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This study is applied Lattice Boltzmann Method to investigate the natural convection flow utilizing
nanofluids in a concentric annulus. A numerical strategy presents for dealing with curved boundaries
of second order accuracy for both velocity and temperature fields. The fluid between the cylinders is a
water-based nanofluid containing different types of nanoparticles: copper (Cu), alumina (ALOs3),
titanium oxide (TiO,) and silver (Ag). The nanofluid is a two component mixture modeled as a single-
phase incompressible fluid with the different thermophysical properties. This investigation compared
with other experimental and found to be in excellent agreement. Result shows The type of nanofluid is
a key factor for heat transfer enhancement. In this study the highest values of percentage of heat
transfer enhancement are obtained when using silver nanoparticle.
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1. INTRODUCTION

Natural convective heat transfer in horizontal annuli has
attracted much attention in recent years due to its wide
applications such as in solar collector-receiver,
underground electric transmission cables, vapor
condenser for water distillation and food processing.
Numerical simulation of natural convection in
concentric and eccentric circular cylinders has been
studied rigorously in the literatures[1, 2]. Kuhen and
Goldsein [3, 4] conducted experimental and theoretical
study of natural convection in concentric and eccentric
horizontal cylindrical annuli. Their experimental data is
commonly used to validate most of the recent numerical
studies. Ho and Lin [5] presented headlines for steady
laminar two dimensional natural convection in
concentric and eccentric horizontal cylindrical annuli
with mixed boundary conditions. Glakpe et al. [1]
presented numerical solutions for steady laminar two
dimensional natural convection in annuli between
concentric and vertically eccentric horizontal circular
cylinders. Guj and Stella [6] presented numerical and
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experimental buoyancy driven flow in horizontal
annulus. They studied the effect of the horizontal
eccentricity and found that the average Nusselt number
is nearly independent of the horizontal eccentricity.

Taking into account the rising demands of modern
technology, including chemical production, power
generation and microelectronics, there is a need to
develop new types of fluids that will be more effective
in terms of heat exchange performance. The term
‘nanofluid’ is envisioned to describe a fluid in which
nanometer-sized particles are suspended in conventional
heat transfer basic fluids [7].Convectional heat transfer
fluids, including oil, water, and ethylene glycol mixture
are poor heat transfer fluids, while the thermal
conductivity of these fluids play important role on the
heat transfer coefficient between the heat transfer
medium and the heat transfer surface [8]. Numerous
models and methods have been proposed by different
authors to study convective flows of nanofluids and we
mention here the papers by Khan et al. [9], Vajravelu et
al. [10], Yacob et al. [11], etc.

The lattice Boltzmann method (LBM) is a powerful
numerical technique based on kinetic theory for
simulating fluid flows and modeling the physics in
fluids [12, 13]. In comparison with the conventional
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CFD methods, the advantages of LBM include simple
calculation  procedure, simple and efficient
implementation for parallel computation, easy and
robust handling of complex geometries. Various
numerical simulations have been performed using
different thermal LB models or Boltzmann-based
schemes to investigate the natural convection problems
[14, 15]. They have been used for simulation of the flow
field in wide range of engineering applications such as
natural convection [16], porous media [17], multiphase
flow [18], nanofluid flow [19], MHD flow [20], and so
on. Several numerical studies on the modeling of natural
convection heat transfer in nanofluids have been
published recently [21-24].

This paper presents Lattice Boltzmann Method for
heat and fluid flow of nanofluids in concentric annulus.
Different types of nanoparticles as copper (Cu), alumina
(ALO5), titanium oxide (TiO,) and silver (Ag) with
water as their base fluid has been considered. Effects of
nanoparticle volume fraction, types of nanofluid,
Rayleigh numbers and aspect ratios on the flow and heat
transfer characteristics have been examined.

2. PROBLEM DEFINITION AND MATHEMATICAL
MODEL

2. 1. Problem Statement The physical model used
in this work is shown in Figure 1. A two dimensional
horizontal annulus with an inner radius R; and an outer
radius R, is used. Both cylinders rotate, the inner rotates
clockwise, while the outer rotates counterclockwise. 7

is measured counterclockwise from the upward vertical
plane through the center of the outer cylinders. The
inner and outer cylinder surfaces are maintained at
different uniform temperatures 7, and T, respectively,

where (T, > T.) is assumed. In Figure 1, 1=R /R

denotes aspect ratio.

2. 2. The Lattice Boltzmann Method The LB model
used here is the same as that employed in [14]. The
thermal LB model utilizes two distribution functions,
and g, for the flow and temperature fields, respectively.
It uses modeling of movement of fluid particles to
capture macroscopic fluid quantities such as velocity,
pressure, temperature. In this approach, the fluid domain
discretized to uniform Cartesian cells. Each cell holds a
fixed number of distribution functions, which represent
the number of fluid particles moving in these discrete
directions. The D2Q9 model was used and values of
w,=4/9 for || =0 (for the static particle), w_ =1/9

for |c |=1and w_ =1/36 for |c_,|=+/2 are assigned
in this model (Figure 2).

The density and distribution functions i.e. the f and
g, are calculated by solving the Lattice Boltzmann
equation (LBE), which is a special discretization of the
kinetic Boltzmann equation. After introducing BGK
approximation, the general form of lattice Boltzmann
equation with external force is:

For the flow field:
fi(x +c,At,t +At) =
fi(x,t)+?[ffq(x,t)—f,,(x,t)]+Atc,,Fk M
and for the temperature field:
g (x +c,At,t +At) =

(2

A .
g (.0 + 2L g (x.0) - g, (x.0)]

TC
where Af denotes lattice time step, c, the discrete
lattice velocity in direction 1, F, the external force in

direction of lattice velocity, and 7 and 7. denotes the

lattice relaxation time for the flow and temperature
fields.

Figure 1. Geometry of the problem

7 4 8
Figure 2. Discrete velocity set of two-dimensional nine-
velocity (D2Q9) model.
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The kinetic viscosity v and the thermal diffusivity o ,
are defined in terms of their respective relaxation times,
ie v=c(r,-1/2) and a = ¢’(z, —1/2), respectively.
Note that the limitation 0.5 <7 should be satisfied for
both relaxation times to ensure that viscosity and
thermal diffusivity are positive. Furthermore, the local
equilibrium distribution function determines the type of
problem that needs to solve. It also models the
equilibrium distribution functions, which are calculated
with Equations (3) and (4) for flow and temperature
fields respectively.

e cu 1
fr=wp|l+—+—

)’ 1d’
(c,.u) u } 3)

4 2
' 2 ¢ 2 ¢
S S

s

i c.u
g = WT{H p } @)
C

N

where w is a weighting factor and p the lattice fluid

density.

In order to incorporate buoyancy force in the model,
the force term in Equation (1) needs to be calculated in
vertical direction (y) as below:

F :3Wig_yﬂ9 (5)

For natural convection, the Boussinesq approximation is
applied and radiation heat transfer is negligible. To
ensure that the code works in near incompressible
regime, the characteristic velocity of the flow for natural

(Vs = /,3 gATH) regime must be small compared

with the fluid speed of sound. In the present study, the
characteristic velocity selected as 0.1 of speed of sound.
Finally, macroscopic variables aare calculated with the
following formula:

Flow density: p =3 f;,
1
Momentum : pu=3Xc, £, 6)

Temperature: T=3 g;.
i

2. 3. Boundary Conditions

2. 3. 1. Curved Boundary Treatment for Velocity
For treating velocity and temperature fields with curved
boundaries, the method proposed in [25] has been used.
An arbitrary curved wall separating a solid region from
fluid is shown in Figure 3. The link between the fluid
node x, and the wall node x  intersects the physical

boundary at x,. The fraction of the intersected link in

the fluid region is A :|Xf —XW|/|Xf —Xb|‘ To calculate

the post-collision distribution function £ (x,,f) based
upon the surrounding nodes information, a Chapman—
Enskog expansion for the post-collision distribution
function on the right-hand side of Equation (1) is
conducted as:
- - . 3
f,}(xbat)=(1—l)f;(xfat)+l f;(xbst)+2%p?ea'uw (7)

where

. 3
f, (Xbat):WaP(xfst)C_zea-(ubf _uf)+

f;q(xfst)
ubf _uff _u(xff’t)5
2A -1
_ ), if0<A <L ®)
T -2 2
1 3
u = —(2A-3)u, + —u_,
o 2A( Ju 2A "
2A -1
%—( ), if I—SASI
T -1/2 2
In the above, e, =—e,; u, is the fluid velocity near

the wall; u, is the velocity of solid wall and u,, is an
imaginary velocity for interpolations.

2. 3. 1. Curved Boundary Treatment for
Temperature Following the work of Yan and Zu

[25] the non equilibrium parts of temperature
distribution function can be defined as :

8z (Xy, 1) = g5 (X, ) + g5 (X, 1) ©
Substituting Equation (9) into Equation (2) leads to :

~ 1 n
ga(xb,t+At):gg(xb,t)+(l—r—)ga‘”(xb,t) (10)

s

Obviously, both g2(x,,t) and g_“(x,,t) are needed
to calculate the value of g_(x,,t+Atf). In Equation
(10) the equilibrium part is defined as:

. 3 .

gl (x,,t)=w.T, (1+—2ea.ub) (11)

c
where ZI;* is defined as a function of
T, =[T,+(A-DT,]1/A

and 7 —[27 +(A-1)T,]/(1+A)
T, =T,, if A>0.75

. (12)
T, =T, +(1-AMT,,, if A<0.75

and u’ is defined as a function of

b
u, =[u, +(A-Nu,J/A
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and u,, =[2u, +(A-Du,]/(1+A)

*

b

if A>0.75
if A<0.75

u, =u,,

(13)

u, = u, +(1-A)u,,,
The non equilibrium part in Equation (14) is defined as:

8 (X ) = Ag (X, )+ (1= M) g7 (X, ) (14)

2. 3. The Lattice Boltzmann Model for Nanofluid
In order to simulate the nanofluid by the lattice
Boltzmann method, because of the interparticle
potentials and other forces on the nanoparticles, the
nanofluid behaves differently from the pure liquid from
the mesoscopic point of view and is of higher efficiency
in energy transport as well as better stabilization than
the common solid-liquid mixture. For pure fluid in
absence of nanoparticles in the enclosures, the governed
equations are Equations (1)-(14). However for modeling
the nanofluid because of changing in the fluid thermal
conductivity, density, heat capacitance and thermal
expansion, some of the governed equations should
change.

The fluid is a water based nanofluid containing
different types of nanoparticles: Cu (copper), Al,O;
(alumina), Ag (silver) and TiO, (titanium oxide).

Figure 3. Curved boundary and lattice nodes.

TABLE 1. Thermo physical properties of water and
nanoparticles [26].

P C k Bx10°

P

(kg/unr)  (j/kgk) (W/mk)  (K"')

Pure water 997.1 4179 0.613 21
Copper (Cu) 8933 385 401 1.67
Silver ( Ag) 10 500 235 429 1.89
Alumina ( Al,0,) 3970 765 40 0.85
Titania ( Tio, ) 4250 686.2 8.9538 0.9

The nanofluid is a two component mixture with the
following assumptions:

(1) Incompressible;

(i1)) No-chemical reaction;

(ii1) Negligible viscous dissipation;
(iv) Negligible radiative heat transfer;

(v) Nano-solid-particles and the base fluid are in
thermal equilibrium and no slip occurs between
them.

The thermo physical properties of the nanofluid are

given in Table 1 [26]. The effective density p ., the

effective heat capacity ( pCp) and thermal expansion
nf

(pp)., of the nanofluid are defined as [27]:

Pur=pPc(1-¢)+p¢ (15)
(rC,),, =(pG,), 1=0)+(pC,) ¢ (16)
(pB),,=(pB), 1-9)+(pB), ¢ (17)

where ¢ is the solid volume fraction of the
nanoparticles and subscripts f, nf and s stand for base
fluid, nanofluid and solid, respectively.

The viscosity of the nanofluid containing a dilute

suspension of small rigid spherical particles is
(Brinkman model [28]):

uf
Har = (18)

- a- ¢)z.5

The effective thermal conductivity of the nanofluid can

be approximated by the Maxwell-Garnetts (MG) model

as [29]:

knf ks+2kf_2¢(kf_ks)
k, B ks + 2k, +¢(k, — ks)

(19)

In order to compare total heat transfer rate, Nusselt
number is used. Local Nusselt numbers and the Mean
Nusselt number are defined on inner and outer cylinder
as:

k,
Nu, = ”R,.ln(Ro/R,.)a—T
f ar r=R;
knf aT
Nu, =—LR In(R, /R )—
=g Rn(RIR)ZH (20)
_ . 1 2
Nu=—"-— | (Nu)yd
o Ty

And the average Nusselt number is:

Nu, + Nu,
Nu, = % @1
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3. RESULTS AND DISCUSSION

In this paper we studied natural convection between two
concentric infinite horizontal circular cylinders of inner
and outer radius, R and R, respectively. A radial

temperature gradient (AT) is applied with subjecting
the walls of the inner cylinder to a higher temperature
(T,) than its outer cylinder counterpart (T,).

Calculations are made for various values of volume
fraction of nanoparticle (¢ = 0,0.05 and 0.1), different

types of nanoparticles (copper (Cu), alumina (Al,O;),
titanium oxide (TiO,) and silver (Ag)), aspect ratios
(A=2,4,6 and 8) and Rayleigh numbers ( Ra=10",5x 10/
and 10°). It can be seen in Figure 4, for validating the
numerical simulation, equivalent thermal conductivity
K., is obtained for a natural convection in concentric

horizontal annulus and results have been compared with
the study of Kuehn and Goldstein [3]. The average
equivalent heat conductivity defined for inner and outer
cylinder by:

< __in(2) por
i n(A-1)y or

A In(A)7% 22
X —_ .n( ) oT

“g(a-1))er

Results represent a good agreement between the present
computations and experiments of Kuehn and Goldstein
[3]. For further validation, comparisons of isotherms
between the present work and experimental studies of
Kuehn and Goldstein [3] and Laboni and Guj [30] at the
different Rayleigh numbers are shown in Figure 5 (a,b).
Furthermore, another validation test was carried for
natural convection in an enclosure filled with Cu—water
for different Grashof numbers with the results of
Khanafer et al. [31] in Figure 6. It is clear that present
results are in good agreement with other published data.
At last, for final validation this result was compared
with study of Abu-Nada [32] which investigated effect
of CuO-water nanofluid on natural convection in
horizontal annuli by different models of nanofluid. By
considering this matter that in this paper M.G. &
Brinkman model was used , the results of this paper
only were compared by the some part of Abu-Nada
results that has used the same model. He introduced
normalized Nusselt number as the ratio of Nusselt
number at any volume fraction of nanoparticles to that
of pure water by following formula:

Nu(o)

NUave I E——
Nu(p =0)

(23)

Figure 7 presents the comparison of normalized
Nusselt number between this study and Abu-Nada work.
It is clear that present results are in good agreement with
other published data.

10 Present study-inner cylinder
5\ — =— = Present study-outer cylinder
\ A Experimental study-inner cylinder [26]
i \ (] Experimental study-outer cylinder [26]
sl @
- \
- \
6k
Ko [
4
2k
A
(N °
~
OA‘ L1 L1 1%
0 45 90 135 180

Figure 4. Comparison of equivalent thermal conductivity on
inner and outer cylinder with experimental data of Kuehn and
Goldstein [3] for viscous flow (¢ = 0) ,A=236,Ra=5x10

(b)

Figure 5. Comparison of present work isotherms with (a)
experimental study of Laboni and Guj [30] for Ra =0.9x10°

and;(b) experimental study of Kuehn and Goldstein [3] for
Ra=09x10’and Pr=10.71
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Figure 6. Comparison of the temperature on axial midline
between the present results and numerical results by
Khanafer et al. [31] ¢ = 0.1 and Pr = 6.8(Cu - Water).

— — — - Aub-Nada  Ru=10"
Present work

— — — = Aub-Nada Ra=10"
Present work

0.8

T | | I 1 L | L
L 0 0.02 0.04 0.06 0.08

Figure 7. Comparison of normalized Nusselt number
between the present results and numerical results Abu-
Nada [32] when L/ D=0.8 and Pr=6.8
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Figure 8. Ratio of enhancement of heat transfer due to
addition of nanoparticles for different types of nanofluids
when A =2 and Pr=6.8.

The type of nanofluid is a key factor for heat transfer
enhancement. So, at first a comparison among different
types of nanoparticles is done to select which of them
leads to highest cooling performance for this problem.

To estimate the ratio of enhancement of heat transfer
between the case of ¢=0.1 and the pure fluid (base

fluid) case, the enhancement is defined as:

Nu(¢ =0.1)- Nu(basefluid) ;
= X

E
Nu (basefluid)

00 (23)

Figure 8 shows that the ratio of enhancement of heat
transfer due to addition of nanoparticles for different
types of nanofluids when A =2 and Pr=6.8. For the
whole range of Rayleigh number, the figure illustrates
that maximum amount of the percentage of heat transfer
enhancement is obtained when silver is used as
nanoparticle, while minimum amount of it is obtained
by selecting titanium oxide.

Also, it can be found that the effect of nanoparticles
is more pronounced at low Rayleigh number than at
high Rayleigh number because of greater amount of rate
of enhancement for low Rayleigh number and
increasing Rayleigh number leads to decrease in ratio of
enhancement of heat transfer. This observation can be
explained by noting that at low Rayleigh number the
heat transfer is dominant by conduction. Therefore, the
addition of high thermal conductivity nanoparticles will
increase the conduction and therefore make the
enhancement more effective.

All above mentions indicate that choosing silver
leads to highest cooling performance for this problem.
Thus in continue effects of various values of volume
fraction of nanoparticle, Rayleigh number and aspect
ratios angles for Ag-Water case are investigated.

Figure 9 shows that streamline (black) and isotherm
(red) for (a)Ra=10*, (b)Ra=5x10" and(c)Ra=10’
when ¢ =0.1 ,A =2 and Ag-Water case .The effects

of Ra and ¢ on (a)|y,,

Cu-Water case when,A =2 are shown in Figure 10.

The velocity components of nanofluid increase as a
result of an increase in the energy transport in the fluid
with the increasing of volume fraction. Thus, the
absolute values of stream functions indicate that the
strength of flow increases with increasing of volume
fraction of nanofluid (Figure 10 (a)). The sensitivity of
thermal boundary layer thickness to volume fraction of
nanoparticles is related to the increased thermal
conductivity of the nanofluid. In fact, higher values of
thermal conductivity are accompanied by higher values
of thermal diffusivity. The high value of thermal
diffusivity causes a drop in the temperature gradients
and accordingly increases the boundary thickness. This
increase in thermal boundary layer thickness reduces the
Nusselt number, however, according to Equation (20),
the Nusselt number is a multiplication of temperature

and (b) Nusselt number for
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gradient and the thermal conductivity ratio (conductivity
of the nanofluid to the conductivity of the base fluid).
Since the reduction in temperature gradient due to the
presence of nanoparticles is much smaller than thermal
conductivity ratio therefore an enhancement in Nusselt
is taken place by increasing the volume fraction of
nanoparticles (Figure 10(b)).

Figure 11 displays that the streamline (black) and
isotherm (red) for (a) A=2,b) A=4 and (c) 1=8
when ¢ =0.1 , Ra=10" and Ag-Water case. Effect of

A on (a)|q/m
shown in Figure 12. It can be seen that asA increases,
distance between cold wall and hot wall increases that
leads to smaller heat transfer rates (Figure 11). Figure
12 shows that by increasing A, 7 decreases. These

for Ag-Water case when ¢ =0.1 are

changes is more prononced for greater values of
Rayleigh number.

Figure 13 shows that the effects of A and Ra on
ratio of enhancement of heat transfer due to addition of
nanoparticles for Ag-Water case. It can be found that
ratio of enhancement of heat transfer has different
behavior for various values of Rayleigh number. As
shown in Figure 12 for Ra=10" the enhancement in
heat transfer decreases with increasing aspect ratio.
When Ra=35x10* by increasing aspect ratio from 2 to
8, at first percentage of heat transfer enhancement
decreases and then it increases. Also, for Ra=10, it
can be seen that percentage of heat transfer
enhancement profile has one maximum points and one
minimum point.

(b)

Figure 9. Streamline (black) and isotherm (red) for (a)
Ra=10",b) Ra=5x10*and (c) Ra=10° when $=0.1

,A = 2 and Ag-Water case
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70’_—-A——Ra=5x:0“ b
[ —-©—— Ra=10° . -
60
501
40"
30f
2
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5
B Ag- Water
45F 5 Ra=10
[ - A - Ra=5.0"
4F - 0= Ra=10
[ -~"’(
35 -
B _ = _A
Nll [ ,.—"’O’ - -
ave 3 _ e _--
5 _ ———" -
(A -
2.51; -
2/
15F
i Ll Ll Ll Ll ‘
1
0

0.02 0.04 0.06 0.08

¢
(b)

Figure 10. Effects of Ra and ¢ on @)W

Nusselt number for Cu-Water case when A = 2.

0.1

| and (b)
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(b)

Figure 11. Streamline (black) and isotherm (red) for (a) A =2
,b) A=4and (c) A=8 when¢=0.1 ,Ra=10" and Ag-
Water case.

)

75

45

30

TR T VT A AT T NI AT R N IR S NS N
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Figure 12. Effect of A on (a) |q/ m“| for Ag-Water case when

$=0.1.

| Ra = ’04 Ag-Water
375k — —A— — Ra=510"
L —=O— = Ra=10°
=
)
E
5
9
=
x
=
=
Q
~
s e e, /
& == \,\ /
3 7/
i N ,
i B..- ~
RN STRNETES SYRSTET SR ST WA
337 3 4 5 6 7 8

Figure 13. Effects of A and Ra on ratio of enhancement of
heat transfer due to addition of nanoparticles for Ag-Water
case.

4. CONCLUSION

In the present study, LBM scheme is applied to
investigate natural convection in a concentric annulus
using nanofluids. Effects of nanoparticle volume
fraction, types of nanofluid, Rayleigh numbers and
aspect ratios on the flow and heat transfer characteristics
have been examined. Result shows that Lattice
Boltzmann method based on double-population is a
powerful approach for simulating natural convection in
the geometry that include curved boundaries. This
method can simulate the velocity and temperature fields
with second order accuracy. The type of nanofluid is a
key factor for heat transfer enhancement. The highest
values of percentage of heat transfer enhancement are
obtained when using silver nanoparticle. Also results
indicate that Nusselt number is an increasing function of
each of nanoparticle volume fraction and Rayleigh
numbers and the effect of nanoparticles is more
pronounced at low Rayleigh numbers than at high
Rayleigh numbers.
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