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Abstract Direct numerical simulation of the wake flow around and behind a planar ellipse using a
random vortex method is presented. Fluid is considered incompressible and the aspect ratios of ellipse
and the angles of attacks are varied. This geometry can be a logical prelude to the more complex
geometries, but less time dependent experimental measurements are available to validate the
numerical results. Therefore, the key figures of the averaged values of selected cases are chosen to
check the accuracy of the results. Based on the results, the general behavior of the flow around an
ellipse at the zero angle of attack is almost similar to that around a circle. But, at the other angle of
attacks, the asymmetry of the flow is dominant and pronounced clearly.

Key Words Random Vortex Method (RVM), Ellipse, Incompressible Viscous Flow

ﭼﻜﻴﺪﻩ ﺩﺭ ﺍﻳﻦ ﻣﻘﺎﻟﻪ ﺑﺎ ﺍﺳﺘﻔﺎﺩﻩ ﺍﺯ ﺭﻭﺵ ﮔﺮﺩﺍﺑﻪ ﺗﺼﺎﺩﻓﻲ ﺟﺮﻳﺎﻥ ﺑﺮﮔﺸﺘﻲ ﺳﻴﺎﻝ ﺩﺭ ﭘﺸﺖ ﻳﻚ ﺑﻴﻀﻲ ﺻﻔﺤﻪ ﺍﻱ
 ﻫﻨﺪﺳﻪ. ﺳﻴﺎﻝ ﺗﺮﺍﻛﻢ ﻧﺎﭘﺬﻳﺮ ﻓﺮﺽ ﺷﺪﻩ ﻭ ﻧﺴﺒﺖ ﻗﻄﺮﻫﺎﻱ ﺑﻴﻀﻲ ﻭ ﺯﺍﻭﻳﻪ ﺣﻤﻠﻪ ﻣﺘﻐﻴﺮ ﻓﺮﺽ ﺷﺪﻩ ﺍﻧﺪ.ﺍﺭﺍﺋﻪ ﻣﻲ ﺷﻮﺩ
ﺑﻴﻀﻲ ﭘﻴﺶ ﺩﺭﺁﻣﺪ ﺑﺴﻴﺎﺭ ﻣﻨﺎﺳﺒﻲ ﺑﺮﺍﻱ ﻫﻨﺪﺳﻪ ﻫﺎﻱ ﭘﻴﭽﻴﺪﻩ ﺗﺮ ﺍﺳﺖ ﮔﺮﭼﻪ ﻧﺘﺎﻳﺞ ﺁﺯﻣﺎﻳﺸﮕﺎﻫﻲ ﺍﻧﺪﻛﻲ ﺑﺮﺍﻱ ﺣﺎﻻﺕ
ﻭﺍﺑﺴﺘﻪ ﺑﻪ ﺯﻣﺎﻥ ﺩﺭ ﺩﺳﺖ ﺍﺳﺖ ﺗﺎ ﻧﺘﺎﻳﺞ ﺣﺎﺻﻞ ﺍﺯ ﺍﻳﻦ ﻣﻘﺎﻟﻪ ﺑﺎ ﺁﻧﻬﺎ ﻣﻘﺎﻳﺴﻪ ﺷﻮﻧﺪ ﺍﻣﺎ ﺷﺎﺧﺼﻬﺎﻱ ﻛﻠﻴﺪﻱ ﻣﺒﺘﻨﻲ ﺑﺮ
.ﻣﻘﺎﺩﻳﺮ ﻣﺘﻮﺳﻂ ﮔﻴﺮﻱ ﺷﺪﻩ ﺑﺮﺍﻱ ﺣﺎﻟﺖ ﻫﺎﻱ ﺧﺎﺹ ﺍﻧﺘﺨﺎﺏ ﻭ ﺑﺎ ﻣﻘﺎﺩﻳﺮ ﺁﺯﻣﺎﻳﺸﮕﺎﻫﻲ ﻣﻮﺟﻮﺩ ﻣﻘﺎﻳﺴﻪ ﺷﺪﻩ ﺍﻧﺪ
ﺭﻓﺘﺎﺭ ﻛﻠﻲ ﺟﺮﻳﺎﻥ ﺳﻴﺎﻝ ﺍﻃﺮﺍﻑ ﺑﻴﻀﻲ ﺑﺮﺍﻱ ﺯﺍﻭﻳﻪ ﺣﻤﻠﻪ ﺻﻔﺮ ﺗﻘﺮﻳﺒﺎ" ﺷﺒﻴﻪ ﺭﻓﺘﺎﺭ ﺁﻥ ﺩﺭ ﺍﻃﺮﺍﻑ ﻳﻚ ﺑﻴﻀﻲ ﻣﻲ
. ﻋﺪﻡ ﺗﻘﺎﺭﻥ ﺟﺮﻳﺎﻥ ﻏﺎﻟﺐ ﻭ ﻛﺎﻣﻼ" ﻣﺤﺴﻮﺱ ﺍﺳﺖ، ﺍﻣﺎ ﺩﺭ ﺩﻳﮕﺮ ﺯﻭﺍﻳﺎﻱ ﺣﻤﻠﻪ.ﺑﺎﺷﺪ

1. BACKGROUND
Unsteady viscous fluid flow; past two-dimensional
bodies have been major areas of investigations by
the computational fluid dynamics community. The
flow past an elliptic cylinder involves the unsteady
separation, high order vortex formation on the
surface of the cylinder at moderate to high Reynolds
numbers, and vortex-shedding phenomena for
asymmetrically placed cylinders. Besides the
Reynolds number, the angle of attack of uniform
stream and ellipse eccentricity are parameters,
which will influence the time dependent flow
configuration.
Due to the fundamental and practical importance,
this geometry has attracted a lot of efforts. One of
the primary researches can be found in the work of
Schilichting in 1968 [1]. In 1969, Schinel studied
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the effect of vortex separation on lift distribution of
elliptical cylinders [2]. Notable among the others
are those by Lugt and Haussling in 1972 and 1974
[3]. They studied the flow over thin ellipses at
various angles of attack for low Reynolds numbers
and also the details of start-up over elliptic cylinders
at 45 degrees angle of attack. Daube and Ta simulated
the unsteady viscous flow past elliptic cylinder in
1974 [4]. A comprehensive research can be
found in the works of Giorgini and Avci in
1985, and Hamidi and Giorgini in 1985 [5,6].
Later, Avci and Giorgini have published their
results in 1986 [7]. Blodgett, in 1989, has performed
a systematic study of two-dimensional flows over
elliptical cylinders with various eccentricities and
angles of attack at Reynolds number ranging up
to 1000[9]. All mentioned studies are limited to a
two dimensional flow at low to medium Reynolds
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numbers. Recently the mechanisms of flow past over
an ellipse is studied by Mittal and Balachandar in
1996, Wang and Liu and Childress and
Heidarinejad and Delfani in 1999 [9,10,11].
In this paper, the behavior of the instantaneous
flow at a higher range of Reynolds number and a
full range of angles of attack are presented. The
results are classified into two main categories
including the initial time and the long time after
the flow is started. The averaged value of drag and
lift coefficient, angle of separation and the different
components of the velocity behind the selected
cases are compared with the available experimental
measurements.

is considered as follows:

∂ω
+ u.∇ω = 0
∂t

(4)

∂ω 1 2
=
∇ ω
∂t Re

(5)

The velocity due to convection is related to the
stream function ψ, which is the solution of Poisson's
equation:

∇ 2 Ψ = −ω ( x )

(6)

Where
u=−

2. GOVERNING EQUATIONS
The governing equations for an incompressible
fluid in two dimensions are as follows:
∇. u = 0

(1)

1
∂ω
+ u..∇ω =
Re
∂t

∇

2

ω

∂Ψ
∂Ψ
, v=
∂y
∂x

Solution of Poisson's equation in an infinite domain,
using the Green's function yields:

u ( x ) = ∫ K (x − x ' ) ω ( x ) dx '

(2)
K (x) =

Where:

− 1 ( y,− x )
2π r 2

And

∂v ∂u
ω=
−
∂x ∂y

dx ' = dx dy

u=0

on boundary

(3-1)

u=up

in time t=0

(3-2)

Definition of symbols is as following: u is the
velocity vector with u and v as its components in x
and y direction respectively, ω is the vorticity, up is
the potential velocity at the initial times and Re is
Reynolds number, Re=ρUL/µ, with U as the mean
free stream velocity, L is the longer axe of ellipse.
All variables are non-dimensionalized with respect
to the proper scales.
Two mechanism are responsible for transport of
vorticity namely convection and diffusion. In the
random vortex method each time step is divided
into two fractional steps. During each fractional
step only one of the above-mentioned mechanisms
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(7)

3. NUMERICAL SCHEME
In random vortex method the vorticity field is
discretized into a finite number of vortices known
as vortex blobs. The induced vorticity and the resulting
velocity, uω in an arbitrary point, x, would be:
N

ω ( x ) = ∑ Γif δ ( x − x 'i )

(8)

i =1

u ω (x) =

N

∑ Γi K δ (x − x i )

(9)

i =1

Where
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Figure 1. Streamlines around ellipse during the initial times with Re=3000, aspect ratio=0.2 and angle of attack=0 degrees.

K δ ( x) =

− 1 ( y,− x )
r
kδ ( )
2
2π r
δ

And
r 2 = ( x − x i ) 2 + ( y − yi ) 2

Expressions for fδ and kδ known as core function
and Kernel are defined in accordance with Chorin
[11,12,13]. Further details about the random
vortex method and its convergence and stability
are discussed in related references [14,15,16].
Transport of vorticity due to diffusion is in
accordance with equation (5). In random vortex
method the solution of this equation is the same as
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adding a random walk, ηx and ηy, in both x and y
direction respectively. These random walks are
taken in accordance with a Gaussian statistical
distribution with zero mean and standard deviation
[17] equal to
σ=

2∆t
Re

Therefore the resulting total displacement in an
infinite domain is:

∫

(10-1)

∫

(10-2)

x i ( t + ∆t ) = x i ( t ) + u ωi ( t )dt + η xi
y i ( t + ∆t ) = y i ( t ) + v ωi ( t )dt + η yi

Vol. 16, No. 2, June 2003 - 185

t*=0.5

t*=1.0

t*=1.5

t*=2.0

t*=2.5

t*=3.0

Figure 2. Streamlines around ellipse during the initial times with Re=3000, aspect ratio=0.5 and angle of attack=0 degrees.

Value of

∫u

ω i (t ) dt

and

∫v

ω i (t ) dt

are evaluated

using a fourth order Runge-Kuta method.

c2 =

4. BOUNDARY CONDITIONS
Boundary conditions of the governing equations
require that the normal and tangential components
of the total velocity are zero on the boundary of
ellipse. Imaging method is used to make the
normal component of velocity zero. In this paper,
first the physical domain around ellipse, z, is
mapped into a circle with radius R as the
computational domain, ζ, using a conformal mapping
ζ=ζ(z).
z=ζ+

c2
ζ
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And

(11)

2(AR + 1) − (AR + 1)2
16

In these relations AR is the aspect ratio of ellipse
and c is the distance between its focuse. Later we
use a modified version of a solver already developed
by the same authors to solve for the flow around a
circle [13].
Then for a vortex element in a distance r from the
center of circle, two images are considered. The
first image located in a distance R2/r with the
opposite sign of the main vortex, and the other
with the same sign but in the center of circle.
In order to satisfy the no-slip condition on the solid
wall, vortex sheets are employed. These vortices
are initially generated on the solid boundary. Later
due to the diffusion effects, they are separated from
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Figure 3. Streamlines around ellipse during the initial times with Re=3000, aspect ratio=1.0 (circle) and angle of attack=0 degrees.

the solid wall and are moved inside the flow field.
Within the distance ∆s from the solid wall, vortices
are sheet type and beyond that they are considered
blob type [13,18]. The induced velocity due to the
vortex sheets at any arbitrary point, x, are
calculated as follows:
ω(x) =

N

∑ γ i f ∆ (x − x i )
i =1

f∆ =

Γi
S
(12)

γ i = (u w ) i =

1
S
S
δ( y){H( x + ) − H( x − )}
S
2
2

u( x ) =

N

∑ γ i K ∆ (x − x i )
i =1
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And
S
S
K ∆ (x) = H( y){H( x + ) − H( x − )}
2
2
Definitions of variables are as following: δ(y) is
Dirac delta function, H (x) is the Heavy side function,
γi is the strength of sheet and S is the length of sheets
respectively.
Once the velocities in the computational domain
are calculated, they can be transformed into the
physical plane using:
dζ
u (z) =
u (ζ )
(14)
dz

(13)
Those vortex elements that move inside the solid body
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Figure 4. Streamlines around ellipse during the initial times with Re=3000, aspect ratio=0.2 and angle of attack=30 degrees.

or cross the exit boundary downstream of the flow
field are deleted.

forming an unstable region.

Stable Region In order to capture some important
5. RESULTS AND DISCUSSIONS
When the Reynolds number of the flow exceeds 40,
the flow behind ellipse is divided into two regions,
namely stable and unstable regions. The stable
region forms during the initial times and, two almost
symmetric eddies form next to the ellipse. The
unstable region forms in the later times and also
downstream of the flow field. Within this region the
previously almost symmetric eddies become totally
asymmetric, moving downstream, pairing and
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aspects of the geometry of ellipse over a circle, we
consider two important parameters: (a) aspect ratio
and (b) the angle of attack. In Figure 1, 2, and 3 the
streamlines around an ellipse during the initial
times are plotted for different aspect ratios but with
a zero angle of attack.
In Figure 1, 4 and 5 the streamlines around an
ellipse during the initial times are plotted for
different angle of attacks but for an aspect ratio of
0.2.

Unstable Region

The unstable region may be
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Figure 5. Streamlines around ellipse during the initial times with Re=3000, aspect ratio=0.2 and angle of attack=90 degrees.

considered in two parts: next to ellipse and far
downstream of it. First we focus on the areas next
to ellipse. The instantaneous streamlines around
the ellipse are plotted in Figure 6. Comparison of
the flow structure in this figure with that in the
Figures 1, 2 and 3 reveals the importance of time
in formation of unstable zone and asymmetric
structures.
There are not much available experimental
measurements and numerical results around an
ellipse to compare and validate our numerical
results. Therefore, we focused on the special cases.
In Figure 7, the instantaneous values of drag and
lift coefficient, CD and CL, for an ellipse are
plotted. The averaged value of CD and CL are in
good agreement with the values listed in the related
references [19].
In Figure 8 the averaged values of drag coefficient
IJE Transactions A: Basics

for a wide range of Reynolds number for an ellipse
with aspect ratio=1.0, a circle, are plotted and
compared with the experimental measurements
[20,21]. The numerical results show very good
agreement with the experiment indicating the
validity of the numerical scheme.
In Figure 9 the averaged values for the velocity
on the symmetrical axis behind an ellipse with
aspect ratio 1, a circle, are plotted and compared
with the experimental measurements [20,21]. The
results agree with the experiment and hence proving
the accuracy of the results.
In Figure 10 the averaged values of separation
angle versus time are plotted and compared with
the experiment. The numerical results fall within
the range of the experimental measurements
[20,21].
In order to investigate the behavior of flow
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Figure 6. Streamlines around ellipse at the later times with Re=3000, aspect ratio=0.2 and angle of attack=0 degrees.

Figure 7. The instantaneous values of: (a) drag coefficient, (b) the lift coefficient versus time for an ellipse with Re=3000, aspect
ratio =0.2 and angle of attack=0 degrees.
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Figure 8. The averaged values of: drag coefficient, D, versus
Reynolds number, for an ellipse with Re=3000 and aspect
ratio=1compared with experiment [20,21].

Figure 10. The averaged values of separation angle versus
time for an ellipse with Re=3000 and aspect ratio=1 compared
with experiment [20,21].

available in this regard.

6. CONCLUSIONS

Figure 9. The averaged velocity on the symmetric axis behind
an ellipse with Re=3000 and aspect ratio=1 compared with
experiment [20,21].

downstream of the ellipse, and reveal the mechanisms
of formation and paring of smaller eddies a long
time run with a relatively longer computational
domain is presented. In Figure 11 the velocity
vector at the center of the computational elements,
blobs are plotted.
By using an angle of attack=30 degrees, the
instability of the flow is better pronounced. Clearly,
the behavior of the flow is similar to that of a circle
with almost the same Strouhal number [11,13].
Unfortunately, no experimental measurements were
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The numerical results show that the random vortex
method can accurately simulate the turbulent flow
around and downstream of an ellipse. Although
there are not instantaneous experimental measurements
available, but the results are in a good agreement
with the little available data. The variation of the
geometrical parameters has an important effect on
the structure of flow. Among these parameters the
effects of the angle of attack is more pronounced.
There is a continuing research underway to use the
results as a prelude to extend the scheme to more
complex geometries.
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