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Abstract
Accurate calculations for measuring the sacrificing rate of various materials in heat
shield systems have not been obtained yet. So having a reliable numerical program that calculates the
surface recession rate and interior temperature history is necessary. In this study numerical solution
of governing equations for charring material ablation are presented. Thermodynamic properties  , C p ,
k changes relative to the temperature accompany the nonlinear nature of the governing equations. The
Newton-Raphson method along with TDMA algorithm is used to solve this nonlinear equation
system. Using Newton- Raphson method is one of the advantages of solving method because it is
relatively simple and it can be easily generalized to more difficult problems. The obtained results are
compared with reliable sources in order to examine the accuracy of compiling code.
Keywords Ablation and surface recession rates; Interior temperature history; Charring material
ablation; Newton Raphson; Numerical method

ﭼﮑﯿﺪه اﻃﻼﻋﺎت زﯾﺎدي در ﻣﻮرد ﺳﯿﺴﺘﻢ ﻫﺎي ﺳﭙﺮ ﺣﺮارﺗﯽ ﻣﻮﺟﻮد ﻧﻤﯽ ﺑﺎﺷﺪ و اﻃﻼﻋﺎت ﻣﻮﺟﻮد در ﺑﻌﻀـﯽ
 دﻟﯿﻞ اﺻﻠﯽ اﯾﻦ اﺳﺖ ﮐﻪ ﻣﺤﺎﺳﺒﺎت دﻗﯿﻘﯽ ﺑﺮاي اﻧﺪازه ﮔﯿﺮي ﻧﺮخ از ﺑﯿﻦ رﻓﺘﻦ ﻣﻮاد.ﻣﻮارد ﺑﻪ ﺻﻮرت دﻗﯿﻖ ﻧﯿﺴﺖ
 ﺑﻨﺎﺑﺮاﯾﻦ داﺷﺘﻦ ﺑﺮﻧﺎﻣﻪ اي ﮐﺎﻣﭙﯿﻮ ﺗﺮي ﻣﻄﻤﺌﻦ ﮐـﻪ ﺑﺘﻮاﻧـﺪ ﻧـﺮخ از ﺑـﯿﻦ رﻓـﺘﻦ.ﻣﺨﺘﻠﻒ ﻫﻨﻮز ﺑﺪﺳﺖ ﻧﯿﺎﻣﺪه اﺳﺖ
 در اﯾـﻦ ﮐـﺎر ﺗﺤﻘﯿﻘـﺎﺗﯽ.ﺳﻄﺤﯽ ﺟﺴﻢ را ﻣﺤﺎﺳﺒﻪ و ﮔﺴﺘﺮه درﺟﻪ ﺣﺮارت داﺧﻠﯽ را ﺑﺪﺳﺖ آورد ﻻزم ﻣﯽ ﺷﻮد
ﺣﻞ ﻋﺪدي ﻣﻌﺎدﻻت ﺣﺎﮐﻢ ﺑﺮاي ﻣﻮاد از ﺑﯿﻦ رﻓﺘﻨﯽ اراﺋﻪ ﻣﯽ ﺷﻮد ﺗﺎ ﺑﺘﻮاﻧﺪ ﻧﺮخ اﯾﻦ از ﺑﯿﻦ رﻓﺘﻦ و ﭘﺎﺳـﺦ ﮔـﻮﺋﯽ
 در اﯾﻦ ﮐﺎر از روش ﻧﯿﻮﺗﻦ – رﻓﺴﺎن ﻫﻤﺮاه ﺑﺎ اﻟﮕﻮرﯾﺘﻢ ﺳﻪ ﻗﻄـﺮي.ﺣﺮارﺗﯽ ﯾﮏ ﺳﭙﺮ ﺣﺮارﺗﯽ را ﭘﯿﺶ ﮔﻮﺋﯽ ﮐﻨﺪ
رﻓﺴـﺎن ﮐـﻪ- اﺳـﺘﻔﺎده از روش ﻧﯿـﻮﺗﻦ.در ﺣﻞ ﺳﯿﺴﺘﻢ ﻣﻌﺎدﻻت ﻏﯿﺮ ﺧﻄﯽ ﺣﺎﮐﻢ ﺑﺮ ﻣﺴﺎﻟﻪ ﺑﻪ ﮐﺎر ﮔﺮﻓﺘﻪ ﻣﯽ ﺷﻮد
.ﻧﺴﺒﺘﺎ ﺧﯿﻠﯽ ﺳﺎده ﺗﺮ اﺳﺖ ﻣﯽ ﺗﻮاﻧﺪ ﺑﻪ ﺳﺎدﮔﯽ ﺑﺮاي ﻣﺴﺎﯾﻞ ﻣﺸﮑﻞ ﺗﻌﻤﯿﻢ داده ﺷﻮد
1. INTRODUCTION
One of the first methods to increase efficiency of
the missile systems is reducing the weight which
causes the increase in missile velocity and its
range. In order to satisfy this need, using
composite technology has been increased in
aerodynamic industry. According to the limitation
in functional temperature of these materials, we
need to use thermal protective systems which are
designed to increase the weight of the structure in
optimized conditions.
In returned phase to
atmosphere a high aerodynamic heating is
produced because of the high velocity and
compactness of the air molecules in front of the
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missile and kinetic to thermal energy conversion.
This phenomenon is of considerable importance
especially around the nose and it can destroy the
structure, too. It is clear that no heat insulation
can bear this environment unless by special
mechanism which reduces the effect of strong heat
flux. Some of these kinds of high temperature
thermal systems used in these conditions include:
heat-sink system, reflex-cooling, leakage cooling
and ablative cooling, shown in Figure 1. So they
absorb and lose some amount of heat flux when
exposed to hot gases. In this manner, ablative
insulation sacrifices itself for the main structure
and prevents it from damage.
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Nomenclature
B
BC

normalized mass (blowing driving force)

Subscripts

normalized ablation rate

ab

ablation

Bg

normalized pyrolysis gas flux

c

of char

Cp

specific heat

cond

conduction

C pg

specific heat of pyrolysis gas

conv

convective

E

activation energy

cw

cold wal

gh

heat transfer coefficient

eq

equilibrium

gm

mass transfer coefficient

er

erosion

h

enthalpy

e

at edge of boundary layer

m

mass flux

g

pyrolysis gas

P

pressure

gw

value for pyrolysis gas at the wall underside

heat flux

i

grid index

j

resin component index

r

recovery





q


q net

net heat flux conducted into slab

S

surface recession

St

Stanton number (sometimes Stanton number is shown as C)



S

surface recession rate

ref

reference value

T

temperature

rr

re-radiation

t

time

v

virgin

Z

in- depth distance from surface

w

at the wall



thermal diffusivity

o

in the absence of mass injection (“blowing”)



final reaction state

 hpyr ( g ) heat of pyrolysis per gas produced



emissivity

Superscripts




transformed temperature

n

time index

density

o

old



Stefan-Boltzmann constant

*

non-dimensionalized quantity

blow

blowing correction factor

ˆ

estimate

 HAL

heating augmentation level

-

average

The ablative system deletes the surface
temperature of the heat-sink system materials and
it prevents the structure overweight. The major
aim in studying ablative insulation is calculating
the heat distribution in the depth of insulation and
the amount of its recession during the missile
movement. Figure 1 shows different areas created
in a degradable material. The charring layer and
the virgin layer have constant density [2].
Historically, the first scientific studies on ablative
phenomenon are conducted in late 1960s and early
58 - Vol. 25, No. 1, February 2012

1970s and they are based on the first study of
vonkarman and Liz, [3]. As mentioned earlier, the
main aim of predicting ablative insulation behavior
is measuring the temperature under the insulation
and its recession process when the flying object
flies, and as a result designing the optimized
insulation. CMA was presented by Aerotherm
company in 1968 [4]. This technique solves the
energy equilibrium and decomposition equations
implicitly along with energy equilibrium
conditions of the ablative system. More recently,
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FIAT is presented in Ames research Center in
NASA [5] which is more stable. An ablative
program is presented in national laboratories of
Sandia that uses the finite volume method along
with unstructured mesh [6]. The integral solution
(HBI) is one of the engineering solving methods to
evaluate complex problems of heat transfer
coupled with ablative problems which cause
savings in the computer programs running time [7].
This method is considered as the oldest ablative
problem-solving in the literature. In this method,
Goodman integral method is used to anticipate the
charring ablation materials behavior. These
pseudo-analytic techniques is invented in late
1950s and early 1960s for some nonlinear
problems of heat transfer, and the exponential,
polynomial temperature profiles are used in it [8].
The most two recent studies can be mentioned here
are quasi-state solutions obtained by Shan Lin [9]
and [10]. In the first one, a one-dimensional quasistate solution for the ablation of charring materials
is investigated under the influence of a steady
external heat source where the ablation is assumed
to proceed at a known fixed constant. In the
second one, an analytical modeling of the steady
ablation of a 3-dimensional composite is
considered.
In this paper, the governing equations are
presented in order to anticipate the amounts of
recession and the thermal response of charring
ablative installations by considering the effect of
chemical reactions, mass transfer and heat transfer
to the surface (by considering pyrolysis gas effects
and fluid-solid interaction). After specifying the
boundary conditions, governing equations are
solved by using Newton-Raphson method along
with TDMA algorithm.

2. PROBLEM FORMULATION
As shown in Figure 2, in terms of charring ablative
material, it's better for the basic site axis basis to
conform the material surface because of the
ablative surface recession. In this matter, in
contrast with non-charring ablative materials, like
graphite and carbon-carbon composites, the mass
flux of the pyrolysis gas is not zero. The material
density is variable and governing equations are as
mentioned in the literature [10]:
Energy equation:
 

T
 
T
T
(k
)S
(  h )   h pyr ( g )
 m g C pg
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z
z
z
t
z
t

(1)

in which,  h pyr ( g ) is introduced as:  h pyr ( g )  hg  h
where, h   v hv   c hc .
v  c

Continuity equation:
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Decomposition equation:
r - rc m
 • 
-S
= -rv (
)  A j exp -B j (T - Tref )
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t
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(3)

EST and ACE computer codes calculate the
ablation rate using the thermodynamic properties
of the materials in JANAF tables. The input to
these functions are the surface temperature ( Tw ),
the surface pressure ( pw = pe ) and the normalized
mass flux of pyrolysis gas. The outputs of these
functions are in mass flux of surface ablation, and
gas enthalpy at the wall. The mass transfer
coefficient is calculated from ablative mass flux as
following functions which have been introduced in
Ref. [10]. In these relations BC and Bg are
calculated from the following equations:




•

•

•

Bg  mg gh , Bc  mc g h , mw = mg + mC , g m = g h = reue St

(4)
(5)

g h  g h 0 blow

Figure1. A schematic model of the ablative insulation
thermo chemical decomposition
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blow 

a B0
ln(1+ a B )
=
a B
exp(a B0 ) - 1

(6)
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Now, we can specify Bc ,eq ,hw,eq using the above
equations at Tw , pw and Bˆ g then
quantities are specified:

the

following

φblow ,eq = ln(1+ a Beq ) / (a Beq )
•

•

•

meq = g h0 φblow ,eq Bc,eq , m ab = meq ftr
•

•

1+( m eq m R )2

f tr = 1
•

m R = aR (X O2 p* )0.5 exp -ER (RTw )
Figure 2. Thermo chemical decomposition presentation
of charring ablative material

After obtaining mass transfer constant from the
above equations by the standard assumption of
"Lewis number = Le =1", heat transfer coefficient
is obtained.
If, Bg = 0 , the above equations can be used for
carbon-carbon ablative material. Usually, the heat
transfer is obtained in the absence of mass
injection. Here, the subscript 0 is related to the area
without ablation and pyrolysis gas mass flux.
blow is related to the blowing resulted from the
gas entering the boundary layer and it is calculated
as:


(7)



B   m w g h , B0  m w g h 0 , B   B0 blow

hw = f tr hw,eq +(1 - f tr )hw0
aR = 4.71×106 Kg m 2 s

(10)

X O2 = 0.21
ER = 44×10 3 K cal K mol
R = 1.989 kcal / kmol.0k

hw0 = 

Tw

Tref

C p0 dT

Cp0 = C0 +D0T
C0 = 979 J Kg k
o

D0 =0.15 J Kg k
o

2

Now, the correction of blowing constant and the
mass flux of ablation can be calculated according
•

to m ab .
• o

•

B0 = ( m ab + m gw ) g h0

(11)

blow = a B0 (exp(a B0 ) - 1)

(12)

in which,
(8)

φˆblow = a Bˆ0 (exp(a Bˆ0 ) - 1) ,
• o

• o

•

Bˆ0 = ( m ab + m gw ) g h 0 , Bˆ g = m gw (g h0 φˆblow )

If the Le = 1 , the value of the constant "a" for
carbon-carbon and for carbon- phenolic is 1.5 and
1.3, respectively. In the compiling code, the total
time of movement is divided according to the
determined time pace. In every moment, the
ablative mass flux of the previous moment is

2.1. Boundary conditions In Figure 3, a general
ablative material is shown schematically. As it can
been seen, we have to model the radiation and
conduction, heat production or absorption related
to chemical reactions. So, conservation of energy
equation in ablative material surface is as follows.
•

•

•

•

q net = - q rr - m ab (hw - hu ) - m gw (hw - hgw )

(13)

 

shown by m ab and the mass flux of pyrolysis gas
• o

o
h

is shown as: m gw . In every moment, g and p w
values are conjectural. For correcting blowing
constant, the following estimations are proposed:
  Bc,eq  Bˆ g
Beq
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(9)

In order to determine the boundary conditions of
•

the first node ( k  T  z z 1 = q net ), energy and mass
equilibrium in the surface are used. The mass flux
pyrolysis gas is not zero like carbon-carbon
composite and graphite. There is also density
variation as well. So we have [10],
IJE Transactions B: Applications

•

•

q net = q cw (1•

hw

hr

)φHAL φblow - ε σ (Tw4 - Tref4 )

•

- m ab (hw - hu )+ m gw (hw - hgw )

(14)

nature of the governing equations, NewtonRaphson method is used with the TDMA algorithm
in order to solve the algebraic system of the
equations.

•

in which, q cw is the heat flux of the cold wall and
hr is the recovery enthalpy calculated by
aerodynamic relations. The term  Blow relates to
blow resulted from the gas entering the boundary
layer and it is calculated by the following equation
[10],
φBlow =

ln(1+ a1 B )
,
a1 B 

B = Bg + BC

(15)

In the above equation, the amount of a1 for
carbon-phenolic equals 1.3,  HALL  1 , is the
abrasion coefficient. It states that, there isn't any
abrasion. It equals unity. Also emission
coefficient  equals 0.9. The hu is determined as
follows [10],
Tw

hu =

C

p

dT = C¥ ( Tw2 + D 2 - Tref2 + D 2 )

the

k(T)= k1 +

equation, C  2300 J / kg .0k ,
D = 800 k , Tref = 300 k . The determination steps
o

In order to study the accuracy of Newton-Raphson
method in solving the governing equations, first
one dimensional non-linear heat transfer equation
is solved. The condition is that the material
properties are a function of temperature and the
results are generalized to more complex problems.
In analyzing this problem the specific heat capacity
of material and heat conductivity coefficient are
considered constant which are assumed as a
function of temperature; but, material density is
constant. For this problem, heat equation, initial
and boundary conditions are considered. Variation
of heat conductivity coefficient and specific heat
capacity is assumed linear according to
temperature and is expressed with the following
equations:

(16)

Tref

In

4. PRESENTATION OF RESULTS

above

o

•

of, m ab , hw and hr was specified in the last section.

k2 - k1
(T - T1 ) ,
T2 -T1

C p (T) = C p,1 +
α= k

(ρ C p )

=

C p,2 - C p,1
T2 - T1
k1

(T - T1 ) ,

(ρ C p,1 )

=

k2

(17)

(ρ C p,2 )

The analytical solution of this problem is
performed using the transformations in [10]. By
transferring the energy equation, boundary and
initial conditions, similar solution as constant
material properties are obtained:
T(z,t)- T0  t 1 z
z
 2  - +( )2 
L 3 L
L
qL k
Figure 3. The terms relates to the energy input and
output in ablative material surface

3. NUMERICAL SOLUTION
For solving Equation 1, the partial differential
terms are substituted by finite difference
approximation. Then, according to the non-linear
IJE Transactions B: Applications

2
2

t
z
1
exp(n 2  2 2 ) cos(n  )

2
L
L
n 1 n


(18)

The parameters used in the solution of the problem
are as follows:




T0 = 300 k , q  7.5  10 5 w m 2 , L  0.01 m ,

  8000 kg m 3 , α = k (ρ C p ) = 2.5×10 -6 m 2 s
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along with the variations of conductivity
coefficient and specific heat capacity in terms of
the temperature. In Figure 4, the results obtained
with our code are compared with the results of
analytical solution at times, t=4s and t=40s. As it
can be seen, there is suitable conformity between
these two results which is emphasis on the
accuracy of Newton-Raphson method in solving
non-linear equations. In order to become certain
about the program accuracy, the obtained results
are compared with the results of Ref. [11]. The
considered problem in this reference is a missile
that enters to atmosphere from 90km altitude, but
the trajectory data are not specified. The cold wall
heat flux, the recovery enthalpy and the pressure
on ablative material in a specific location of the
missile are as below:
qcw,ref = 1.136J / cm2 s , hr,ref = 2326J / g ,

pref = 101325N / m2 = 1atm .

The virgin composites density is 1450kg / m3 and
the charring composites density is 1190kg / m3 . Its
pyrolysis heat is 21630J / gr and the heat capacity
of pyrolysis gas is CPg = 1.6746J / gr.K . The rate of
change of density is calculated by Arrhenius
equation (Equation 6) in which, m=2 is considered
and the constants Ai and Bi are:
A1 = 1.68×10 -5 , A2 = 2.82, A3 = 3.336×10 4 [1 / sec],
B1 = 338,
B2 = 7049,
B3 = 15.677

Figure 4. A comparison of temperature distribution
with Ref. [10] at t=4s and t=40s

Ref. [11] is shown in Figure 5. As it can be seen
from the figure, the surface temperature obtained
using the method in our paper gives results which
are in better agreements with all other previously
used methods in average.

Figure 5. A comparison of the surface temperature
profile of carbon-phenolic composite with Ref. [11]

According to Figure 6, the amount of recession in
composite surface equals to 3.5 ml. The results
from the present code have some differences in this
comparison which are because of the nature of the
numerical
methods
used
(difference
in
discretization of the equations, differences in
solution methods and the cut-off error in
differentiation).

Figure 6. Presenting the profile of the surface recession
of carbon- phenolic composite

5. CONCLUSIONS
The thermal properties of carbon- phenolic
composite can be obtained from handbooks.
Comparison of surface temperature profile from
62 - Vol. 25, No. 1, February 2012

Using Newton-Raphson method in solving the
governing equations is one of the advantages of the
IJE Transactions B: Applications

presented code. Because this method is easy to
understand and can be easily generalized to more
complex problems. Besides, this method has a
suitable accuracy in solving nonlinear equations
because despite the dispersion and low amount of
input data, there's a good conformity between the
presented results and the results from other
references.
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