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Abstract An efficient numerical method for the design and synthesis of compensator for a relay type
control system is developed and discussed. Previous works based on the interactive graphic method are reviewed
and it is shown that the combination of the trequency and time domain numerical techniques provide a powerful
tool in design of a wide class of relay control systems. An example is presented to demonstrate the efficiency of

the procedure.
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INTRODUCTION

The computer based graphical techniques des-
cribed previously [1] are extended and refined
to generate a more efficient and robust num-
erical method for the synthesis of compensator
for a class of relay-type feedback control
systems. The separable relay element may be
single or multi-valued, exhibiting dead-zone
and hysteresis. It has been shown [2] that
for such a nonlinear system different graphical
computational procedures based on the sinu-
soidal input describing function may be
adopted for analysis and design.

© On the other hand the techniques of non-
linear programming may be used to obtain
solution of optimal control problems [3].
These techniques often work satisfactorﬂy in
cases where the desired system performance
can be expressed by a single objective function.
However, the formulation of this cost func-
tion and the resulting mathematical manipula-
‘tions and algorithms in a complex nonlinear

system with highly conflicting parameters can
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present the designer with adifficult task.In this

work attention is focused on the classical
problem of feedback relay control systems
where the desired specification is not easily
expressed by a single performance index.
To meet the need for computer aided design
technique, a new approach based on the
This
approach differs from nonlinear programming

method of inequalities is adopted.

in that no attempt is made to formulate the
performance index and instead each aspect
of desired performance is expressed as a
separable inequality. A moving boundary
process based on the Hill-climbing technique,
[7, 9] is then applied to solve the systems of
inequalities.

The method provides the designer with a
facility for expressing his requirements and
impose constraints easily and directly. When
programmed in conversational mode, the de-
signer uses his judgment to effect trade-offs
and arrive at a realistic formulation of the per-

formance inequalities. In this work the in-

"Vol. 2, Nos. 1 & 2, May 1989— 35



‘equalities are formulated as a set of time and
frequency domain specifications and the para-
meters of the controller are found to meet,
if possible, the desired performance specifica-

tions subject to the imposed constraints.

DESIGN BY THE METHOD
OF INEQUALITIES

A design problem can be formulated as a

set of inequalities
9 (p) < ¢ i=1,2..m )

where c; is a set of real numbers and p

i
denotes a real vector [p; ... p,] and the
¢; are real functions of p. The components
of p represent system parameters and the in-
equalities (1) can represent performance speci-
fications and system constraints, the latter
usually being fixed while the former are
subject to trade offs during the design pro-
cedure. If a direct time domain approach is
to be considered, then the dynamical be-
haviour of the system may be specified by a
set of time functions f(t) for 0 < t < = where
f(t) can represent such functionals as system
rise time, settling time and percentage over-
shoot in response to a specified input time
function. In the non-linear case it is valuable
to consider additional functionals in the fre-
quency domain such as

o;(p)=flw,p),  wi<w<w, (2)

¢; (p)=f(a, p) a;<a<a,

‘to ensure avoidance of critical regions of
possible limit cycle operation or to set bounds
to unavoidable limit cycle behaviour.

Each inequality in expression (1) defines
a set S; of points in the n dimensional space

R", the co-ordinates of this space bcing pq,
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Py e Py, such that
¢;(p)
Si=lp:oip) <4 (3)

‘where ¢;i(p)=c; represents the boundary of

the set S;- If there is a point p in R that

satisfies all the inequalities ¢i(p) < cp i1,
2 ... m, then p is inside every set S; LetS

denote the intersection of all sets S then

s=f ’
T i *)
Thus p satisfies all the inequalities, if and
only if, p is in S. We may say that S is an
admissable set and that any p in S is an admiss-
able point. The design problem can be stated
as follows: it is required to find a value of
peS where S is a non-empty subset of R"
defined by expressions (3) and (4) such that
a point is said to be a solution to the set of
inequalities and hence the design problem.
If, however, there is no solution to the pro-
blem,i.e. when S is empty, then an approxi-
mate solution may be obtained by using the
point p which is inside some of the sets S; and
as near as possible to the boundaries of the
remaining sets. '
Various methods may be used to solve the
problem posed by the set of inequalities given
The method adopted here

is that based on the use of a moving boundary

in expression (1).

process [4] which uses a hill climbing routine.
Let pk denote the value of p at the kth

iteration.
‘define K m & 7
S =n§ (5)
1 'l=1 i
“where
'Sk_[ ' - .k} ]
i —]P'q)(P)\ Ci; (6)
¢ ifo; (pM<c (7)
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=0i(p5) if 6:(p") > ¢; )
k

called a trial and is judged a success if and

A change from p* to some new point Ek is

only if
7~k k . -
ct<c ,i=1,2..m (9)

k+1 =Ek is taken

as the new point in the iterative procedure.

If p* is a success then p**
If pk is not a success a new trial point is
repeatedly chosen until success occurs. The
computational procedure for generating a new
trial point is as follows.

Let v‘i], (=1, 2 ... n) denote the orthogonal
unit vector and ei(i=1, 2, ... n) corresponding

real numbers. A new trial point can be taken

as
pE=p*+ev (10
If pk is a failure, ¢; is replaced by —be;,

0<b<i1 I«f pk is a success, e; is replaced
by de;, d > 1. In either case i is set to (i+1)
and when i=n, (i+1) is set to 1. This process
is repeated until one success is followed by
at least one failure for every e=1, 2, ... n.
The vector wWtl is chosen as follows. Let
D; be the algebraic sum of all successful
values of e; in the direction vJ during the jth
stage and write
no§ ,

Ai—,ququq’l_ ,2..n 11
‘where A, is the vector joining the initial and
final points obtained by using the vectors
vi, v%, erI. A, is the sum of all the advances
made in directions other than the first etc.
If we now orthogonalise the vectors Ai'by
using the Gram-Schmidt procedure we have

Bi=4Aq

+1 ’Bl

L =L
IBy |
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" Evaluation of the

] R B

= J J
BZ_A2—< Az, V]. V1
jH _ i
v2 = B2/H B2 il 2)

n—1 j*l _,7+1

B.=A, I <A_,v\ : v

- 1 k=1 n k k
. j+ 7
v, = Bn / ”Bn

. . J .
Initially at j=0, e; and v are chosen arbi-
trarily. As j increases, the rate of convergence
of sk to s improves because vJ_ becomes pro-
. . 1 .. .
gressively orientated along the direction of
most rapid advance. In this work the values

d=3 and b=0.5 were used.

Frequency Domain
Functional :

Applying the describing function technique
to the autonomous system of Figure 1-b,
harmonic balance equation governing limit
cycle operation can in general be expressed
as:

1+G(jw) N(a, w)=0 (13)

“where G(jw) is the frequency transfer func-

tion of the linear part and N(a, w) is the
describing function gain representing the relay
element and may in general be a function of
both input amplitude and frequency. »
Several graphical procedures based on the
classical methods such as Nyquist and Bode
plot have been suggested for the solution of the
steady state harmonic balance equation (13).
These methods are usually aimed at predicting
and quantifying parameters of the possible
However within the
context of an iterative design program it is

limit cycle operation.

essential to have an efficient numerical method
for the solution of equation (13).

‘Vol. 2, Nos. 1 & 2, May 1989— 37



" The method adopted here is to search for
solution in the space of a and w over a speci-
fied grid of discrete values of aand w.

VDefining

Gr=IN(a, w) G(jw)I=1

Qt =/N(a, w) G(jw)=-n + 27k, (k=1, 2,...

A two dimensional numerical search technique

is used to search along the contours of Gy and
Qr over a specified discrete range of a and

w in the space a— w. If a particular value

of a and w is found that satisfies equation set
(14) simultaneously, then the solution exists
and these values are the parameters of the

predicted limit cycle; if no such values can be

found then the relay system is free from limit

cycling and by an extension of the Nyquist

stability criterion is also stable.

‘Evaluation of the Time Domain Functional

A direct method of evaluation of time
response utilizing state transition method is
applied [5, 8]. ’

Using the usual notation, the state-space
equations of the relay feedback system of
Figure 1—a can be expressed as:

Z=f(a,a) (17)
Xm=Ame+Bme (18)
& = CpXn +Dpye (19)
¢ =r—y ( 20)

'Equations (15)and (16)relates to G(S) and (18),

(19) relates to M(S, P) and the function f(a,3)
represents the relay characteristics which is
assumed to be piece-wise continuous real
function that is defined for all values of a
and a. If r(t) and a(t) can be adequately
represented by their piece-wise constant equi-
valent over interval T, then Z(t) is point-
wise determinable.

Thus for any specified input signal r(t) and a
set of initial conditions X(0), the closed
loop response can be completely defined [8].

‘Computer Programs

The set of design programs are written in an
interactive conversational mode, with com-
munication between the routines being achieved
mostly by the use of data files stored on high
speed disks. A supervisor controls the organiza-
tion of programs, calling the appropriate
routine for execution.

Linear data being input in a natural manner

X=AX+BZ (15) as numerator and denomenator polynomial in
Y=CX +DZ (16) “S” for G(S) and M(S, P). A frequency range
r [ a z

M(S,P) N(A) G(S) s’

(A)
a Y
- N S Y
{b)

Figure 1. Block diagram of the relay control system.

38 —Vol. 2, Nos. 1 & 2, May 1989

“Journal of Engineering, Islamic Republic of Iran



of interest is also entered for evaluation of
frequency response. A subprogram is then
automatically called to obtain the state-space
representation of G(S) and M(S, P), using a
minimal realization routine [4].

The data entry program then requests a
range of input amplitude and the relay charac-

terities which can be of the form of an ideal
relay, relay with dead-zone or a multivalued
relay element. After_the appropriate para-
meters of the relay are entered, another pro-
gram is automatically called to calculate the
describing function gain over the specified
range of input amplitude.

Within the main body of the design pro-
gram, several other subroutines exist which
are executed in each iteration. A program
examines equation set (14) for each discrete
value of input frequency and amplitude for
system with or without compensator, as re-
quired. Another program calculates the tran-
sient behaviour of the relay system for a
specified amplitude of the step input. The
formulation and testing of the systems of
inequalities are carried in another routine and

are solved by the method described in section

[2].

The Design Procedure

In the design procedure the general structure
of the compensator must be chosen. Although
the program is versatile enough to allow any
general structure, it is sensible to choose
initially the simplest possible practical struc-
ture which can, if necessary, be augmented in
any subsequent design. Thus a simple con-
troller of the following form can initially be
chosen:

Pl + PZS B

Py +PyS

M(S, P)= (21)

If the uncompensated system is to be exa-
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" mined then, P1=P3=1 and P,=P4=0. Other-

wise, the starting values of Py, ..... P, for
iterative design is chosen by the designer,
either on the basis of some knowledge and
understanding of the system’s dynamics or
by the classical frequency domain techniques.
It is also to be mentioned that intuition and
“trial and error” is another factor in any such
design procedure. Having decided the para-
meters of the compensator, the relay element
is then represented by its describing function
gain and a computational procedure [6] is
employed to ensure stability. The magnitude
of the step input signal r(t) is chosen and the
desired form of the output y(t) is specified
as rise time, settling time, peak overshoot and
steady-state error.

Constraints can also be placed on the
magnitude of the compensator element. A
set of constraints is also specified for the
frequency domain functionals such as magni-
tude and frequency of the possible limit
cycle operation and bounds on the span of
eigenvalues of G(jw). Starting from the initial
values of the parameter of M(s, p) which
guarantee asymptotic stability, the computa-
tion proceeds in an iterative manner to seek a
solution set of parameters which will satisfy
all the specified inequalities. If such a set is
found the problem is solved. However if such
a set can not be found then either the per-
formance inequalities must be relaxed in a
predetermined order of priority or a more ver-
satile structure for M(s, p) must be used.
To achieve efficient use of the computational
facility in an iterative design procedure such
asthis, it is important for the user to be aware
of the progress of the design and to be able
to isolate quickly those particular inequalities
which are proving most difficult to meet
within the limitations imposed by the physical
constraints. In the design program the result
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0.1 0.2 x

Figure 2. The relay element.

of each iteration is available if required.
Provided that a good initial structure is

chosen for the compensator and that a realistic

7design is usually quite rapid. However,"if

the inequality bounds are too severe the
region of admissable points may be empty
and the design will fail. Alternatively if the
bounds are too wide, solution time will be
short but an improved design will be possible
and should be investigated. It is thus clear
that the successful application of such a
synthesis method requires a detailed know-

ledge of the system dynamics which allows
realistic inequality bounds to be imposed,
a good initial choice of compensator structure
and a fast and accurate method of computing

system transient performance.

'Example
The feedback configuration is given by Figure
(1—a) where the linear plant is

set of specifications and constraints is for- . 1

=

G(s)=

mulated, then convergence of the numerical (s+1)2

G rﬁ ;

T T c4 [ ¢ -,
' +1__O___ Cc4___ ]
' 0.2 - \/

[7}

Comparators Flip—Flop Inegrators

0.492

-/

T

0

S0

7F£gure 3. Analogue diagram of the uncompensated system.
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and the relay element is one with hysteresis
and dead-band as shown in Figure 2. The
parameter of the limit cycle operation of the
uncompensated system is predicted numeri-
cally and compared withtheanalogue simulation
result in Table 1.
diagram is shown in Figure 3 and the time

The analogue computer

response obtained digitally and by analogue
simulation are shown in Figures (4, 5),res-
pectively.

An initial compensator of the form

M(S, P)=—— 1’:3

was chosen and after 6 iterations of the design
following compensator was

program the

obtained which eliminates limit cycle operation

‘Table .. Limit cycle predication.

and satisfies the specified constraints in Table
2 for a unity step input.

1 +0.71s
1+0.92s

M(S, P)=

The time response of the compensated system-

obtained numerically is shown in Figure 6
and the result of analogue simulation in
Figure 7.

The relay characteristic considered in this
example has a general property in that it is
discontinuous and without any linear segments.
Thus it is a hard case for the time response
method which uses the point-wise determina-
tion of the relay output. However by con-
sidering a small time interval (T=0.02 Sec.)

it is shown that the time response is suf-

Relay output
y 1

107

0,54

Method Frequency ‘Amplitude
rad/sec. Units

Describing |9< w<11| 04<a<.8
Function
Digital time | 0,98 “H0.77
Response >
Analogue | 1,04 | 0.52
Simulation

:Table 2. Time Response Specifications.

0.04

|

=)

[%4)

T
/

21,0 I X

spuo3g

0.00 10.00 20,00

Figure4. Digital time response of the uncompensated
system.

Unit step input Specified Computed Analogue
to the system Constraints | Response Simulation
.

% steady-state error ¢ | . 5.0 t 42 3.5
% max. overshoot 10.0. 9.98 | 9.0
Rise time (sec.) N (R 5.0 ; b 4.6 4.1
Settling time (sec.) | 100 | 681 | 7.6
Limit cycle ampl. I 0.0 s 0.0 1. 00
Limit cycle freq. I 0.0 0.0 1. 0.0
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0.0 R 10.0 20.0 30.0
_ _ Relay output
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IRt . o ~ Seconds
L 0.0 "10.0. 20.0 w0l 30.0 o ¢A°

1.5 4

1.0 4

0.5

0.0

{ Seconds
T

0.00 10.00 20.00

Figure 6. Digital time response of the compensated
system.

. Seconds
0.0 100 20.0 - 30.0

Figure 7. Analogue time response of the compensated
system.
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Figure 5. Analogue time response of the uncompensated system.

ficiently accurate, this is observed by the

comparison of the results obtained numeri-
cally and by analogue computer.

In this example the dead-space in the
relay eliminates the system dither and hence
elimination of the limit cycle was possible
This dead-space,

of course, causes an steady-state offset error

by linear compensator.

which can not be completely eliminated.
Thus a trade off can be effected between
tolerable magnitude and frequency of limit

cycle operation and steady-state error.

'CONCLUSIONS

In this paper a powerful and efficient com-
puter-aided numerical design and synthesis
procedure for a relay-type control system is
proposed. The method of inequalities em-
ployed utilizes the extension of both fre-
quency and time domain to the nonlinear
feedback systems. Performance criteria are
formulated as a set of inequalities subject to
a set of specified constraints and a nonlinear

programming technique is used to solve them.
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Provided that a set of realistic specifications
and constraints has been chosen, the subsequent
convergence of the numerical procedure is
generally quite rapid. A worked example was
given to illustrate the effectiveness of the

computational numerical design method.
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