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Abstract Inthis work, the method of iterative Fourier transform phase reconstruction, conventionally
used 1n holography and optical image reconstruction, is applied to phase only synthesis of antenna
patterns. The method is applied to two types of pattern synthesis problems: "main lobe beam shaping” and
"side-lobe-levelreduction”. The proposed method is most useful in the efficient employment of attainable
radiation power of antennaarray elements, when applied to uniform amplitude distribution of the aperture.
Easy reconfiguration of phased arrays, with any desired amplitude distribution is also made possible
through the application of the method. Simulation results demonstrate excellent control of side-lobe-
levels as well as pattern shapes. The algorithm converges very rapidly, when applied to beam shaping,
while, in side-lobe-level control, convergence is achieved at slower rates. Data displaying the resulting
phase distribution of the apertures along with synthesized patterns and rates of convergence of various
examples are presented and discussed.
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INTRODUCTION

In order 1o minimize the wasted transmitted power and
achiceve arequired radiation coverage for an antenna, it is
important to shape the antenna pattern. Efficient use of
microwave amplifiers in a phased array antenna requires
excitation of all amplifiers at their peak attainable power.
This has led to much attention being paid to phase-only
synthesis of radiation patterns [1,2]. In this paper we
propose a numerical technique to synthesize any desired
pattern by shaping relative phase of the radiating elements,
allowing theiramplitude to take on any desired distribution.
The algonthm isbased on Constrained Iterative Restoration
(CIR) methods, originally used in holography and optical
image restoration [3]. In applying the CIR algorithm, the
amplitude of the desired pattern and the amplitude
distribution of the aperture are assumed to be given, and
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through aniterative procedure, aperture phase distribution
1s determined. Excellent control of side-lobe-levels. as
well as pattern shapes, result throughout procedure.

THE ITERATIVE METHOD

The basic form of the algorithm was originally used in
electron microscopy the Gerchberg and Saxon [4]. The
algorithm was then generalized by Fienup and called the
"error-reduction” approach. In order to speed-up the
convergence, he further modified the algorithm and called
it the "input-output” approach [3]. The algorithms were
mainly used in optical holography, spectral extrapolation,
andremoval of distortion in signal processing. Convergence
of the algorithms, as subclasses of abroad class of restoration
algorithms, was discussed by Shafer et. al. [5].

The method, as represented by Fienup, was applied to
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Fouricer transform pairs. Here, we will restate the procedure
in a form that may be applied to antenna pattern synthesis
problem. Adaptation of the procedure is made possible by
the straightforward similarity between Fourier
transformation and pattern-aperture relations.

Suppose that F and I are two-dimensional Fourier
transform pair sequences 1.e.

I= % [F]; (1)
where F and I are complex functions such that

F=IFlexp (j9); I=l1llexp gy). 2)

Generally, in a reconstruction problem, only partial
information is available in each domain, and the problem
is to reconstruct I and F. In problems with which we are
concerned, IFl and Il are related to the pattern and aperture
amplitudes and are assumed to be known, while y and ¢
are related to the aperture and pattern phase and are to be
determined.

A block diagram of the error-reduction approach to
solve this problem is shown in Figure 1.The procedure is
as follows: F'_ an cstimate of F at trial k is Fourier
transformed, resulting in 17, It is then made to satisfy
constraint C,, to resultin [ . 1.e

' =1"lexp (G w,) (3)
[=C{1' }=1exp (y,) 4)
Here, C, replaces the amplitude distribution of I’ by
the desired form 111, The next step is then to take the inverse

Fouricr transform of I, to result in F* . The last step in the
iteration is to enforce the desired constraint on F’k toresult
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Figure 1. Error reduction approach.
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inF _ ,le

F’ =IF" lexp 4o’ (5)
F . = C,(F")=IFl exp Jo’ )= IFMI exp (jo,,,) (6)
or

IFkHl = le (pk+l = (p/k

where, the amplitude is replaced by the desired form and
the phase is left unchanged. Successive transformations
and enforcement of constraints in both domains continue
until constraints are satisfied in each domain, prior tobeing
enforced. 1.e

I,~1,, E, =F, (7)

Different methods of choosing an initial estimate have
been proposed. Our simulation results, however, show that
any initial estimate leads to the same quality of results at
about the same speed. A random scquence as the initial
guess for ¢ is as good as any other choice.

It is worth noting that there is no need to apply any
constraints on the phase of the pattern (related to the phase
of F). Thus, the solution to the problem is not unique and
additional constraints may be enforced. Onc possible
constraint that may be of interest is to force the aperture
phase to behave smoothly. To achieve this, we may fit a
low order polynomial to the phase distribution at every
iteration, guiding the algorithm to converge to a solution
with the desired property (i.e. smooth phase distribution.)
However. it must be kept in mind that constraints must
always be as relaxed as possible. Weaker constraints will
result in faster convergence.

One criterion by which, convergence of the algorithm is
measured, is the normalized mean-squared-error (MSE),
which is defined in each domain by

E12=| |1k-1,;| |2 )

112
”’k”

9)

where Ix| is the Euclidian norm of x. It has been shown that
the MSE can only decrease after each iteration, and thus
convergence is guaranteed [3,5.6]. Thisis why the algorithm
is called "error-reduction”.

An alternate form of the algorithm, called the "input-
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putput” approach, modifies the last step of each iteration as
follows:

= = IF exp (9 (10)

., = F L+ BAF =1F_ lexp(jo,,) (1)
where AF is an estimated correction term that must be
wdded to F', 1o guide it towards the form that satisfies
constraint C . and B, is the convergence coefficient. Smaller
values of  results in a slower rate of change in F . while
large values of B causes the algorithm to end up in
oscillations, undergoing overshoots and undershoots.
"Error-reduction” approach is a special case of this
algorithm in which B=1 and

AF =1Flexp (jo') - F,

A good choice for AF | is suggested to be given as follows:

AFa=L{F| B F |+ | R r] B
2 lel |F, | lel
IFlexp (o) ; [F" +IFlexp (o, )] (12)

Compared to the "error-reduction” approach, this choice
of AF . gives rise 10 more cautious steps towards the
desired solution. Here, the second term is taken to be the
average between present solution and previous desired
form. This choice of AF  reduces the amountof osciltations.
causing the algorithm to converge faster.

Optimum choiceof B_atk thiteration is shown to be the

expected value
B, = [{ M] (13)
|

Our simulation results, however, show that setting 3 equal
to unity results in about the same rate of convergence 1n
pattern synthesis applications. Thisis due to the fast rate of
convergence, resulting in the expected value becoming
very close to unity after a few 1terations.

LLINEAR ARRAY SYNTHESIS
A lincar array of N equispaced 1sotropic radiators s
considered for synthesis. Ignoring mutual coupling the

radiation pattern is given by:

N-1
Fu)=Y, llexp(jv—ul) (14)

=0
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where
u=Nd Sing (15)
A

d 1s the element spacing, A is the free space wavelength,
gisthe viewing angle as measured from the array broadside
normal, and 1 is the ith element complex excitation
current. The above relation is the basis for using Fourier
Transform relations in pattern synthesis problems. 1.e.

F(n)=%"{ Zlexp(] ni); 0<n<N-1 (16)

=0

where the operator 2 ' represents an N point inverse
discrete Fourier Transformand I is the sequence of complex
excitation current of the array elements. Thus, the problem
isreadily formulated to the Fourier Transform pair synthesis
problem discussed in the previous section. The only
difference here, is that constraints are to be enforced only
in the visible region of a(or n), corresponding to the values
of n between Nd/A and -Nd/A. For positive values of n, this
translates to two regions of 0<n<Nd/A and N-Nd/A<n<N.

SIMULATED RESULTS

The input-output algorithm was applied to two types
synthesis problems: "beam shaping” and "side-lobe-level
control”, on an array of 32 equispaced isotropic radiators.
The Iength of the array was chosen to be SA. The criteriaby
which the quality of results 1s measured are two parameters
of side-lobe-level (SLL) and ripple, as defined by

maximum pattern kevel at largest sde lobe

SLL= 20 log
maximum pattern kevel

(17)

synthesized pattern I (18)
desred pattern

ripple= 20 log max [F-

where, ripple is measured only over the main beam where
the pattern is to be shaped.

Beam shaping

An example tor beam shaping, the desired pattern was
chosen 1o be in the form of CSC, between ®=3° and
=65, Outside the shaped region, the desired pattern was
ot toosatisty side-lobe-level requirements. Aperture
amplitude disuributions of uniform, and cosine squared on
a pedestal were used as examples and in each case the
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SREISI eI

phase distribution was synthesized. Results show that
excellent fit to the desired patterns may be achieved in
cvery case. The rate of convergence is very fast forregions
where the desired pattern is down to about -10 to -15 dB.
Generally, less than 10 iterations results in satisfactory fits
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Figure 2. CSC pattern synthesized by uniform amplhitude
distribution. (a) pattern, (b) aperture phase distribution,
(c) convergence.
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of main lobe down to-10dB regions. Regions of the pattern
with smaller values are fitted in a slower manner, requiring
up to 100 iterations. Figures 2 and 3 show the results for
uniform and cosine squared on a pedestal distribution,
applied to the algorithm for CSC beam shaping. Figures
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Figure 3. CSC pattern synthesized by cosine squdred on a
pedestal amplitude distribution. (a) pattern, (b) aperture
phase distribution, (¢) convergence.
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1) and 3(a) demonstrate the resulting patterns after 10
d 100 1terations, and Figures 2(b) and 3(b) present the
1thesized phase distributions. Part (¢) of the figures plot
ples, as defined by (18) versus the number of iterations.
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ure 4. Cosine pattern synthesized by uniform amplitude
distribution. (a) pattern, (b) aperture phase distribution,
(c) convergence.
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The later tigures demonstrate that the algorithm progresses
very fast at the starting iterations, but small offsets are
corrected slowly thercafter.
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Figures.

Cosine squared pattern synthesized by uniform amplitude
distribution. (a) pattern, (b) aperture phase distribution,
(¢) convergence.
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Side-lobe-level control

Uniform amplitude distribution was applied to the algorithm
to synthesize patterns produced by cosine distibution,
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Figure 6. -20 dB Si.L. Chebychev pattern synthesized by uniform
amplitude distribution. (a) pattern, (b) aperture phase
distribution, (¢) convergence.
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cosine squared distribution, and Chebychev optimum
equiripple distribution with -20 dB SLL. Results are
presented in Figures 4,5 and 6. Part(c) of the figures plot
SLL versus the number of iterations. Slower rate of
convergence compared to beam shaping is clearly
demonstrated in these figures. Results, however, suggests
that radiation efficiency of the array may be greatly
improved by the resulting relative phase of the radiators,
where, without the need for taper in amplitude distribution.
side-lobe-levels of down to =30 dB are achieved in the case
of Figure 5, and optimum cquiripple is very closely
produced in Figure 6.

CONCLUSION

It 15 possible 10 obtain aperture phase distribution for
virtually any aperture amplitude distribution in order to
approximate any desired pattern. In this paper we have
demonstrated that the iterative Fourier transform phase
reconstruction method is a very simple and etficient
algorithm to determine such a phase distribution. A 32
element array of length SA for CSC heam shaping and
stde-lobe-level control of uniform amplitude distribution,
were chosen as examples to demonstrate some numerical
results. Very small ripples in CSC beam shaping (less than
1 dB) were achieved after Iess than 100 iterations. In side-
lobe-level control, SLL's of down to -30 dB and an
optimum equiripple pattern of -20 dB SLL were achieved
for uniform amplitude distribution.
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