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Abstract This paper presents a new methodology for complete solution of general shape deep
drawn parts. Evaluation of forming severity, estimation of the punch load and prediction of the
thickness variation are the major results obtained in this work. The punch work is the summation
of the homogenous work of flange deformation and bending and frictional works. To evaluate the
strain energy of the flange, the so-called matrix method of slip line is used. To overcome the
weakness of slip line field in prediction of the thickness variation, the so-called genetic algorithm
has been adopted. In this procedure, the actual velocity field has been computed and used in
energy formulation. The predicted thickness strain, punch load and forming severity have been
compared with some published experimental results.

Keywords Deep Drawing, Slip Line Field, Matrix Method, Forming Severity, Bending Model,
Genetic Algorithm

ﭼﻜـﻴﺪﻩ ﺩﺭ ﺍﻳـﻦ ﻣﻘﺎﻟﻪ ﺭﻭﺷﻲ ﺟﺪﻳﺪ ﺑﺮﺍﻱ ﺗﺤﻠﻴﻞ ﻛﺎﻣﻞ ﻛﺸﺶ ﻋﻤﻴﻖ ﻗﻄﻌﺎﺕ ﺑﺎ ﺷﻜﻞ ﻋﻤﻮﻣﻲ ﺍﺭﺍﺋﻪ ﮔﺮﺩﻳﺪﻩ
 ﻧﻴﺮﻭﻱ ﭘﺎﻧﭻ ﻭ ﺗﻐﻴﻴﺮﺍﺕ ﺿﺨﺎﻣﺖ ﺍﺯ ﻣﻬﻤﺘﺮﻳﻦ ﻧﺘﺎﻳﺞ ﺑﺪﺳﺖ ﺁﻣﺪﻩ ﺩﺭ ﺍﻳﻦ، ﺳـﻨﺠﺶ ﺣـﺪ ﻛﺸـﺶ ﭘﺬﻳﺮﻱ.ﺍﺳـﺖ
 ﺧﻤﺶ ﻭﺭﻕ، ﺍﺯ ﻣﺠﻤﻮﻉ ﺍﻧﺮﮊﻱ ﻫﺎﻱ ﻣﺼﺮﻓﻲ ﺩﺭ ﺗﻐﻴﻴﺮ ﺷﻜﻞ ﻫﻤﮕﻦ ﺩﺭ ﻓﻼﻧﺞ، ﻛﺎﺭ ﻧﻴﺮﻭﻱ ﭘﺎﻧﭻ.ﻣﻘﺎﻟﻪ ﻣﻲﺑﺎﺷﻨﺪ
 ﺑﺮﺍﻱ ﻣﺤﺎﺳﺒﻪ ﺍﻧﺮﮊﻱ ﺗﻐﻴﻴﺮ ﺷﻜﻞ ﻫﻤﮕﻦ ﺩﺭ ﻓﻼﻧﺞ ﺍﺯ ﻣﻴﺪﺍﻥ ﺧﻄﻮﻁ.ﺩﺭ ﻟﺒﻪ ﻣﺎﺗﺮﻳﺲ ﻭ ﺍﺻﻄﻜﺎﻙ ﺑﺪﺳﺖ ﻣﻲﺁﻳﺪ
 ﺑﺮﺍﻱ ﺟﺒﺮﺍﻥ ﻣﺤﺪﻭﺩﻳﺖ ﻣﻴﺪﺍﻥ ﺧﻄﻮﻁ ﻟﻐﺰﺵ ﺩﺭ.ﻟﻐـﺰﺵ ﻭ ﺭﻭﺵ ﻋﻤﻠﮕـﺮﻫﺎﻱ ﻣﺎﺗﺮﻳﺴـﻲ ﺍﺳـﺘﻔﺎﺩﻩ ﻣـﻲﺷـﻮﺩ
 ﺑﻄﻮﺭﻳﻜﻪ ﺑﻪ ﻛﻤﻚ ﺍﻳﻦ ﺭﻭﺵ. ﺍﺯ ﺍﻟﮕﻮﺭﻳﺘﻢ ﺑﻬﻴﻨﻪ ﺳﺎﺯﻱ ﮊﻧﺘﻴﻜﻲ ﺍﺳﺘﻔﺎﺩﻩ ﻣﻲﮔﺮﺩﺩ، ﻣﺤﺎﺳـﺒﻪ ﺗﻐﻴـﻴﺮﺍﺕ ﺿﺨﺎﻣﺖ
 ﺩﺭ ﭘﺎﻳﺎﻥ ﻧﺘﺎﻳﺞ ﺑﺪﺳﺖ ﺁﻣﺪﻩ ﺩﺭ. ﻣﻴﺪﺍﻥ ﻭﺍﻗﻌﻲ ﺳﺮﻋﺖ ﻣﺤﺎﺳﺒﻪ ﻭ ﺩﺭ ﺭﻭﺍﺑﻂ ﺍﻧﺮﮊﻱ ﻣﻨﻈﻮﺭ ﻣﻲﮔﺮﺩﺩ،ﺑﻬﻴـﻨﻪﺳﺎﺯﻱ
. ﻧﻴﺮﻭﻱ ﭘﺎﻧﭻ ﻭ ﺷﺮﺍﻳﻂ ﻛﺸﺶ ﭘﺬﻳﺮﻱ ﺑﺎ ﻧﺘﺎﻳﺞ ﺗﺠﺮﺑﻲ ﻣﻮﺭﺩ ﻣﻘﺎﻳﺴﻪ ﻗﺮﺍﺭ ﻣﻲﮔﻴﺮﻧﺪ،ﻣﻮﺭﺩ ﺗﻐﻴﻴﺮﺍﺕ ﺿﺨﺎﻣﺖ

1. INTRODUCTION
In modern metal stamping technology, process
control plays an increasingly important role. The
process control may relate to some variables such
as material properties, tooling geometry, blank
holder force, blank size etc. Estimating the
influences of such variables on sheet metal
forming processes will provide a better
understanding of sheet metal formability and
finally reduce the die try-out costs.
The effects of process variable have been so far
investigated by many different analytical and
numerical methods. Upper bound, slip line field,
finite difference and the energy methods have been
the most common tools during 1980’s [1-12].
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Due to high-speed computers during 1990’s, the
most of the numerical techniques in modeling of
sheet metal forming are based on finite element
method [13-17]. Dynamic, quasi static and onestep are the major finite element approaches in the
commercial available software. Some of these
codes are quite capable of providing the details of
strain distribution and forming severity. However,
general FEM analyses of three-dimensional
forming processes require extensive data
preparation.
This paper describes a methodology for
estimation of formability in deep drawing of the
polygon shells. The base of geometry construction
is similar to FEM connectivity approach. The
system will be used for design purposes, where the
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user would try many iterations to optimize the
process. Accordingly, the specification of the
system is such that the total time required to
produce an answer, including the time to input the
geometry be limited to minutes, as opposed to
hours (such as FEM). The methodology is based
on matrix method of slip line fields (SLF) and
energy method. Also an optimization technique is
used for determination of the actual velocity field
and ultimately gaining the thickness distribution all
over the deep drawn part.
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Figure 1. Mechanics of deformation on a segment of deep
drawn part.

2. THEORY
Figure 1 explains qualitatively the mechanics of
deformation on a segment of a deep drawn part.
The figure shows four distinct regions on the part.
In the flange zone the strain energy and frictional
resistance are the major sources of energy
consumption. The force transmitted to the wall
mainly depends on the strain energy spent for
deformation at the flange region. The strain energy
highly depends on the blank geometry, material
properties and thickness. The bending effects and
die frictional conditions are other influencing
factors on the wall resistant force. With this view,
the force on the wall at every stage of punch
movement can be obtained by summation of the
homogeneous work of deformation at the flange,
the bending-unbending work at die profile and the
frictional work. In such a case, the balance of
energy can be obtained by the following
expression:

∫ fdu = ∫ ( ∫ σdε )dv + W

b

+ Wf

(1)

can be evaluated.

2.1 Slip Line Field
To estimate the
homogenous work at the flange area, SLF has
been used. The so-called matrix operator
method [6] was the base of the SLF calculation
in the present work. In this technique, the
radius of curvature of a slip line is expressed as
a uniformly convergent double-power series.
Any slip line could be represented as a column
vector of the coefficients in the series
expansion of its radius of curvature. For a
regular net (Figure 2) used in this work, the
relations are so:
∞

R( α ) = ∑ a n
n=0

∞

S ( β ) = ∑ bn
n =0

Where " f " is the force required to draw the
wall by the incremental distance "du", " σ " and
" ε " represent the caushy stress and logarithmic
strain tensors currently in the flange. " Wb " is
the work required for bending and unbending at
the die radius. " W f " is the contribution of the
frictional work. If draw bead exists, its
contributing work can be added to the total
work. Once the wall resistant force is obtained,
the stress value and therefore forming severity
172 - Vol. 16, No. 2, July 2003

αn
T
= X OA
Xα
n!

(2)

βn
T
= X OB
Xβ
n!

(3)

Where R (α ), S ( β ) are the radii of curvatures
in the slip lines, X α , X β are column vectors of

α , β and X OA , X OB are column vectors of
constant coefficient (a i) in base slip lines.
For more details of these relations it can be
referred to Reference 6. Once the slip line field is
constructed, the velocity at any point on the blank
can be computed. Also the material flow lines can
be determined by assuming the major principal
IJE Transactions B: Applications

ratios, i.e. λ 12 , λ 22 , which can be expressed by the
following expression:
λ 21 , λ 22 =

c11 + c 22
±
2

 c11 − c 22 
2

 + c12


2
2

(6)

The logarithmic principal surface strains are

ε 11 , ε 22 = Ln( λ 1 , λ 2 )

(7)

For every element, ε has been calculated
according to the components of principal
strain by using the following equation:
ε =

Figure 2. Regular net and two base slip line OA and OB.

stress direction as the flow direction. Integrating
the material flow lines in the same manner
reported by Reference 7 develops assuming the
constant thickness and constant volume
conditions, the blank.

2.2 Strain Energy Every region between
two flow lines has been divided into some
quadrilateral elements with equal surface area.
Knowing all the nodal coordinates, the history
of strain in every element has been calculated
by the method proposed by Sowerby et al. [8].
The deformation gradient F has been evaluated
from the nodal positions at the initial and final
configurations:
dx=FdX

(4)

Where X is initial nodal position, x is final
nodal position and F is deformation gradient
tensor.
The Cauchy-Green deformation tensor “C“
has been computed according to the following
expression:

C = FTF

(5)

Eigenvalues of “C “ are the squares of elongation
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2  2 + r

3  (1 + 2 r )2


(ε

2
1

+ ε 22 + r (ε

1

− ε

)

2

2



)

(8)

Where, “r” is the normal anisotropy value.
Considering the stress-strain curve in the general
form of:

σ = f( ε )

(9)

then the strain energy for material deformation
between two flow lines can be determined.

2.3 Bending In the region of the die radius,
the sheet metal undergoes bending and
unbending. Figures 3 and 4 illustrate the model
used in this work for computing the bending
strain. Figure 3 shows the section view of the
strip. In the figure the strip has been divided
into some quadrilateral elements with equal
surface area under the plane strain conditions.
The configuration of any element that enters
the die profile zone changes according to Figure 4.
At the exit zone every element undergoes
unbending and the element configuration changes
to its original form.
Knowing the nodal coordinates of every
element before and after bending deformation,
the bending equivalent strain energy can be
calculated similar to that described for strain
energy calculation in the flange zone. The strain
energy calculated by this model depends on the
number of elements at the bending zone. Figure
5 shows the relation between bending energy
and number of elements. When the number of
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obtained when φ ≤

0.05
(R and T are in mm).
R+T

This method does not need a long computation
time, because computation is done only for one
element and the number of elements passing the
start point at bending zone then multiplies the
result.

2.4 Friction

In this study, the energy
contribution of friction between die, sheet and
blank holder is considered according to Columb’s

Bending Energy (N.mm/mm)

elements increases, the solution converges to a
specific value. Based on several numerical
results, it was found that good results will be

10
8
6
4
2
0
0

5

ln(N)

10

15

Figure 5. Bending energy converges to a single value with
increasing number of elements.

equation:
dw f = 2 µAPbh du

(10)

where “ A ” is the element surface area and “ Pbh ”
is the blank holder pressure.
The effect of coil friction at bending region is
expressed as:

F = F0 e µα

Figure 3. The plane strain strip bending model.

(11)

2.5 Split Prediction Referring to Figure 1, the
splitting condition occurs on the wall under the
plane strain mode.
For a material having a work-hardening
characteristic σ = K ( B + ε ) n the effective strain
and stress at the instability condition can be
expressed by [9]:

εi =

1+ r
n−B
(1 + 2r )0.5

σi = K

1+ r
(B + ε )n
0.5
(1 + 2r )

(12)

(13)

Also the wall thickness “t” can be expressed
according to the initial thickness “ t 0 ” by:
Figure 4:The element deformation in bending area.
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t = t0eεi

(14)
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With this view, the nominal stress “ σ n ” required
for instability under plane strain can be expressed
by:

σn =σi

t
t0

(15)

2.6 Thickness Estimation In the preceding
section, because of the plane strain assumption,
we were not able to judge about thickness
variation during the deformation process.
However, the importance of prediction of
thickness variation is as important as the
forming severity prediction. To complete our
theoretical work, a special methodology was
adopted in prediction of thickness changes. In
this methodology the so-called genetic
algorithm was used for estimation of the
velocity field and the thickness strains. More
details are discussed below. Consider a strip of
sheet that is bounded with two metal flow line.
If the actual velocity field is known all over this
two flow lines, we can predict the new position
of each point after ∆t seconds. Then with
discretizing this strip into finite number of
elements we can use the methodology described
in section 2.2 to compute strain energy, force
and thickness variations.
To evaluate the thickness variation, the
actual velocity field is estimated according to
the following expressions:
v = v linear + v nonlinear

(16)

v linear = (1 − ξ) v A + ξv B

(17)

v B and a 0 − a k are unknown. These parameters
must be so chosen to result the minimum of strain
energy. For such optimization the genetic
algorithm [10] has been adopted.

3. Numerical Work

Based on the preceding
descriptions, a general-purpose program was
developed for construction of the slip lines and
material flow lines. Figure 6 displays the results of
the program for a polygon die cavity .The blank

Figure 6. Blank development and mesh generation for a
polygon die cavity.

v nonlinear = (a 0 + a 1ξ + a 2 ξ 2 + ⋅ ⋅ ⋅ + a k ξ k ) sin(2πξ) v A =
k

( ∑ a i ξ i ) sin( 2 πξ ) v A

(18)

i=0

ξ=

s − sA
sB − sA

(19)

“A” is a point in the entrance of die and “B” is in
the blank edge. The magnitudes of v A are known
(has a relation with punch speed) but the values of
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Figure 7. The mesh generation in a predefined rectangular
blank.
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TABLE 1. Mechanical Properties of the Sheet Material.

Experiment

Material

K
(MPa)

n

DD
HS
BR

0.18
0.18
0.42

547
1059
895

Punch
Punchforce
Force(KN)

100
Sheet
Thickness
(mm)

r

1.65
0.95
0.85

0.70
0.70
0.70

Model

80
60
40
20
0
0

20

40

60

80

100

Punch Depth (mm)
(a)

TABLE 2. Tooling Parameters.

Experiment

102.5

(mm)

diameter

Blank

(mm)

Die diameter

diameter(mm)

100

200

Model

80
Punch Force

5

Punch force (KN)

13.5

Punch

radius (mm)

Die profile

radius (mm)

Punch profile

100

60
40
20
0
0

20

40

60

80

Punch Depth (mm )
(b)

n

Wh = ∑  ∫ f ( ε )dε ∆Vi
ε

i =1  1
ε2

Experiment

200

Model

160

Punch Force

Punch force (KN)

edge is computed for increments of punch
movement in such a way that constructs
quadrilateral elements with equal area between
every pair of flow lines. Also as shown in Figure 7,
integration can be carried out up to a predefined
blank edge (user defined blank). Figure 7 displays
the results of blank development and construction
of quadrilateral elements for a prescribed
rectangular blank shape in the polygon shell.
Based on discussion in section 2.2, at every
increment of the punch movement, the strain
energy between two flow lines is calculated
according to the following expression:

120

80

40

(20)
0

Where “ ∆V ” is the element volume and “n” is
the number of elements between two material
flow lines during the punch stroke.
According to Equation 1, punch force is
computed by equating the internal and external
works. Summation of strain, friction and
bending energies gives an equivalent
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50

Punch Depth (mm)
(c)

Figure 8. Comparison between theoretical and experimental
results of punch force for: (a) DD, (b) Brass and (c) HS.
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40
Maximum Punch Force

Die Profile
Radius

Die Corner
Radius

Die Cavity

Punch Profile
Radius

Punch Size

Punch Corner
Radius

TABLE 3. Tool Geometry for Deep Drawing of Square
Sheet.

30
20
Experiment

10

Model

0
10

20

30

40

50

60

6.35

Percentage of Side Cut -off
(a)

4.75

40.6x40.6

4.75

4.75

Square

38.1x38.1

0

TABLE 4. Material Properties for Deep Rawing Square
Sheet.

Material

K0

ε0

ε& 0

n

m

r

(MPa)

Maximum Punch Force

30

20

10

Model

0
0

2.78

EIDQ

620.6

0.19

×10−4

Experiment

0.5

0.0067

10

20

30

40

50

60

Percentage of Side Cut -off
(b)

1.0

horizontal force ( Feq 0 ) for every strip of sheet
between two metal flow lines:

Feq 0 =

( Wh + Wb + W f )
Up

(21)

At die profile zone, displacement of this force is
equal to the punch movement. “ Feq 0 ” is computed
in the entrance of die profile radius. When the strip
passes the die profile zone, the effect of coil
friction must be added:

Feq = Feq 0 e

(

µπ
)
2
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(22)

Maximum Punch Force

40
30
20
Experiment
Model

10
0
0

10

20

30

40

50

60

Percentage of Side Length Cut -off
(c)
Figure 9. Comparison between theoretical and
experimental data of maximum punch force for different
blank size. Size of the Square Blank (a) 95, (b) 90 and
(c) 100 mm.
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TABLE 5. Material Properties for Circular Cups.

blank shape: circula

Nominal stress

6
Material

K

Thickness
n

r

53.5

0.227

0.615

0.7

333.6

0.485

0.833

0.75

(mm)

(MPa)

4.5
3
Soft

1.5

Aluminum

0
0

50

100

150

200

Soft 70/30

Material flow line numb
(a)

Brass

Nominal stress

Nominal stress (MPa)

blank Shape: Square95 x 95

Nominal stress

300
200

150
100

present model

50

critical stress

0

100

0

90

180

270

360

Number
of material
flow
Number
of material
flow lines
(a)

0
100 150 200 250 300
40

Material flow line num
(b)

Figure 10. Distribution of nominal stress over the part
wall: (a) circular and (b) square cup.

Nominal stress

50

Nominal stress (MPa)

0

30

20
critical stress
present model

10

0

To consider the effect of unbending the following
equation is used:

Fpi = Feq +

Wub
Up
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(23)

0

90

180

270

360

Number
of material
Number
of materialflow
flow lines
line
(b)

Figure 11. Comparison between nominal stress and critical
stress in cylindrical cup: (a) brass and (b) soft AL.
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present model
critical stress
Nominal stress (Mpa)

400
300
200
100
0
0

90

180

270

360

Number of material flow line

0.2

experiment

0.1

present mo

0
0
-0.1

50

100

150

-0.2

Figure 14. Blank geometry and location of diagonal and
centerline strips in square cup.

0.4

distance from cen

experiment

0.2
0.1
0
-0.1

-0.3

present mode

0.3
Thickness strain

thickness strain

Figure 12. Comparison between nominal stress and
critical stress in square cup.

0

20

40

60

-0.2
Distance from cent

Figure 13. Thickness strain distribution for a
cylindrical cup (DD material and 30mm punch
movement).

Where” Fpi ” is the share of the punch force
for every strip between two metal flow
lines. “ Wub ” is the unbending work which is
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Figure 15. Thickness strain distribution
centerline strip in Figure 14 (EIDQ material).

for

equal to bending work. Finally the total
force can be determined with the following
expression:
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present model
experiment

Thickness strain

0.4
0.2
0
-0.2 0

50

100

-0.4
-0.6
Distance from center

Figure 16. Thickness strain distribution for diagonal
strip in Figure 14 (EIDQ material).

been provided for several materials in circular
cup drawing. Table 1 displays the properties of
materials used in these experiments. Table 2
reveals the tooling parameters used in the
experiments.
For these materials stress-strain relation has
been defined according to the power law:

σ = kε n

(25)

Figure 8a compares the results of punch loads
for both experiment and present numerical
model for Deep Drawing Quality Steel (DD).
The maximum force in both curves matches
very well. Similar results can be observed for
brass and high strength steel as shown by
Figures 8.b and 8.c, respectively.

4.2 Nominal Stress

m

F = ∑ Fpi

(24)

i =1

“m” is the number of flow lines around the die
cavity.
For thickness calculation, Equations16-19
is used. Since v nonlinear has a small value for
straight flow line, parameter k is considered
zero for some parts like circular cups. For
other parts k = 2 has been used.

4. VERIFICATIONS
In this work, the published experimental results
reported by Saran [11] and Majlessi [12] are
adopted for verification of the results. Two types
of circular and square shells have been examined
as the following:

4.1 Punch Force
4.1.1 CIRCULAR CUPS In Reference 10 the
experimental results of punch stroke force have
180 - Vol. 16, No. 2, July 2003

Using the method
presented in this study, it is possible to
evaluate the distribution of sheet nominal
stress at die cavity edge for every step of
punch movement. Figure 10.a shows this
distribution for DD material and circular blank
versus metal flow number around die cavity. In
the figure, because of the circular symmetry,
the stress distribution is uniform over the die
profile. Also Figure 10.b shows the nominal
stress distribution for DD material in square
cup. The minimum stresses occur in the middle
of the straight edges.
The stress increases by approaching the
corners. The maximum of stresses occurs at
the intersecting point between the straight and
corner edges. This condition of corner stress
can be explained according to the shape of the
material flow lines. In that region in the
middle of the corners the material flow lines
are approximately straight and therefore less
strain energy is consumed comparing with that
in the corner zone

4.3 Split Prediction Comparing the result
of the part nominal stress with plane strain
limit of the stress, forming severity has been
evaluated. Figures 11 and 12 show the
distribution of nominal stress over circular and
square cups. The experimental results indicate
that in all cases split occurs on the part. The
IJE Transactions B: Applications

predicted nominal stress in circular cups has
less than 10% difference with the results
obtained by Equation 15. Material properties
for these sheets are given in Table 5. The
result of stress calculation on square cups
indicates the absolute condition of splitting.
Figure 12 shows the condition of splitting in
squared cups.

4.4 Thickness Variation Figure 13 shows
the distribution of thickness strain in circular
cup after 30mm punch movement. The
present model predicts a smaller strain
compared with the experimental result. The
main reason for this difference may be due to
the neglecting of the sheet stretching over
the punch profile and the existence of
simplified assumption on material property
and theory of deformation.
Figure 14 shows the diagonal and
centerline strip of a square blank that have
been analyzed with genetic algorithm. Figure
15 and 16 shows the distribution of thickness strain
in the strips after 20mm punch movement for
diagonal and centerline strip, respectively. For
centerline strip there is a good agreement
between experimental results
and the present model. But in the diagonal strip
there is an unstable performance. This behavior
may be explained as the result of characteristic of
material flow line at the corner zone in the flange
area.

distortion technique at the die profile zone.
The methodology is expected to be very
useful at the process design and die tryout
levels. The effects of blank geometry, tooling
parameters, material properties, blank holder
force and friction can be examined within
minutes. Also to overcome the weakness of
the slip line method in predicting the
thickness variation, an optimization technique
was used for estimation of the actual velocity
field. Compared with the experimental
results, the results of force calculations and
split predictions are quite reasonable. With
this model the maximum punch force can be
determined with a very good precision. The
results of thickness prediction are reasonable
and can be improved by increasing the
number of unknown parameters in the
optimization procedure.
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