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Abstract The flow field, velocity and pressure coefficient distribution of some 2-D ideal flows are
presented. Conformal mapping is used to simulate two-dimensional ideal flow for a variety of
complex internal and external configurations, based on the numerical integration of SchwarzChristoffel transformation. The advantages of this method are simplicity and high accuracy. The
method presented in this paper has been applied to flow problems for which established experimental
results are available in the literature. The close agreement between the predictions of simulation
program and experimental results shows that the present method is applicable to any 2-D ideal flow
regardless of the system of coordinates.
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 ﻣﻮﻟﻔﻪ ﻫﺎﯼ ﺳﺮﻋﺖ ﻭ ﺿﺮﻳﺐ ﻓﺸﺎﺭ ﺑﻌﻀﯽ ﺟﺮﻳﺎﻥ ﻫﺎﯼ ﺍﻳﺪﻩ ﺁﻝ ﺑﺎ ﺍﺳـﺘﻔﺎﺩﻩ ﺍﺯ،ﭼﮑﻴﺪﻩ ﺩﺭ ﺍﻳﻦ ﻣﻘﺎﻟﻪ ﻣﻴﺪﺍﻥ ﺟﺮﻳﺎﻥ
 ﺍﻳﻦ ﺭﻭﺵ ﻫﻤﭽﻨﻴﻦ ﺑﺮﺍﯼ ﺷﺒﻴﻪ ﺳـﺎﺯﯼ ﺍﻧـﻮﺍﻉ ﺟﺮﻳـﺎﻥ ﻫـﺎﯼ ﺍﻳـﺪﻩ ﺁﻝ ﺩﺍﺧﻠـﯽ ﻭ.ﻧﮕﺎﺷﺖ ﻫﻤﺪﻳﺲ ﺑﺪﺳﺖ ﻣﯽ ﺁﻳﻨﺪ
 ﺭﻭﺵ ﻧﮕﺎﺷﺖ ﻫﻤﺪﻳﺲ ﻣﺒﺘﻨﯽ ﺑﺮ ﺍﻧﺘﮕـﺮﺍﻝ ﮔﻴـﺮﯼ.ﺧﺎﺭﺟﯽ ﭘﻴﭽﻴﺪﻩ ﺩﺭ ﺣﺎﻟﺖ ﺩﻭﺑﻌﺪﯼ ﻣﻮﺭﺩ ﺍﺳﺘﻔﺎﺩﻩ ﻗﺮﺍﺭ ﻣﯽ ﮔﻴﺮﺩ
 ﺭﻭﺵ ﺍﺭﺍﺋﻪ ﺷـﺪﻩ. ﻣﺰﺍﻳﺎﯼ ﺍﻳﻦ ﺭﻭﺵ ﻋﺒﺎﺭﺗﻨﺪ ﺍﺯ ﺳﺎﺩﮔﯽ ﻭ ﺩﻗﺖ ﺯﻳﺎﺩ.ﮐﺮﻳﺴﺘﻮﻓﻞ ﻣﯽ ﺑﺎﺷﺪ-ﻋﺪﺩﯼ ﺍﺯ ﺗﺒﺪﻳﻞ ﺷﻮﺍﺭﺗﺰ
.ﺩﺭ ﺍﻳﻦ ﻣﻘﺎﻟﻪ ﺩﺭ ﻣﻮﺭﺩ ﻣﺴﺎﺋﻠﯽ ﮐﻪ ﻧﺘﺎﻳﺞ ﺗﺠﺮﺑﯽ ﻣﻨﺘﺸﺮ ﺷﺪﻩ ﺩﺭ ﻣﻘﺎﻻﺕ ﻣﻌﺘﺒﺮ ﻋﻠﻤﯽ ﺩﺍﺭﻧﺪ ﺑﮑﺎﺭ ﮔﺮﻓﺘﻪ ﺷـﺪﻩ ﺍﺳـﺖ
ﻣﻄﺎﺑﻘﺖ ﻧﺰﺩﻳﮏ ﺑﻴﻦ ﭘﻴﺶ ﺑﻴﻨﯽ ﻫﺎﯼ ﺑﺮﻧﺎﻣﻪ ﺷﺒﻴﻪ ﺳﺎﺯﯼ ﻭ ﻧﺘﺎﻳﺞ ﺗﺠﺮﺑﯽ ﻧﺸﺎﻥ ﻣﯽ ﺩﻫﺪ ﮐـﻪ ﺭﻭﺵ ﺣﺎﺿـﺮ ﺩﺭ ﻣـﻮﺭﺩ
.ﺗﻤﺎﻡ ﺟﺮﻳﺎﻥ ﻫﺎﯼ ﺍﻳﺪﻩ ﺁﻝ ﺩﻭﺑﻌﺪﯼ ﺑﺪﻭﻥ ﺩﺭﻧﻈﺮ ﮔﺮﻓﺘﻦ ﻫﻨﺪﺳﻪ ﺟﺮﻳﺎﻥ ﻗﺎﺑﻞ ﺍﺳﺘﻔﺎﺩﻩ ﺍﺳﺖ

1. INTRODUCTION
The solution of two-dimensional ideal flow over
arbitrary boundaries can be obtained solving
Laplace’s equation by numerical methods (FDM or
FEM). These methods are carried out in four
stages: (1) specification of the domain, (2)
generation of the boundary-conforming grid, (3)
discretization of the differential equation to form a
set of algebraic equations and (4) solution of the
set of algebraic equations. Discretization processes
introduce truncation error. The round-off error is
introduced due to numerical calculation, which may
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lead to substantial error in the solution [1,2].
The linearized potential equation is solved
efficiently by the panel method and is accurate for
subsonic flow. However, using panel method, a
solution for the body pressure distribution can be
obtained without solving the flow field throughout the
domain. In this case, the problem is reduced to the
solution of a system of algebraic equations for source,
doublet, or vortex strengths on the boundaries. Panel
methods require the solution of a large system of
algebraic equations. However, the number and
position of surface panels is essential in obtaining a
good solution for the body surface pressure [3].
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Traditionally, conformal mapping has been
used to obtain potential flow solution about
relatively complicated shapes by knowing the flow
behavior about simple shapes, such as a circle with
unit radius [4]. Conformal mapping is used as a
grid generation technique with no restriction on the
type of flow [5-7]. In practice, the generated grid
lines may be chosen to coincide with the
streamlines of an equivalent potential flow
problem. This feature is often in favor of stability
of the computational method used to solve more
general problems. Mansouri et al. [8] used simple
mappings for generating orthogonal grid over a
variety of shapes in external flows. They also
applied Schwarz-Christoffel transformation as a
powerful tool for generating two-dimensional
boundary-conforming grid [9].
In this paper, conformal mapping techniques
based on Schwarz-Christoffel transformation are
presented to solve two-dimensional ideal flow over
arbitrary boundary shapes. In this method, the
components of the velocity (u,v) and the pressure
coefficient , Cp , are obtained as analytical
functions of ideal flow parameters (φ,ψ) over the
whole domain. Hence, there is no truncation error
as compared with traditional numerical methods.
Since the pressure distribution of ideal flow and
boundary layer flow coincide, the pressure
distribution obtained from this method for the ideal
flow, can be incorporated into the boundary layer
momentum equation. The data obtained for
velocity and pressure distribution can be used as
the elementary solution for iterating methods to
solve two-dimensional viscous flow. This
technique is accurately applicable for simplyconnected or symmetrical multiply-connected
regions in external and internal flows.

2. PROBLEM FORMULATION

2.1 External Flow

Schwarz-Christoffel
transformation for external flow geometries can be
described as mapping of a polygon in z(x,y)−plane
onto the upper half of w(φ,ψ)−plane (see Figure
1). Boundary of the polygon will correspond to
real axis of w-plane. The structure of the SchwarzChristoffel transformation for external flows is as
406 - Vol. 17, No. 4, November 2004
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Figure 1. Mapping of a polygon in z(x,y)−plane onto the
upper half of w(φ,ψ)−plane.

follows:
N
dz
= A∏ ( w − φ n ) −α
dw
n =1

n

π

(1)

where N is the number of polygon apices and αn is
the angle of counterclockwise rotation at each
apex. The points φn are unknown positions on the
real axis in w-plane, where each of them
corresponds to an apex of the polygon in z-plane. A
is a complex constant which depends on the
geometry of physical domain. Correct selection of
points φn involves an iterative numerical
procedure. According to Riemann theorem [4], the
positions of three points of φn are arbitrary. It is
possible to use Equation 1 for a polygon with N+1
sides in z-plane where its N+1th apex is at ± ∞ ,
and the values of φ±∞ corresponding to z ± ∞ , are
removed from Equation 1.
The mapping function of z(w) may be obtained,
integrating Equation 1 as follows :

z(w) = A∫

w
w0

N

∏

( w − φ n ) −α

n

π

dw + B

( 2)

n =1

where w0 is a point on the upper half of w-plane ,
and B is a complex constant. Correct selection of
points φn involves an iterative procedure [9]. This
procedure is based on two consecutive mappings,
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as follows:

s ( w) = ∫

w
w0

N

∏

( w − φ n ) −α

n

π

dw

(3)

n =1

z ( s ) = As + B

(4)

One can assume the following initial values for φn:
⎧⎪0

φ n1 = ⎨ 1
c
c
⎪⎩φ n −1 + z n − z n −1

if n = 1
if n = 2,3,..., N

(5)

where superscript c shows the convergence value.
φ n1 can be normalized by the following
transformation :

φ n1 = 2

φ n1
−1
φ N1

plane to s-plane and B maps the point u1 onto the
point z1υ . The structure of Schwarz-Christoffel
transformation is such that it will preserve the
polygon apex angles at each iteration. Hence, the
location of polygon apieces should be corrected by
an iteration procedure. The error criterion for all
points is the difference between zmυ and z mc that is:
errmυ = z υm − z mc < ε

if m = 1
⎧0
⎪
N
φ
sm = ⎨ υ
υ −α
s
+
⎪ m −1 ∫φ ∏ ( w + iε − φn )
n =1
⎩
υ

υ

m

υ

n

π

dw

(7)

(10)

where ε is a small value. The iteration process
will be continued until the above criterion is
satisfied. To correct the difference between the
points φnυ+1 for next iteration, the following
procedure will be used:

(6)

Due to singular nature of Equation 3 at points
w=φn , the integration path can be located at
w+iε in the w-plane, where ε has a very small
value (e.g. 10 −10 ). In order to speed up the
integration process of Equation 3, the following
procedure is used for determining smυ:

m = 1,2,..., N

φ nυ +1

if
n =1
⎧0
⎪⎪
c
c
= ⎨ υ +1 z n − z n −1 υ
φ
(φ n − φ nυ−1 )
+
⎪ n −1
υ
υ
z n − z n −1
⎪⎩
(11)

and φ nυ +1 can be normalized by the following
transformation:

φ nυ +1 = 2

φ nυ +1
−1
φ Nυ +1

(12)

m −1

where υ is the iteration index. Henceforth, to
correct the position of polygon apieces on z-plane,
in each iteration, the following procedure is used:
z υm = Aυ s υm + B

m = 1,2,..., N

(8)

where,

⎧
Max z1c − znc iθ
υ
⎪A =
e N n = 2,3,..., N
υ
υ
⎨
s1 − sn
⎪
c
⎩ B = z1

( 9)

where the superscript c denotes the exact value. θ N
is the angle between the last side of polygon
with horizon. Aυ is a scale ratio between z-
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Then, referring to Equation 7, the whole process
should be repeated to converge.

 Internal Flow Internal flow geometries can
be described as a polygon with N+1 sides on the
physical plane, where M sides locate on the lower
part of the boundary and P sides locate on the
upper part of the boundary ( N + 1 = M + P ),
such that the two apieces are at ±∞ . This polygon
will be mapped onto the real axis of s-plane such
that the vertex z M +1 being mapped onto the points

σ M +1 and the apex at z N +1 being mapped to the
points σ N +1 = ±∞ at the real axis of s-plane.
N
dz
−α
= A∏ [s ( w) − σ n ]
ds ( w)
n =1

n

π

(13)
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where,
s ( w) = e w

(14)

N is the number of polygon apices and α n is the
angle of counterclockwise rotation at each apex
(see Figure 2). The points σn are unknown
positions on the real axis in s-plane and A is a
complex constant.
The mapping function z(s) may be obtained by
integrating Equation 13 as follows:
z ( s ) = A∫

s
s0

N

∏ (s − σ

n

) −α

n

π

ds + B

(15)

n =1

where s 0 is an arbitrary point in the upper part of
s-plane , and B is a complex constant. As for
external flows, correct selection of points σn
involves an iterative numerical procedure.
Like external flows, Equation 15 must be
integrated by an initial assumption for the
distribution of σn on the real axis of s-plane.

Knowing the location of convergence points ( z nc )
on the physical plane, the following initial values
for σ n1 can be used:

σ

1
n

⎧− n
⎪
= ⎨0
⎪n
⎩

z N+1

αn

zn

zM
zM
x

z N+1

z1

(a) z-plane
δ

if n = M + 1
if n = M + 2 ,..., N
(16)

and corrected by;
⎧σ n1−1 − z nc − z nc−1
⎪
σ n1 = ⎨ 1
c
c
⎪⎩σ n −1 + z n − z n −1

if

n = 1,2,..., N 1

if

n = N 1 + 2,..., N

(17)

However, there is a problem at point z N +1 → ∞ .
1

This problem may be solved by taking an arbitrary
value for z N +1 . Since the value of z N +1 will only
1

1

be used to guess a value for σ n , it may be assumed
z Mc +1 = 1 +

y

if n = 1, 2 ,..., M

1 c
(z M + z Mc +2 )
2

(18)

To obtain the points z υm corresponding to σ mυ ,
Equation 15 should be integrated numerically. In
order to speed up the integration process, the
following procedure will be used for determining
z υm :
⎧ z mc
if m = 1
⎪
υ
N
zm = ⎨ υ
σ
z
A
( s + iε − σ nυ ) −α
+
∏
⎪ m −1
∫
σ
n =1
⎩
υ

m

υ

n

π

ds + B

m −1

σ N+1

σ1

σn

σN

σN+1

σ

(b) s-plane

and

ψ
wn

w N+1

wM
φ

w N+1

w1

(c) w-plane

h
⎧
⎪A = −
π
⎨
⎪B = z c
1
⎩

(20)

wM

Figure 2. Mapping of a polygon in z(x,y)−plane and
w(φ,ψ)−plane onto the upper half of s(φ,ψ)−plane.
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(19)

where h is the distance between lower and upper
walls of a conduit. Since, the value of z υM +1 will
only be used to correct the value of σ nυ +1 , the
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following relation can be used for each iteration:

z υM +1 = z Mc +1

(21)

Since dw dz = u − iv , from Equation 26 we have:
1
dz dw

V =

(27)

The error criterion is:
hence,

errmυ = z υm − z mc < ε

m =1,2,...,N

(22)

To correct the distance between the points σ nυ +1
for next iterations, the following relations are used:

σn

υ +1

⎧σ 1υ
if n = 1
⎪⎪
z nc − z nc −1
= ⎨ υ +1
(σ nυ − σ nυ−1 )
⎪σ n −1 + υ
υ
z n − z n −1
⎪⎩

dz dw

(28)

2

Using Bernoulie equation, the pressure coefficient
Cp becomes,
Cp =

(23)

dz dw

u + iv =

P
1
2

ρV ∞

=1− (

2

V 2
)
V∞

(29)

where V∞ is the upstream velocity, its magnitude is
equal to unity. Substituting Equation 27 into
Equation 29 we have,

corrected by

σ n = σ n − σ M +1
υ +1

υ +1

υ +1

Cp =1−

(24)

Henceforth, referring to Equation 19, the whole
processes should be repeated to converge.

1

(30)

dz dw

2

3.1 External Flow The components of velocity
will be determined by Substituting Equation 1 into
Equation 28 as follows:
N

u e (φ ,ψ ) + iv e (φ ,ψ ) =

3. CALCULATION OF IDEAL FLOW
SPECIFICATIONS

∏ (w − φ

n

) −α

n

π

n =1

2

N

∏ ( w − φ n ) −α

n

π

n =1

Let complex variable z = x+iy indicates the
coordinates of the solution domain (physical plane)
and w(z) = φ(x,y) +iψ(x,y) is the complex potential
function of ideal flow. φ and ψ are potential and
stream functions respectively, so that

u = φ x = ψ y , v = φy = −ψx

(25)

where u and v are the horizontal and vertical
components of velocity in x and y directions,
respectively. Then,
dz
1
=
( u + iv )
dw
V 2

The pressure coefficient can be determined by
substituting Equation 1 into Equation 30 as
follows:
C

pe

1

(φ , ψ ) = 1 −
N

∏

2

( w − φ n ) −α

n

π

n =1

(32)
where subscript e indicates the external flow.

(26)

where V is the magnitude of flow velocity.
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(31)

3.2 Internal Flow From Equations 13 and 14,
the final transformation from w-plane to z-plane is:
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(V

V∞ )

2

(V V∞ )2
Present work
Ref. [10]

___

___

Present work
Ref. [10]

x/c

Figure 3. Typical chordwise squared velocity ratio for airfoil
NACA0010-66.

x/c
Figure 4. Typical chordwise squared velocity ratio for airfoil
NACA654-021.

dz dz ds ⎛ N w
= × = ⎜⎜ A∏(e − σ n ) −α
dw ds dw ⎝ n=1

n

π

⎞ w
⎟⎟ e
⎠

4. RESULTS AND DISCUSSION

(33)
The components of velocity will be determined by
substituting Equation 33 into Equation 28 as
follows:
N

u i (φ ,ψ ) + iv i (φ , ψ ) =

∏ (e

w

− σ n ) −α

π

n

ew

n =1

2

N

∏ (e

w

− σ n ) −α

n

π

ew

n =1

(34)
The pressure coefficient can be determined by
substituting Equation 33 into Equation 30 as
follows:
C p (φ ,ψ ) = 1 −
i

1
2

N

∏ (e

w

−σ n)

−α n π

e

w

n =1

(35)
where subscript i indicates the internal flow.
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4.1 External Flow To check the performance
and accuracy of the present method to simulate the
ideal external flows, two test cases are considered.
Figure 3 shows the distribution of (V/ V∞ )2 for
NACA0010-66 airfoil. It can be seen that the results
obtained from the above procedure are in good
agreement with the experimental results from [10]. In
Figure 4, a comparison between the present methods
with experimental results from [10] for another
standard airfoil is shown. It can be seen that the two
sets of results are in good agreement. Table 1 shows
the cpu time to converge, number of iterations and
the maximum error for two cases.
In Figures 5 and 6, velocity vectors, streamlines
and pressure coefficient contours for ideal flow
over a car profile corresponding to two different
domains are shown. As seen, the solution of ideal
flow by this method is independent of the
coordinates of solution domain.
In Figure 7 the pressure coefficient contours for
ideal flow over arbitrary smooth curve is shown.
The distribution of ideal flow characteristics over
the surface is shown in Figure 8.
4.2 Internal Flow Figure 9 shows the pressure
IJE Transactions A: Basics

y = 0.3 / cosh(4 x )

(a)
Figure 7. Cp contours for a smooth curve in external flow.

u V∞

Cp

v V∞

(b)
Figure 5. (a) Cp contours and (b) velocity vectors and
streamlines for ideal flow over a car profile.

x/c
Figure 8. Flow characteristics over the surface of a smooth
curve in external flow.

TABLE 1. Number of Iterations and CPU Time to
Converge and the Maximum Error of Pressure Coefficient
for Two Cases Shown in Figures 3 and 4.

(a)

Case

NACA0010-66

NACA654-021

Number of
Iterations

CPU
time
(s)

Maximum
Error
(%)

5

2.75

3.4

6

5.94

2.1

(b)
Figure 6. (a) Cp contours and (b) Velocity vectors and
streamlines for ideal flow over a car profile corresponding to
an alternative solution domain.
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coefficient contours and velocity vectors for an
ideal internal flow in a conduit with a NACA652015 obstacle. The pressure coefficient distribution
Vol. 17, No. 4, November 2004 –411

(a)

(a)

(b)
Figure 9. (a) Cp contours and (b) Velocity vectors for an ideal
internal flow over NACA652-015.

Cp

(b)
Figure 11. (a) Cp contours and (b) Velocity vectors for an
ideal internal flow in a smooth diffuser (AR=0.5).
Wall Surface
Airfoil Surface

x
Figure 10. Pressure coefficient distribution over the wall and
the airfoil surface shown in Figure 9.

over the wall and the airfoil surfaces, related to
Figure 9, are shown in Figure 10.
Pressure coefficient distribution and velocity
vectors for an ideal flow in a smooth diffuser are
shown in Figure 11. The pressure coefficient
distribution over the wall and the core surfaces of
the internal flow in a diffuser, related to Figure 11,
are shown in Figure 12.
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Cp

Wall Surface

AR=0.5

Core Surface

x

Figure 12. Pressure coefficient distribution over the wall and
the core surface of the nozzle shown in Figure 11.
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5. CONCLUSION

A new method based on Schwarz-Christoffel
transformation for complete solution of twodimensional ideal external and internal flows over
arbitrary boundaries is developed. In this method,
the components of velocity and the pressure
coefficient are obtained based on the analytical
functions.
The solution is independent of the coordinates

of solution domain (in contrast to FDM or FEM)
and is not required at some control points (in
contrast to panel method).
Using this method, a solution for the body
pressure and velocity distribution can be obtained
without solving for the flowfield throughout the
domain (like the panel method). The pressure and
velocity distribution for some grid points in the
solution domain can also be obtained (like FDM or
FEM).
A Mathematica package has been developed to

Assume a set of φn in w-plane from

Assume a set of σ n in s-plane from

Normalize φn using Eq. (6)

Correct σ n using Eq. (17)

Find the apieces in s-plane

Calculate zmc using Eq. (18)

Find the coefficients Aυ , B

Find the apieces of polygon in zplane using Eqs. (19) and (20)

Find the apieces in z-plane

Correct zνM +1 using Eq. (21)

Check the error criterion , Eq. (10)

Calculate the new set of
φn using Eq. (11)

n

errmν < ε

y
Find dz dw from Eq. (1)

Find the velocity components (u,v)
from Eq. (28)

Find the pressure coefficient, C p ,
from Eq. (30)

Figure 13. The flowchart of program for external ideal flows.
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Check the error criterion , Eq. (22)

Calculate the new set of
σ n using Eqs. (23),(24)

n

errmν < ε

y
Find dz dw from Eq. (33)

Find the velocity components (u,v)
from Eq. (18)

Find the pressure coefficient, C p ,
from Eq. (30)

Figure 14. The flowchart of program for internal ideal flows.
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perform numerical calculations for 2-D ideal
external and internal flow fields with arbitrary
boundaries [11]. The flowchart of the program for
external and internal ideal flows is shown in
Figures 13 and 14.
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