶ 2 w ö (1 + n)
=
at T
çz
÷+
¶z (1 - n ) è ¶x 2 ø (1 - n)

For a wide beam based on Euler–Bernoulli
beam assumptions the trace of the strain tensor is as
follows:
e=-

(1 - 2n ) æ ¶ 2 w ö (1 + n )
at T
çz
÷+
(1 - n) è ¶x 2 ø (1 - n)

¶u
¶ 2 w s xx
= -z
=
+ atT
¶x
¶x 2
E
¶2w
= -n e xx + (1 + n ) a t T = n z
+ (1 + n ) a t T
¶x 2
¶ 2w
= -n e xx + (1 + n ) a t T = n z
+ (1 + n ) a t T
¶x 2
= e xz = e yz = 0

e yy
e zz
e xy

(5)

For a narrow beam based on Euler–Bernoulli
beam assumptions, the trace of the strain tensor is as
follows:
ekk = e xx + e yy + ezz
æ ¶2w ö
= -(1 - 2n ) ç z 2 ÷ + 2(1 + n )a t T
è ¶x ø

(6)

and:
sxx = - Ez

¶2w
- Ea t T
¶x 2

(7)

But when the thickness of a beam is small enough in
comparison to the length and width of it is considerable,
based on plane strain condition it can be concluded that
the stress components in z direction and strain
components
in
y
direction
vanish
( s zz = s xz = s yz = e yy = e xy = e xz = e zy = 0 ). Therefore,

(9)

and:
s xx = -

E æ ¶ 2 w ö Ea t
T
çz
÷(1 - n 2 ) è ¶x 2 ø (1 - n )

(10)

s yy = ns xx - Ea t T

So for both narrow and wide beam we have :
%
s xx = -Ez

components can be simplified as follows:
e xx =

(8)

¶2 w
- bt T
¶x 2

(11)

here bt is the thermal modulus equal to Ea t for the
plane stress condition and equal to Ea t / (1 - n) for a
wide beam (the plane strain condition). Note that for a
wide beam, for which b ³ 5h , the effective modulus E%
can be approximated by the plate modulus E / (1 - n 2 ),
otherwise E% is Young’s modulus E .
3. NONLOCAL ELASTICITY THEORY OF ERINGEN
The linear theory of nonlocal elasticity leads to a set of
integropartial differential equations for the displacement
fields of homogeneous, isotropic bodies [25-28]. For
homogenous and isotropic elastic solids, the linear
theory of nonlocal elasticity is described by the
following equations [19]:
uj ) = 0
sij,i + r ( f j - &&
sij ( x ) = ò a ( x ¢ - x , t ) sij¢ ( x ¢ ) dV ( x ¢ )
V

s¢ij ( x ¢ ) = le kk ( x ¢) dij + 2me ij ( x ¢)
eij ( x ¢) =

(12)

1 æ ¶u j ( x¢ ) ¶u i ( x ¢) ö
+
ç
÷
2 çè ¶x i¢
¶x ¢j ÷ø

where s ij ( x ) , r , f j , and u j are, respectively, the
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nonlocal stress tensor, mass density, body force density,
and displacement vector at a reference point x in the
body, at time t , while &u& j , the second derivative of u j
with respect to time t is the acceleration vector at x .
Classical or local stress tensor at x ¢ , denoted as s ¢ij ( x ¢ )
, is related to the linear strain tensor eij ( x ¢ ) at any point
x ¢ in the body. It is clear that the classical or local
constitutive relation has to be replaced by the nonlocal
constitutive relative s ij ( x ) at x depending not only on
the classical local stress s ¢ij ( x ¢ ) at that particular point
but also on nonlocal modulus a ( x ¢ - x , t ) where
x¢ - x

is the Euclidean distance between. t is a
dimensionless length scale denoted by:
t=

e0 a
L

(13)

where a is internal characteristic length and e0 is a
material constant. Due to the difficulty in deriving an
analytical solution, it is possible in an approximate
sense to convert the integral-partial differential equation
to a general partial differential equation [19]. The
classical Hooke’s law for uniaxial stress in one
dimension is replaced by a nonlocal stress relation [19]
as:
sxx - ( e0 a )

2

¶ 2 sxx %
= Eexx - b t T
¶x 2

(14)

where s xx and e xx are the normal stress and strain. For
limiting nanoscale e 0 a ® 0 , the nonlocal effect can be
neglected and the nonlocal stress s xx approaches that of
the corresponding classical stress.
4. EQUATION OF MOTION
At this stage, multiplying both sides of Equation (14) by
z and integrating over the cross section area of beam,
we obtain:

ò sxx zdA - ò ( e0a ) z
2

A

A

¶ 2 sxx
dA
¶x 2

æ % 2 ¶2 w ö
= -ò ç Ez
÷ dA - ò bt TzdA
¶x 2 ø
Aè
A

(15)

According to the classical elastic theory for a long tube,
the bending moment M xx in the transverse direction
and strain are denoted as:

M xx = ò zsdA

(16)
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By substituting Equation (14) into Equation (15) we
have:
M - ( e0 a )

2

¶ 2M % ¶2 w
+ EI 2 + M T = 0
¶x 2
¶x

(17)

where:
M T = ò b t TzdA

(18)

A

By performing the differentiation of this equation with
respect to the variable x twice we obtain:
2
4
4
¶ 2M
2 ¶ M
% ¶ w + ¶ MT = 0
e
EI
a
+
(
)
0
¶x 2
¶x 4
¶x 4
¶x 2

(19)

According to the Euler–Bernoulli beam theory:
¶2 M
¶2 w
=
r
A
¶x 2
¶t 2

(20)

Substituting Equation (20) into Equation (19), we obtain
the below governing nonlocal equation for vibration of
nano-beams based on Euler–Bernoulli beam theory:
¶ 4 w ¶ 2 MT
¶2 w
E% I 4 +
+
r
Α
¶x
¶x 2
¶t 2
4
2 ¶ w
- rΑ ( e 0 a )
=0
¶x 2 ¶t 2

(21)

Since in the current article free vibration of the nanobeam are investigated and referring to the Civalek and
Demir [21, 22] differential equation of nano-beam
motion is in order of fourth with respect to x .
5. EQUATION OF THERMO-ELASTICITY
5. 1. Classical Thermo-elasticity According to
classical heat conduction theory, heat flux is directly
proportional to the temperature gradient (Fourier’s law)
as:
q = - kÑT

(22)

k and q are the thermal conductivity and heat flux
vector, respectively. Assuming small deviations of
temperature from equilibrium value, the equation of
coupled classical thermo-elastic (CTE) is given by [29]:
kT ,ii = rCv

Ea t
¶T
¶e
+
T0
¶t (1 - n 2 ) ¶t

(23)

where C v is the specific heat at constant volume.
5. 2. Generalized Thermo-elasticity
Thermoelasticity equation based on non-Fourier heat
conduction equation has been proposed by Lord and
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Shulman [30]. Non-Fourier or hyperbolic heat
conduction equation was introduced by Maxwell [31]
and Morse and Feshbach [32] to eliminate the paradox
of an infinite velocity peculiar to the classical theory by
extension of Fourier law of heat conduction to the most
general case involving heat flux and its first time
derivative [33]:
q j + t 0t q& j = - kT, j

(24)

where t0t is relaxation time [33]. The constant t0t has
a clear physical interpretation: it is the time required to
establish the steady state of heat conduction in a volume
element suddenly subjected to a temperature gradient.
Chester [34] quantitatively estimated t0t in terms of
measurable macroscopic parameters to be:
t 0t =

3k
rC v n 2

(25)

where n is the phonon velocity. To the first
approximation, n can be replaced by the elastic wave
velocity [35]. The coupled heat conduction equation for
a thermo-elastic isotropic body with one relaxation time
takes the following form [29]:
&& ) + b T ( e& + t &&
rCv ( T& + t0t T
1 0
0t e ) = KT,ii

(26)

By substituting the plain stress and plain strain into
strain tensor, the equation of coupled generalized
thermo-elastic (GTE) is extracted:

( rC

v

+ gE a t 2 T0

) ¶¶Tt + ( rC

v

t 0t + g E a t 2 T0 t 0 t

¶ w
¶ w
- (b t T0 t 0 t )z 2 2
¶x 2 ¶t
¶x ¶t
¶2T
¶ 2T
-k 2 - k 2 = 0
¶x
¶z

- (b t T0 )z

3

) ¶¶tT
2

similar to the low-frequency range. Whiles tR » w-1 ,
stress and strain are out of phase and a maximum of
internal friction occurs [8]. This is the so-called Debye
peak. For a beam of thickness h , with a rectangular
cross-section, its characteristic time is tR = ( h / p)2 rCv / k ,
the vibration frequency of a beam is [11]:
w=

(27)

where g for the plane stress condition (wide beam) is
(2(1 + n )) / (1 - 2n) and for the plane strain condition g
is (1 + n) / ((1 - 2n )(1 - n )) .
5. 3. Zener and Lifshitz Results
One side of the
beam is compressed and heated, while the other side is
stretched and cooled. Thus, in the presence of finite
thermal expansion, a transverse temperature gradient is
produced. The temperature gradient generates local heat
currents, which cause increase of the entropy of the
beam and lead to energy dissipation. The temperature
across the beam equalizes in a characteristic time tR ,
while the flexural period of the beam is w-1 ( w is the
vibration frequency of the beam). In the low-frequency
range, t R  w-1 , the vibrations are isothermal and a small
amount of energy is dissipated and, for tR  w-1 ,
adiabatic conditions prevail with low-energy dissipation

(28)

For beams with both ends clamped q = 4.73 . In Zener’s
theory, the classical Fourier thermal conduction theory
is applied and there is no heat flow perpendicular to the
surfaces of the beam. Thus, the internal friction, Q ( Q
is the quality factor defined by Zener [8]), is defined as
follows [11]:
Q -1 =

a t 2 TE æ wtR ö
ç
÷
C P è 1 + w2 t 2R ø

(29)

C p is the specific heat at constant pressure. Lifshitz and

Roukes (LR) [4] gave another expression for the
thermo-elastic damping by [11]:
Q -1 =

a t 2 TE æ 6
6 sinh h + sin h ö
ç
÷
C P è h2 h3 cosh h + cos h ø

(30)

in which h = h w / 2D .
Following dimensionless quantities are defined to
transform Equations (21) and (27) into nondimensional
forms:

2

4

q2h E
L2 12r

ˆ =
w

w
x
z
T
, xˆ = , zˆ = , Tˆ = ,
h
L
h
To

ˆt = t , t * = L r , M̂ T = M T ,
% 2
t*
E%
Ebh

(31)

Applying these dimensionless quantities, equations will
take the following forms:
S1

ˆ
ˆ ¶2 M
ˆ
ˆ
¶4 w
¶2 w
¶4 w
T
+
+ 2 - t2 2 2 = 0
4
2
ˆ
ˆ
¶xˆ
¶xˆ
¶t
¶x ¶ˆt

ˆ
¶ 2 Tˆ
¶ 2 Tˆ
¶Tˆ
¶3 w
¶ 2 Tˆ
+ S2 2 - S3
+ S4 zˆ 2 - S5 2
2
¶xˆ
¶zˆ
¶ˆt
¶xˆ ¶ˆt
¶ˆt
4
ˆ
¶ w
+ S6 zˆ 2 2 = 0
¶x̂ ¶ˆt

(32)

(33)

where Si (i = 1,..., 6) are the constants that are
presented in appendix 1.
6. NUMERICAL SOLUTION
In order to analyze complex frequency of free vibration
of the nano-beam coupled with thermo-elasticity
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equations we used a Galerkin based reduced order
model [36]. Based on this model the dynamic motion
and temperature of the system can be approximated in
terms of linear combinations of finite number of suitable
shape functions with time dependent coefficients:

( )

()

ˆ x,
ˆ ˆt = åv k ˆt y k ( xˆ )
w
k =1

(

Now applying Equations (39) and (40) leads to
following equations:
p

S1 åv k K (1)
fk +
k =1

n

)

m

()

i =1 j=1

m

ååu

Tb
= 0 t
E%

n

ˆˆ ˆ
ò Tzdz

-0.5

m

ååu ( )
ij

0.5

ˆt ji ( xˆ )

i =1 j =1

(36)

ˆ ˆ
ò zˆ f j (z)dz

-0.5

()

p

i = 1 j =1

n

n

0.5

m

ˆ ˆ
ååu ( ˆt ) j ( xˆ ) ò zˆ f (z)dz
''
i

ij

j

i =1 j =1

(37)

-0.5

p

()

k =1

()

m

ååu ( ˆt ) j ( xˆ ) f ( zˆ )
''
i

ij

i =1 j =1

k =1

(41)

n

m

n

m

p

p

( 3) ( 6 )
& k G qk
Gg
- S3 ååu& ij G (qi1) G gj( 4 ) + S4 åv
i = 1 j =1

(42)

k =1

m

1

p

4

()

6

iWij t

;

(43)

complex frequencies are obtained.
Note that T̂ and ŵ vibrate at the same frequency,
therefore, Ω k = Ωij = Ω [11]. According to complex
frequency approach the TED ratio ( z ) can be calculated
as [13]:
I (Ω )

R

2

( Ω ) + I2 ( Ω )

(44)

where R ( Ω ) is the real part of the complex frequency

()

(38)

()

3

k =1

new parameters in Equations (41) and (42) are presented
in the appendix.
Choosing suitable shape functions, which satisfy the
boundary conditions, and solving Equations (41) and
(42) concurrently in which:

z=

- S3 ååu& ij ˆt ji ( xˆ ) f j ( zˆ )
i =1 j=1

i =1 j =1

j

+ S2 ååu ij ˆt ji ( xˆ ) fooj ( zˆ )
i =1 j=1

m

m

v k = v k e iW k t ; u ij = uij e

&& k ˆt y k ( xˆ ) - t2 åv
&& k ˆt y'' k ( xˆ ) = ò1
+ åv
k =1

&& k K (6)
K (fi2) K (j3) + åv
fk

G (qi2 ) G (gj4 ) + S2 ååu ij G (qi1) G (gj5)

i = 1 j =1

S1 åv k ˆt y (IV)
( xˆ )
k
n

ij

( ) ( )
&& k G qk
- S5 åå&u& ij G qi( ) G gj( ) + S6 åv
Gg = 0

0.5

Substituting Equations (34)–(36) into Equation (32) and
(33) leads to following equations:

T0bt
E%

i =1 j=1

n

ij

n

ˆ = M T = T0b t
M
T
% 2
Ebh
E%

+

p

m

k =1

n

(35)

Substituting Equation (35) into the M T equation, it can
be represented in nondimensional form as follows:

k =1

n

ååu

&& k K (7)
- t2 åv
fk = 0

(34)

ˆ z,
ˆ ˆt = ååu ij ˆt ji ( xˆ ) f j ( zˆ )
Tˆ x,

p

T0 b t
E%

p

p
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and I ( Ω ) is its imaginary part.

& k ˆt y k'' ( xˆ )
+ S4 zˆ åv
k =1

n

m

()

- S5 åå&&
u ij ˆt ji ( xˆ ) f j ( zˆ )
i =1 j=1
p

7. NUMERICAL RESULTS

()

&& k ˆt y k'' ( xˆ ) = ò2
+ S6 zˆ åv
k =1

where: fooj ( ẑ ) = ¶ 2 f j ¶ẑ 2
According to Galerkin method, following conditions
should be satisfied:
1

òy ( xˆ )ò dxˆ = 0
f

1

f = 1, ¼, p ,

(39)

0

1 0.5

ˆ ˆ =0;
ò ò j ( xˆ ) f ( zˆ )( zˆ )ò dzdx
q

g

2

0 -0.5

q = 1, ¼, n , g = 1, ¼ , m

(40)

The proposed nano-beam is a wide beam and has the
following material properties as shown in Table 1 [13].
Assume coefficient of linear thermal expansion and
thermal conductivity are constant.
The theoretical results obtained in the previous
section of this article are employed in this part to
investigate the thermo-elastic damping in the nanobeam resonators based on nonlocal elasticity. As shown
in Figure 2, as the thickness increases the damping ratio
first increases to attain its maximum value and the
related thickness to this value can be known as the TED
critical thickness and after this critical thickness
damping ratio decreases.
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TABLE 1. Material properties of the nano-beam resonator
[13]
Symbols

Values

E
n

169 GPa

K
r

156 W m-1 K-1

Cv

713 J kg-1 K-1

at

2.59×10-6 K-1

T0

300 K

hand the results of Lifshitz are obtained by neglecting
some higher order terms in equations. So the differences
in results of these methods are expected.

0.22
2330 kg m-3

As shown in Figure 2, to provide proper verification
and validation of the present numerical techniques the
obtained results for TED are verified with the analytical
results of Zener [8] and Lifshitz and Roukes [4].
Numerical methods have become popular with the
development of the computing capabilities, and
although they give approximate solutions, have
sufficient accuracy for engineering purposes. Three
methods were considered in Figure 2: the Zener and
Lifshitz analytical methods and the Galerkin reduced
order numerical method. The numerical algorithms were
implemented in Matlab program. According to the
obtained results, the present numerical techniques are in
suitable accordance to the analytical results.
Figure 2a is the comparison of calculated results with
the dimensions of L = 200 ´ 10 -6 m , b = 20 ´ 10-6 m , Figure
2b with the dimensions of
L = 200 ´ 10 -7 m ,
b = 20 ´ 10 -7 m and Figure 2c with the dimensions of

(a) L = 200 ´ 10 -6 m , b = 20 ´ 10 -6 m

-8
L = 200 ´ 10-8 m , b = 20 ´ 10 m . As shown in Figure 2

a, b and c the critical thickness changes by decreasing
the length of the beam and Debye peak occur in higher
amount of beam thickness and after the length of
L = 200 ´ 10-8 m Debye peak is out of the Euler–
Bernoulli assumption. Therefor, in nano scales Debye
peak does not occur. It must be noted that the Debye
peak takes place when the thermal characteristic time
(the time necessary for temperature gradients to relax) is
equal to the inverse of the beam fundamental frequency
[13]. According to the relation of tR nano-beam
vibration is in low-frequency range, tR  w-1 , the
vibration is isothermal and a small amount of energy is
dissipated.
Numerical results of this article are obtained based
on the Galerkin reduced order model which employs
some shape functions to prepare proper solution in
compare of those reported by Zener and Lifshitz but the
results of Zener are obtained by a different method.
Zener’s exact analytical results are calculated solely
from thermo-dynamical considerations. On the other

(b) L = 200 ´ 10-7 m b = 20 ´ 10 -7 m

(c) L = 200 ´ 10- 8 m b = 20 ´ 10 -8 m
Figure 2. Comparison of calculated results of damping ratio to
Zener and LR models results for various values of beam
thicknesses.
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Figure 3 shows comparison of the calculated results
of damping ratio to GTE and CTE models for various
values of beam thicknesses with dimensions of
L = 50 ´10-9 m , b = 2 ´10-9 m . Since relaxation time is
very small, in micro scales the effect of relaxation time
is not considerable and almost there is no difference
between the results of the GTE and CTE but in nano
scales it is considerable and by increasing the thickness
of the beam it is more sensible in the invalid region of
the Euler–Bernoulli beam assumption. So in nano
scales and in the valid dimensions there is almost no
difference between the GTE and CTE.
As shown in Figures 4 and 5 comparisons of
calculated results of damping ratio for various values of
beam thicknesses and for various values of ambient
temperatures are presented. These comparisons are
made for different values of the nonlocal parameter
e o a = 0nm , e o a = 2nm , e o a = 4nm and e o a = 5nm

Figure 5. Comparison of calculated results of damping ratio
for various values of ambient temperatures and for the
different values of the nonlocal parameter

with the dimensions of L = 50 ´10-9 m , b = 2 ´10-9 m
and h = 5 ´10-9 m for Figure 5.

Figure 6. Damping ratio for various values of the nonlocal
parameter

Figure 3. Damping ratio to GTE and CTE models for various
values of beam thicknesses

Figure 7. Damping ratio versus nonlocal parameter for
different beam thicknesses

Figure 4. Damping ratio for various values of beam
thicknesses and for the different values of the nonlocal
parameter

Note that when the nonlocal parameter is equal to
zero, it is the same clasical model. There is considerable
difference between the results of classical and nonlocal
theory. By increasing the nonlocal parameter, beam
thickness and ambient temperature this difference
increases. As shown in the figures damping ratios
predicted by the nonlocal theory are larger than those of
the local (classical).
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Figure 8. Damping ratio versus aspect ratio ( L / h ) for
different ninlocal parametrs.

As shown in Figures 6 and 7 damping ratio of the
beam changes considerably with changing in nonlocal
parameter with the dimensions of L = 50 ´10 -9 m ,
b = 2 ´ 10-9 m and h = 5 ´ 10 -9 m for Figure 6 and
various values of h such as h = 2 ´ 10-9 m , h = 3 ´ 10 -9 m
, h = 4 ´10-9 m and h = 5 ´10-9 m for Figure 7. Numerical
results show that the nonlocal effects play an important
role on the damping ratio of the nano-beam. Therefore,
the small scale effects (or nonlocal effects) should be
considered in the analysis of mechanical behavior of
nano structures.
Figure 8 is the graphical results of the comparisons
of damping ratio for various values of aspect ratio L / h
and for the different values of the nonlocal parameter. In
this figure we have showed the difference between the
classical and nonlocal elasticity models by increasing
the nonlocal parameter and also in order to magnify this
difference we have plotted the figures with nonlocal
parameter up to 5nm and also according to the results
of Yang and Lim [37] there is no definite values for e0a
as is today and most works on nonlocal elasticity theory
indicate a range of 0 £ e 0 a £ 10 . The most important
observation from the figure is due to the fact that all
results of nano-beam with lower aspect ratios (i.e.,
L / h = 10 ) are strongly affected by the nonlocal
parameter. These obtained results declare that modeling
based on the local (classical) beam models is not
suitable, and the nonlocal beam models may offer a
suitable approximation for the nano scale structures.

Numerical results showed that in nano scales and in
the valid dimensions based on Euler-Bernoulli beam
theory, Debye peak does not occur and also there is
almost no difference between the results of GTE and
CTE.
The results showed that damping ratios predicted by
the nonlocal theory are larger than results of the local
theory. Therefor nonlocal effects play an important role
on the damping ratio of the nano-beam and results
showed that with increasing the values of nonlocal
parameter and also with decreasing the length of the
nano-beam, difference between the results of classical
and nonlocal theorise increases.
[1-37]
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- در اﯾﻦ ﻣﻘﺎﻟﻪ ﻣﯿﺮاﯾﯽ دﻣﺎﯾﯽ ارﺗﺠﺎﻋﯽ در ﻧﺎﻧﻮ ﺗﯿﺮﻫﺎي ﺗﺸﺪﯾﺪ ﮐﻨﻨﺪه ﺑﺮ اﺳﺎس ﺗﺌﻮري اﻻﺳﺘﯿﺴﯿﺘﻪ ﻏﯿﺮ ﻣﻮﺿﻌﯽ و ﻓﺮﺿﯿﺎت ﺗﯿﺮ اوﯾﻠﺮ
ﮐﺮﻧﺶ ﻣﺪل اﻻﺳﺘﯿﺴﯿﺘﻪ ﻏﯿﺮ ﻣﻮﺿﻌﯽ ﺑﺪﺳﺖ آﻣﺪ- ﻣﻌﺎدﻟﻪ ﺣﺎﮐﻢ ﺑﺮ ﺧﯿﺰ ﺗﯿﺮ از رواﺑﻂ ﺗﻨﺶ، ﺑﺪﯾﻦ ﻣﻨﻈﻮر.ﺑﺮﻧﻮﻟﯽ ﺗﺤﻘﯿﻖ ﺷﺪه اﺳﺖ
 ارﺗﻌﺎﺷﺎت آزاد ﻧﺎﻧﻮ.و ﻧﯿﺰ ﻣﻌﺎدﻟﻪ ﺣﺎﮐﻢ ﺑﺮ ﻣﯿﺮاﯾﯽ دﻣﺎﯾﯽ ارﺗﺠﺎﻋﯽ ﺗﻮﺳﻂ ﻣﻌﺎدﻟﻪ اﻧﺘﻘﺎل ﺣﺮارت ﻏﯿﺮ ﻓﻮرﯾﻪ دو ﺑﻌﺪي ﺑﺪﺳﺖ آﻣﺪ
 در ﺗﺤﻘﯿﻖ ﺣﺎﺿﺮ ﯾﮏ ﻧﺎﻧﻮ.ﺗﯿﺮﻫﺎي ﺗﺸﺪﯾﺪ ﮐﻨﻨﺪه ﺑﺎ اﺳﺘﻔﺎده از ﻣﺪل ﮐﺎﻫﺶ ﻣﺮﺗﺒﻪ ﮔﺎﻟﺮﮐﯿﻦ ﺑﺮاي ﻣﺪ اول ارﺗﻌﺎﺷﯽ ﺗﺤﻠﯿﻞ ﺷﺪه اﺳﺖ
 اﯾﻦ ﻣﺪل ﻏﯿﺮ ﻣﻮﺿﻌﯽ ﭘﺎراﻣﺘﺮ ﻃﻮل ﻣﺸﺨﺼﻪ.ﺗﯿﺮ دو ﺳﺮ ﮔﯿﺮدار ﺑﺎ ﻓﺮض ﺷﺮاﯾﻂ ﻣﺮزي ﻫﻤﺪﻣﺎﯾﯽ در ﻫﺮ دو اﻧﺘﻬﺎ ﻣﻄﺎﻟﻌﻪ ﺷﺪه اﺳﺖ
 ﻧﺘﺎﯾﺞ ﺑﺪﺳﺖ اﻣﺪه ﺑﺎ ﻧﺘﺎﯾﺞ ﻋﺪدي ﻣﺪل ﻫﺎي.را در ﻣﻌﺎدﻻت دﺧﯿﻞ ﻣﯿﮑﻨﺪ ﮐﻪ ﻣﯿﺘﻮاﻧﺪ اﺛﺮات اﻧﺪازه را در رﯾﺰ ﺳﺎﺧﺘﺎرﻫﺎ ﺑﺮرﺳﯽ ﮐﻨﺪ
 اﺛﺮ ﻣﯿﺮاﯾﯽ دﻣﺎﯾﯽ ارﺗﺠﺎﻋﯽ ﺑﺮ روي ﻧﺴﺒﺖ ﻣﯿﺮاﯾﯽ ﺑﺮاي ﺿﺨﺎﻣﺖ ﻫﺎي ﻣﺨﺘﻠﻒ ﻧﺎﻧﻮ ﺗﯿﺮ و.دﻣﺎﯾﯽ ارﺗﺠﺎﻋﯽ ﮐﻼﺳﯿﮏ ﻣﻘﺎﯾﺴﻪ ﺷﺪ
 ﺗﺤﻘﯿﻖ ﺷﺎﻣﻞ ﻣﺤﺎﺳﺒﺎت ﻣﺮﺑﻮط ﺑﻪ ﻣﻘﺎدﯾﺮ ﻣﺘﻔﺎوت ﭘﺎرﻣﺘﺮ ﺗﺌﻮري ﻏﯿﺮ ﻣﻮﺿﻌﯽ، ﻋﻼوه ﺑﺮ اﯾﻦ.دﻣﺎﻫﺎي ﻣﺤﯿﻂ ﻣﻄﺎﻟﻌﻪ ﺷﺪه اﺳﺖ
ﺗﯿﺮ اﺧﺘﻼف ﻧﺘﺎﯾﺞ ﺗﺌﻮري- ﻧﺘﺎﯾﺞ ﻧﺸﺎن دادﻧﺪ ﮐﻪ ﺑﺎ اﻓﺰاﯾﺶ ﭘﺎراﻣﺘﺮ ﺗﺌﻮري ﻏﯿﺮ ﻣﻮﺿﻌﯽ و ﻫﻤﭽﻨﯿﻦ ﺑﺎ ﮐﺎﻫﺶ ﻃﻮل ﻧﺎﻧﻮ.ﻣﯿﺒﺎﺷﺪ
.ﮐﻼﺳﯿﮏ و ﻏﯿﺮ ﻣﻮﺿﻌﯽ ﺑﯿﺸﺘﺮ ﻣﯿﺸﻮد
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