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Abstract This paper poses two magnetostatic problems in cylindrical coordinates with
different permeabilities for each region. In the first problem the boundary condition of the
second kind is used while in the second one, the boundary condition of the third kind is utilized.
These problems are solved using the finite element and finite difference methods. In second
problem, the results of the finite difference method show low magnetic vector potential as well
as the magnetic field density when compared to the finite element results and in the linear case,
to the analytical solution. This paper investigates the reason behind the low magnetostatic field
computation in cylindrical coordinates using the finite difference method when boundary
condition of the third kind is used. It then, presents a technique to overcome the problem of low
magnetic field calculation using the finite difference method. The results obtained by the new
technique are in close agreement with the finite element method as well as the analytical
solution. Finally, it analyzes the possible source of error in modeling magnetostatic boundary
conditions in finite difference formulation of vector Poisson or Laplace’s equation in cylindrical
coordinates.
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 ﻧﺸﺎﻥ.ﭼﮑﻴﺪﻩ ﺩﺭ ﺍﻳﻦ ﻣﻘﺎﻟﻪ ﻣﺴﺎﻟﻪ ﻣﮕﻨﺘﻮﺍﺳﺘﺎﺗﻴﻚ ﺍﺳﺘﻮﺍﻧﻪ ﺍﻱ ﺑﺎ ﺗﺮﺍﻭﺍﻳﻲ ﻣﺘﻔﺎﻭﺕ ﺩﺭ ﺩﻭ ﻧﺎﺣﻴﻪ ﺑﺮﺭﺳﻲ ﺷﺪﻩ ﺍﺳﺖ
 ﭘﺎﺳﺦ ﺭﻭﺵ ﺗﻔﺎﺿﻞ ﻣﺤﺪﻭﺩ ﺑﺎ ﭘﺎﺳﺦ ﺭﻭﺵ ﺍﺟﺰﺍﺀ ﻣﺤﺪﻭﺩ ﺑﺮﺍﻱ،ﺩﺍﺩﻩ ﺷﺪﻩ ﺍﺳﺖ ﻛﻪ ﺑﺎ ﺷﺮﺍﻳﻂ ﻣﺮﺯﻱ ﻧﻮﻉ ﺩﻭﻡ
، ﺍﻣﺎ ﺩﺭ ﺣﺎﻟﺘﻲ ﻛﻪ ﺷﺮﻁ ﻣﺮﺯﻱ ﺍﺯ ﻧﻮﻉ ﺳﻮﻡ ﺍﺳﺖ. ﺍﭺ ﻳﻜﺴﺎﻥ ﻣﻲ ﺑﺎﺷﺪ- ﻧﻮﺍﺣﻲ ﺧﻄﻲ ﻭ ﻏﻴﺮ ﺧﻄﻲ ﻣﻨﺤﻨﻲ ﺑﻲ
،ﭘﺎﺳﺦ ﺗﻔﺎﻭﺗﻬﺎﻱ ﻣﺤﺪﻭﺩ ﺑﺮﺍﻱ ﭘﺘﺎﻧﺴﻴﻞ ﻣﻐﻨﺎﻃﻴﺴﻲ ﻭ ﭼﮕﺎﻟﻲ ﺷﺎﺭ ﻣﻐﻨﺎﻃﻴﺴﻲ ﺩﺭ ﻣﻘﺎﻳﺴﻪ ﺑﺎ ﭘﺎﺳﺦ ﺍﺟﺰﺍﺀ ﻣﺤﺪﻭﺩ
 ﺭﻭﺷﻲ ﺑﺮﺍﻱ، ﺩﺭ ﺍﻳﻦ ﻣﻘﺎﻟﻪ.ﺍﺧﺘﻼﻑ ﻗﺎﺑﻞ ﻣﻼﺣﻈﻪ ﺍﻱ ﺩﺍﺭﺩ ﻭ ﺧﻄﺎﻱ ﻣﻮﺟﻮﺩ ﺩﺭ ﺭﻭﺵ ﺗﻔﺎﻭﺕ ﻣﺤﺪﻭﺩ ﺯﻳﺎﺩ ﺍﺳﺖ
 ﻧﺘﺎﻳﺞ ﺍﻳﻦ ﺭﻭﺵ ﺑﻪ ﭘﺎﺳﺦ ﺷﻴﻮﻩ ﺍﺟﺰﺍﻱ ﻣﺤﺪﻭﺩ ﺑﺴﻴﺎﺭ.ﺍﺻﻼﺡ ﺧﻄﺎﻱ ﻳﺎﺩ ﺷﺪﻩ ﺩﺭ ﻣﻴﺪﺍﻥ ﻣﻐﻨﺎﻃﻴﺴﻲ ﺍﺭﺍﺋﻪ ﺷﺪﻩ ﺍﺳﺖ
 ﺩﺭ ﻧﻬﺎﻳﺖ ﻣﻨﺒﻊ ﺍﺣﺘﻤﺎﻟﻲ ﺧﻄﺎ ﺩﺭ ﻣﺪﻟﺴﺎﺯﻱ ﺷﺮﺍﻳﻂ ﻣﺮﺯﻱ.ﻧﺰﺩﻳﻚ ﺑﻮﺩﻩ ﻭ ﺑﺎ ﺟﻮﺍﺑﻬﺎﻱ ﺗﺤﻠﻴﻠﻲ ﻧﻴﺰ ﻣﻄﺎﺑﻘﺖ ﺩﺍﺭﺩ
ﻣﮕﻨﺘﻮﺍﺳﺘﺎﺗﻴﻜﻲ ﺑﺎ ﻓﺮﻣﻮﻟﺒﻨﺪﻱ ﺗﻔﺎﻭﺕ ﻣﺤﺪﻭﺩ ﺩﺭ ﻣﻌﺎﺩﻟﻪ ﺑﺮﺩﺍﺭﻱ ﭘﻮﺍﺳﻮﻥ ﻭ ﻻﭘﻼﺱ ﺩﺭ ﻣﺨﺘﺼﺎﺕ ﺍﺳﺘﻮﺍﻧﻪ ﺍﻱ ﺗﺤﻠﻴﻞ
.ﺷﺪﻩ ﺍﺳﺖ

1. INTRODUCTION
In this paper, the nonlinear magnetic field calculation
IJE Transactions A: Basics

has been investigated in two magnetostatic field
problems applying the finite element and the finite
difference techniques and then, the reason behind
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magnetic field problems in all sorts of shape and
geometry[8]. In this paper two case studies have
been discussed. In the first case, a long current
carrying conductor is considered with a relatively
high permeable material (M-19: USS Transformer
72 ... 29 gage) surrounding the conductor where
the boundary conditions are of the second kind.
The second case considers a long core having the
same high permeable material as problem one,
with a coil wrapped around it. In this case the
boundary conditions are of the third kind. These
problems are solved by two different methods
namely the finite element method and the finite
difference technique and the results of both problems
are then compared.
Figure 1. A cut view of the current carrying conductor and its
surrounding.

2. CALCULATION OF B-FIELD IN THREE
CONCENTRIC CIRCLES
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Figure 2. Static B-H curve for M-19 steel.

the inadequacy in the finite difference method is
outlined. Afjei and Rashed have addressed the
problem of inadequacies in finite difference solution
of magnetic field in [1] for a linear case and outlined
a procedure to fix this problem. The comparison of
the first-order finite element and finite difference
algorithms for the analysis of the magnetic field
problems has been mentioned in [2-3]. The
computation of magnetostatic field problems using
the finite element technique as well as the finite
difference method in Cartesian coordinates can be
found immensely in the literature [4-7]. Now days
computer packages using the finite element methods
are available in the market which computes the
320 - Vol. 16, No. 4, November 2003

Consider a long current carrying conductor with
a high permeable material surrounding the
conductor. A cut view of the current carrying
conductor and it’s surrounding plus the
corresponding cross section of the geometry is
shown in Figure 1.
There are three concentric circles with different
relative permeabilities. The center circle, which is
a conductor, has a radius of ra =1 Cm, the relative
permeability of this region is one with a current
density, Jz. Region two, which is made up of high
permeable magnetic material (M-19: USS Transformer
72 ... 29 gage), has a radius of rb = 3Cm. with the
B-H curve shown in Figure 2.
Region 3, the surrounding medium, is the free
space having a radius of rc = 6 Cm.
In order to analyze the magnetic field in these
regions, recognizing the low frequency nature of
the problem, static field calculation has been
performed. The static B-H curve has been broken
into 5 different second order polynomials for the
analysis. The corresponding vector potential equation
is [9];

∇×(

∇×A
)=J
µ ( B)

(1)

where, µ( B ) is the permeability of the region at some
IJE Transactions A: Basics

Figure 3. Magnetic field density versus radius for different current magnitudes (Finite Element).

Figure 4. Relative permeability versus radius for different current magnitudes (Finite Element).

radius, r.
Due to symmetrical nature of the magnetic
field, this problem can be simplified to a onedimensional problem by realizing ∂Az / ∂θ and ∂Az
/ ∂z are all zeroes.
Since the current is z-directed, Equation 1 becomes
a scalar Poisson's equation in z-direction and, in
cylindrical coordinate can be written as [10];
IJE Transactions A: Basics

∂A z
1 ∂
1
(
r(
)) = − J
r ∂r µ B
∂r

(2)

We seek the solution to the Poisson's equation in
region one and the Laplace's Equation is solved
for regions two and three along with the appropriate
boundary conditions. The appropriate boundary
condition in terms of the vector potential results
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Figure 5. Magnetic field density vs. radius for different current magnitudes (Finite Difference).
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Figure 6. Magnetic vector potential vs. radius for different current magnitudes (Finite Difference).

from the continuity of the tangential component of
magnetic field strength:

1  ∂ Az  1  ∂ Az 

= 
.
µ1  ∂r  µ2  ∂r 

(3)

The above boundary condition is used at the
interface of the first and the second regions, as well
as the second and third regions. The outer boundary
condition is
322 - Vol. 16, No. 4, November 2003

Az Irmax = 0

(4)

This technique results in a solution for the vector
potential, Az. The magnetic flux density, B, then
can be calculated by,

B = ∇ xA

(5)

In the finite element technique, the variational
method (Ritz) is employed to solve the cylindrical
IJE Transactions A: Basics

Figure 7. A cut view of the steel core with core wrapped
around it and its surrounding.

form of vector Poisson's equation shown in 2. In
the variational method, the solution to the partial
differential Equation 2 obtained in r-direction by
minimizing the following functional [10-11];

F(A) =

1  r

2 ∫  µ ( B )

 dA 


 dr 

2


dr − ∫ rJ z Adr


(6)

The corresponding elemental stiffness matrix as
well as the force vector for each element can be
written as ;
r1

1 dNi (r) dN j (r)
[
]rdr
µ
dr
dr
(
B
)
r2

Kij = ∫

i, j = 1,2 (7)

r1

Fi = ∫ rN i ( r ) J z dr

i = 1,2

r2

In order to solve this problem, a constant µ (B) from
the linear part of the B-H curve is chosen for the
core material and sets of simultaneous algebraic
equations are formed by utilizing Equation 7 for all
elements. The sets are then solved and from the
solution new µ (B) calculated. The new µ (B) inserted
into Equation 7 and other sets are formed, solved
and a newer µ (B) computed. This process repeated
until the difference in µ (B) from the last iteration
IJE Transactions A: Basics

with the one before that is less than some acceptable
tolerance. It is noteworthy to mention that, the
static B-H curve has been broken into 5 different
second order polynomials for the analysis and used
in the computation.
The plots of the magnetic field density, B, using
the finite element technique as well as, the
corresponding relative permeability for different
current magnitudes from linear to fully non-linear
cases are shown in Figure 3 and 4, respectively.
As seen from the above Figures, the plots are
linear for 1A of current, then there is local
saturation in the steel for 10A case, and finally for
100A study, the steel part of the medium has gone
into full saturation. The results obtained for the
magnetic field density and the magnetic vector
potential from the finite difference method are
shown in Figures 5 and 6, respectively.
A comparison of these results obtained by the
finite difference and the finite element methods
show very close agreement.

3. CALCULATION OF B-FIELD IN A LONG
STATOR CORE
Consider a long cylindrical steel core with a coil
wrapped around it. A cut view of the coil, direction
of the current in the coil, and the it’s surrounding is
shown in Figure 7.
This problem consists of 3 regions. Region 1,
which is made of high permeable magnetic material
(M-19: USS Transformer 72 ... 29 gage), has a
radius of ra = 2Cm. with the B-H curve shown in
Figure 2. Region 2 is a coil and has a current
density only in θ direction (rc =4 Cm, Jθ≠0, µr=1).
Finally, region 3 is the surrounding medium, air
and has a radius of rb = 6 Cm. Since this problem
is symmetric in θ-direction the vector potential has
one component in this direction, and the problem
can be solved in 1-dimension only. The cylindrical
form of vector Poisson's equation, 1 is;

∂ 1
∂
[
( (rA θ ))] = − J θ
∂r rµ ( B ) ∂r

(8)

with the following boundary conditions in terms of
the vector potential in the cylindrical coordinate
system;
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Figure 8. Magnetic field density versus radius for different current magnitudes (Finite Element).
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Figure 9. Relative permeability versus radius for different current magnitudes (Finite Element).

1  Aθ ∂ Aθ 
1  Aθ ∂ A θ 
+
+

 =

.
∂r 1 µ2  r
∂r 2
µ1  r

(9)

The above boundary condition is known as the
boundary condition of the third kind in which it
involves the Aθ/r term. In the finite element
technique, the variational method (Ritz) is
employed to solve the cylindrical form of vector
Poisson's equation shown in 8.
In the variational method, the solution to the
324 - Vol. 16, No. 4, November 2003

partial differential Equation 8 obtained in r
direction by minimizing the following functional
[10-11];
2
1  1  d (rA θ )  
F = ∫

 dr − ∫ rJ θ Adr
2  rµ ( B)  dr  

(10)

The corresponding elemental stiffness matrix as
well as the force vector for each element can be
written as;
IJE Transactions A: Basics
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Figure 10. Magnetic field density versus radius (Finite difference).
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Figure 11. Magnetic vector potential versus radius.

r1

1 dNi (r) dN j (r)
[
]dr
rµ ( B)
dr
dr
r2

Kij = ∫

r1
Fi = ∫ Ni (r) Jθ dr
r2

i = 1,2

The magnetic field, Bz, is given by
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i, j = 1,2 (11)

Bz =

Aθ + ∂ A θ
r
∂r

(12)

The plots of the magnetic field density, B, using
the finite element technique as well as, the
corresponding relative permeability for different
current magnitudes from linear to fully non-linear
cases are shown in Figures 8 and 9, respectively.
As shown in the Figure 8 the magnetic field in
Vol. 16, No. 4, November 2003 - 325

Magnetic Vector Potential

1.5E-03

1.0E-03
I=30A
I=5A
I=1A

5.0E-04

0.0E+00
0

0.01

0.02

0.03

0.04

0.05

0.06

Radius (m)

Magnetic Vector Potential

Figure 12. Magnetic field density versus radius for 120 points (Finite difference).
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Figure 13. Magnetic vector potential versus radius for 120 points (Finite difference).

the core builds up to the maximum value and stays
constant there. In Figure 9 the relative permeability
has also stayed constant in the core and reduced to
smaller values as the current magnitude increased.
The number of turns is 5, therefore the corresponding
current density for 1 A current is 3125 A/m2.
The result of magnetic field density and the
magnetic vector potential using the finite difference
technique for different current magnitudes and sixty
nodal points are shown in Figures 10 and 11,
326 - Vol. 16, No. 4, November 2003

respectively.
Comparing the plots in Figures 8 and 10 show
different results for the finite element and finite
difference solutions.
The discrepancy in the two results drastically
increases when the relative permeability increases.
It seems that the finite difference results are
inaccurate when the relative permeability of the
two media changes abruptly over the boundary.
Now the number of grid points increased from 60
IJE Transactions A: Basics

to 120 in the finite difference method and the
magnetic field calculated again. Here are the
results of magnetic field density and the magnetic
vector potential.
The new calculation of the fields with 120 grid
points shows closer results to the finite element
method (but not accurate yet) when compared to
the 60 grid points, therefore the error decreases as
the grid point increases.
In order to verify the validity of the results, a
comparison with the analytical solution should be
performed.

4. ANALYTICAL SOLUTION
Since the permeability of the core stays at some
constant value throughout the core region even in
saturation then, Equation 8, can be transformed to
a second order Cauchy-Euler equation and the
analytical solution is

Aθ =[

µcore
(R c - R a ) J ] r for 0 ≤ r ≤ R a
2

(13)

µair J Rc  µJ r 2
=
Aθ 
r- 3 +
 2 
2
3
 µcore
µcoil J Ra  -1
2 µair J R c R a
+
(
)
J
Rc Ra Ra

r
3 
2
 2
for Ra ≤ r ≤ Rc
3
µair J R c  2  µcoil J R c 
=
(
Aθ
+
 2  Rc 
3




2
3
 µcore
µcoil J R a  -1
2 µ air j R c R a
(R c - R a ) J R a +

) r
2
3
 2

for r ≥ r c

where Ra is the radius of core, and Rc is the radius
of coil.
The only problem here is that, the value of µcore
is not known and cannot be calculated analytically.
The magnetic field is then obtained using

Aθ + ∂ A θ
Bz =
r
∂r
IJE Transactions A: Basics

(14)

can be written as;

Bz = µcore (R c - R a ) J for 0 ≤ r ≤ R a
for R a ≤ r ≤ R c
Bz = µair (R c - r) J
for r ≥ R c
Bz = 0.0

(15)

The plots of the magnetic vector potential and the
magnetic field density cannot be shown unless the
value of permeability of the core material is known
but the general shape of the curves is the same as
the finite element method for any relative permeability
value chosen from Figure 9. In the linear case, the
relative permeability of the core is known to be
6500. This value is substituted in the analytical
solution; the shapes of the magnetic field density
and the magnetic vector potential obtained are
exactly the same as the finite element method but
with a drastic drop in magnitude for the finite
different technique. Hence, the numerical results
obtained employing the finite difference method is
not reliable.
In order to investigate the problem, the analytical
solution is inserted in the finite difference
representation of the boundary condition.
5. FINITE DIFFERENCE APPROXIMATION
OF MAGNETOSTATIC FIELD
This section analyzes a possible source of error in
modeling magnetostatic boundary conditions in a
finite difference formulation of vector Poisson or
Laplace Equation in cylindrical coordinates.
It was shown in section 3 that when magnetic
fields are approximated from the vector potential
using the first-order differences at the boundary,
the results are in error. The error is proportional to
the relative permeability of the two materials
constituting the boundary. Only using an extremely
fine mesh can minimize the error. The use of
higher order differences can alleviate the problem,
but yet the error remains proportional to relative
permeability. An alternate formulation of the vector
potential, in the one-dimensional case, is to make
the error independent of the relative permeability
of the two materials.
Now consider the problem in section 2, which
requires the solution of the magnetic field density
in and around an infinitely long solenoid. The interfacial
Vol. 16, No. 4, November 2003 - 327

Magnetic Vector Potential

1.4E-02
1.2E-02
1.0E-02

I=30A

8.0E-03

I=5A

6.0E-03

I=1A

4.0E-03
2.0E-03
0.0E+00
0

0.01

0.02

0.03

0.04

0.05

0.06

Radius (m)
Figure 14. Magnetic vector potential versus radius (Finite difference).
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condition between core and coil implies

A θ ∂ A θ
 Aθ ∂ A θ 
 r + ∂r  = µr  r + ∂r 
iron
coil

(16)

at the boundary. Here µr = µcore / µ0 is the relative
permeability. In order to analyze the behavior of
Equation 16, the discritization of the exact analytical
328 - Vol. 16, No. 4, November 2003

solution at the boundary is examined. Without loss
of generality, assume a constant value for the
permeability of the magnetic material and a
uniform grid size, d meter.
The (1/r) terms in Aθ do not contribute to flux
density but arises from the requirement that Aθ is
continuous. It should be noted that in the coil
region the (1/r) term dominates since µcore is large.
Using first order differences on either side of the
IJE Transactions A: Basics

boundary, the approximation to 16 becomes

Equation 20 is;

A θ (r ) A θ (r ) − A θ (r − d)
+
=
r
d
A
A (r + d) − A θ (r )
µr ( θ + θ
)
r
d

C1 µcore r 2 - C1µcore (r - d )2 = µr
(17)

(23)

Now substituting the analytical solution for Aθ in
17 and simplifying it, yields;

µ core ≈ µr [µ0 + k 1d + k 2 µ core ]

(18)

where k1, and k2 are constants.
In another words, expression in 18 can be written
as;

µ core ≈ µ core + ε

(19)

where, the error is directly proportional to µcore and
incremental distance d
It is observed that for a practical range of interest
the error caused by high value of µr is substantial.
Recognizing that the dominant (1/r) term is the one
causing the error then, a new variable A'θ is chosen
such that A'θ = r Aθ. The new formulation for the
boundary condition and Laplace equations with
this new variable are;

 ∂ A′ θ 
 ∂ A′ θ 
 ∂r  = µ r  ∂r 
iron
coil
∂
1
∂
[
( (A 'θ ))] = − J θ
∂r rµ ( B) ∂r

(20)
(21)

The general solution to the Equation 21 employing
boundary Equation 20 is
2
A ′ θ = C 1 µ core r
2
A ′ θ = C 2 µ0 r +

r ≤ Ra

(C 3 µ core - C 4 µ 0 ) - C 5 µ 0 r 3
Ra ≤ r ≤ Rc
A ′ θ = (C 6 µ core + C 7 µ 0 ) r ≥ R c .

(22)
where C’s are all constants
Using first order differences on either side of the
boundary, the approximation to the new boundary
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[C 2 µ 0 (r + d) 2 + C5 µ 0 (r + d) 3 − C 2 µ 0 (r) 2 + C 5 µ 0 (r) 3 ]

Where, in the right hand side of the Equation 23
the independency on the µcore has been eliminated,
therefore the dominant error in this problem is just
a function of d.

ε = f (d )

(24)

As shown in the above Equations 23 and 24 the
independency of the error on the µcore has been
eliminated. This approach should perform very
well with a coarse grid too.
Comparing the new boundary condition with
the previous one in 9, shows a simpler boundary
equation and of the second kind. Equations 20 and
21 are solved using the finite difference method
and results of the vector potential and magnetic
field density are exactly the same as the one found
by the finite element approach. These plots are
shown in Figures 14 and 15, respectively.
As shown above, the problem of low magnetic
field calculation is now fixed by changing the
variable Aθ to the new variable A΄θ. The results
obtained with the new variable using the finite
difference method are the same as the result found
by the finite element method.

6. CONCLUSIONS
In this paper two numerical techniques are used to
calculate the non-linear magnetic field density for
two different problems in cylindrical coordinates.
It was found that, low magnetic field build up is
being exhibited when the finite difference scheme
in conjunction with the boundary condition of the
third kind are used.
The problem of low magnetic field build up
does not appear in the finite element method since
the boundary conditions are satisfied naturally and
are not forced, as in the finite difference technique.
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It then continues with finding the cause error
and hence demonstrating successfully a new
method to change the boundary condition from the
third kind to the second kind. Using this method,
the independency of errors on relative permeability
of high magnetic martial for the linear and nonlinear B-H curve which caused the low field build
up in finite difference technique has been eliminated.
The results obtained are within less than 1% of the
actual values.
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