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Abstract In thas paper, a mew formailation along woith numerical solution for the problem of (ndmg
a poani-to-paint rageceory wilh maximim load carrying capacitics for Meaible manapalaions = proposed.
Fur rigkl manipulators, the major limifimg faceor i detenmining the Dynamic Load Camying Capacity
(LHLCCT) is the joint sctuasor capacity. The Mexihility exhibied by light weight robots or by robois
operalmg al o kagber speed diciales the need for an additional constraimi to be impased for situatons whene
precabon wacking 1. e, the allowshle defirmaton at the end offector s required. An lerstive Liness
Programming (TLEF] method i used fo optimise the load {ood mass snd lnsd momend of inertia) of elasic
il subject in hoth consirnis. & genernl compainioesl procedure for the maltople-link case s
presented i ditatl. Simulstion 1& cafted o for 8 bwo-link planer rabol. The resilis conlirm the necessaty
ol thee dhisal copatrasnts,
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INTRODUCTION

The Dymumic Load Carrying Capacity (DLOC) of a
flexible manipulator is ofien defined as the maximum
payload that the manipulator can repeatedly Lift in its
fully extended configuration [1]. In onder o deter-
mine DLOC, the inertia effect of the load along a
desined trajectory as well as the manipul wor dynam-
ics itself must be taken into scoount. The models in
| 1-2] have the property that determine the losd curry-
ing capacity of & robol mampulmor for a given
dyniemie trajectory. Although there wens challenpes
encounlered in determining DLOC, the problem was
confined 1o the solution of maximum load for two
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given and positions, Given two end-positions of the
end effector, the problem is to synthesize a dynamic
trajectory for the end effector that would allow carry-
ing the maximum allownble load between the two
end-positions. The goal of optimal trajectony is o find
the trapectory X0 und the input torgque Tt staning
from the initial state X0t ) and arriving ot the final
state X(t) withmaximum load carrying capacity. The
problem of synthesizing o poimt-to-point dynumic
mehot trigectones with mazimum load carmying ca-
pacity can be formulated as a myjectory optimization
problem wsing the stute representation of dynumic
B uALHIS,

Wang and Favani | 3] have shown that the problem
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of synthesizing & point-to-point dynamic mbot mo-
ton with optimumn losd carying cipacity can be
frrmulated &5 a ajectory opimization problemn,
They applied the method of lerutive Linear Pro-
gramaming (ILP o solve optimal trgectiony problems
which have the control forcesfongues bounded, and
the travel time given. This method is applicable anly
whien e manipulator arm s considensd o be rigid.
When the manipulator links are subjecied o larpe
accelerations, structural Mexibilitics may be excited,
This will violate joint constraint, i. ., we con no
longer determine the joint angles from the distance
along the path. Hence the trgues drive for the rigid
manipulator will not drive the flexible manipulator
exactly 1o the desired final state.

By removing the ngid-link assumption, flexible
manipulators present some common and some
distinctive charactenstics com pared to nigid systems,
Along with the general objective of a minimum-time
trajectory subpect o iorgue andfor joint constraints,
the elimination of tip vibrations has been observed as
a critical problem in flexible manipulators, A first
siep in trajectory planming based in the inverse
dynamic solution was presented by Bayo and Paden
[4], where they outlined a companson between the
bang-bang and the Gaussian acceleration profiles.
Recently Sema and Bayo [5] proposed a trajoctory
planner for poim-to-point motion, based on the
soilution of the imeerse dynumic problem for flexible
mardpulatons in the frequency domain,

Given two end-positions of the end effecior, the
trjectory consists of a set of directions from the
initial point 1o the final poine. Mot knowing which of
those points the end effector should pass through on
an optimal trajectory, ong can determine the optimal
path iy, say, maximize load, from each of these points
T thee fimnd point. 1t is argued thar, whicver imjeciory
is chosen, it must be optimal with respect o the
miiximum allowable lomd, Otherwise, the optimal
trajeciory defermined under the actuator constraint
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abone | 3] hecomes inadequate. The determinsd "maxi-
fram load” 1% adeguide for the siee of actuators bt
does not show how precisely the robot cian neach 1o
the end point under such a load, Tt is apparent that a
Nexible manipulator is expected io have the capakhil-
ity tov reach the end point in such applications, There-
fore, an additional constraim must be impoged whien
optimal trajectory is o be determined for flexible
munipulators.

This paper presents a new method o deicrmine
optimal trajectory for Aexible manipalators subject
oy both  actuator and end effector deflection
constriuni=, First, the recursive Lagrangian assumed
made method [6] is modified 1o accommodate the
load dynamics, which wogether with kinemagic equa-
fons are necessary o determing optimal trjectony.
Then, the state space representation of the dynamsc
cquatons of motion is presented and the nonlinear
state space dynamic equations are linearized, The
problem of synthesizing optimum robot irmjecionics
is formulaed as a trajectory optimization problem.
The trajectories that can carry maximam load are
synihesized by numencal solution of the optimiza-
tion probiem, Finally, the ILP method and the com-
putational procedure for compoting such optimal
trajectory are developed, The procedurne allows syn-
thesizing poimt-to-point robot motions with a <peci-
fied dme and maximum lowd carmying capacity, The
algorithm takes into gecownt the complete dynamic
equations o generalized coordinates and aciunior
construints. To evaluate the performance of the pro-
posed method, simulation test is cumied oul.

STATE 5PACE REPRESENTATION OF
DY MAMICS EQUATIONS AND
LINEARIZATION

T determine an optimal trajeciory for Mexible ma-
mipulaiors, proper modeling of te oot polaioen s

load dymamics is a prereguisite, The method em-
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ployed here largely follows that of Book [6], with the
addition of dynamic effects of load at the end effecior
ps well a8 mass a1 joints o account for actuator and
granng incriia. It is assumed that end effecior deflec-
tion 15 primarily caused by link deflection or oscilla-
tiom at hi gher speeds, and links are slender beams, By
using Lagrange’s equations of motion, the dynamic
eguations of a flexible manipulator are obtained with
peneralized eoordinates q and q, . The resultant
sysiem of equations can be organised inamatnx fomn
HES

JIi=R il

whiere the elements of J and R are slightly different
from those given in [6]. (z is o vecior of generlized

COOTdINALes [q,. Qv oo Gy v e Byye Byge =m0 By o Gy

R - FPNRRL - YIS W .

The dynamic model of o robaotic s is formlbaned
in Equation 1 as a second-onder system of n, differen-
tial equations where n, i3 a ot number of gencral-
ized coordinates, To facilitase optimization problem,
it is helpful 1w formulate the equations of motion as a
first-onder system of 2n, equations called swe equa-
tions, In this section, first the state space formulation
of the robot dynamic equation is introduced. Then,
the nonlinear state space dynamic eguations are linear-
ieed.

State Space Representation of Dynamic Equa-
tinms

'When a load is carmied by the end-effector, it can be
ussumed as a varable and modeled as o point mass
m . Equation 1 can be written as

i=J'R=0(X (), T m) (2)

where T is an n = 1 vector of the actustor applisd
torgues (forces), By defining the state vector X =[x,
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x,|'where x, = 2and x, = £ Equation 2 can be writlen
a5 follows

X b ]
b [ P (3)
Xz PR Tm,)

Equation 3 is the siale spoce representation of the
dynamic Equation 1. X is 0 2n * | vector and T XG0,
Tij), m ) consisis of n, non-linear functions.

Linearization of Dyvnamic Equations
Thelineanzed dynamic equations ane needed inonder
i ohtain the numencal solution o the nonlincar
trajectory optimization problem, Assuming thi the
effects of the flexibilitics are small, the nonlincar
state space dynamic equations can be lineanzed,

The discretized form of the stule space dynamic
Equation 3 is

RIELR - 90X ), TG m,) (4)

where L2=(tr-1)/m and m i= the total number of set

points uzed 1o discretize the end-effector trjectony.
Substituting Equation 4 into Equation 3 leads o

XD TE. Mmoo i5)
X T}, mph

The nondinear function FEXG Y, T, m_) ot the (k+ 13
irajectory is expanded using the Taylor series about
the k= rrjectory. Afer neglecting the higher order
(nomlinear) ierms, the following equation ks obtained
as shown in [3]

Xij#+l) = ["-I-":l:lJ Xij+ I"-I-'TF‘ Tij + l_"-l-"m]lmp + "i-'l

()
where the matrices I"I"u]l. [‘I"TII. :"I“m}l. and ¥ ame
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given in [31. X(+1) can be wrinen as a linear combi-
nation of the lead m_and the wrque control T), i= 1.
2. ..v J- Equation 6 then becomes [ 3]

X+ 10=X, (+1)+ym, +I§ leg | TR} j= 1.2, ....m

{7}
when:
X(1),=X, (t) {8}
X, (+1) = ['Px] X, G) +'P, {
¥, = (¥'m}, {10}
T, = ['¥x] ¥, + (Fm), (1)
o] = [¥x] [ _, 1 (fori < j) (12)
loc,| = [%T], (fori=j) (13)

FORMULATION OF THE OPFTIMAL
TRAJECTORY PROBLEM

The problem of synthesizing dynamic robot trajecto-
nes with maximum load comying capacities can be
formulated as 4 trajectory optimization problem us-
ing the stile apoce formulation of the robot dynamic
cyuations, By considering point-to-point maotions
with aetustor, joint variables, and deflection con-
strabnis throaghout the tepeciory, the complete for-

mulation can be writien 0 maximize

The DLOC m

while ensuring that the siate space Equation 3 is
satisfied. where the individual joint ongues ane
bounded by

T, (XN sTH =T, (X() (14)
The bounds T__ (X{1)) and T__ (X{t)) are arhitrary

known functions of the actuator joint angles amd
velocities., In addition o constraints on the joint
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torgues. e iriual and fnal states

x (t)=x, x (1)=x, (15}

mus be reached, and it s assumed thit
X (ij=x(t}=0 (16}

Dharing the motion, the joint displecements and link
defMection ang also usually bounded by

rEx (S y (17

where x* and x°, are the upper and lower bounds of
the generalized coondinates. respectively. The Ninal
constraing is that of the upper bound of the payloacd
which is the smaller vilue of the SLOCs (Static
Load Carryving Capacity) calculaied m the two
endpositons,

The trapectory synthesis prohlem fommulated phove
1% u nonlinenr optmization prohlem., 18 s wntien ma
foorm stighitly dif ferent oo a general optimal contml
problem where the objective function has an inlegral
form, In Equation 3 the ohjective Tunction consiss of
a single vanable m_ which is not a function of time.
This vanahle iz also s single valued guantity Tor the
entire trajectory. It should be pointed out that mis
implicily included inodhe ponlinear stale space egua-
LharL,

Thhe wbove formulation of the [rjectory opimica-
tion problem considered the losd as a point mass
while the load moment of inertia | wis not presented
s avond complexity. This assumption is also consis-
fent with mobot manufaturens specilication of SLOCC
of & mamipulagor, With minor modificavon, the for-
mulation gan ke inko account the moment of ineria
af the load. The three prncipal moment of inema of
the load can be treated as independent vanables and
impicitly included in the robot dynamic egquation.
Eguition 1 then hegomes
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i AOXG). TG m, T 1) (18)

wherel 1.1 are the three principal moment of
inenia of the lond, The problem formolaton s ex-
poily the same as before with the exceprion than the
ohjpective function beoomes

Baximize: m_-n-v.rlln_i—w

.

Im_-r ""'.I:.T- L

where w . w, W, are weighting faciors. These facions
can be chosen in accordance with the imponmance of
einch of the mivament of inemias.

SOLUTION TO THE OFTIMAL
TRAJECTORY PROBLEM

The lerative Lingar Programming (ILP) method i=
used e solve the trajectory synthesis problem
described above. The upper bound of the load m_is
determined from the SLOC at the two end puoines,
Since the manipulutor must complately stop at the
end poims, the maximum DLOC for the trapectory
cannot be grester than the SLOCC at either one of e
two end positions. This means tha

m,Sm " =min fm,m | (2
Where m, and m_ ane the SLOC o the initial amd
final positions, respectively.

By sassumming o rypical speed-tongue charicter-
istics for DO motors, the tomgues/specds charictenis-

tic function T__(x(j)y and T__(x(j)), the joint torgue
verhor comstmints can be approgimated as follows

i) =T, (xij)) = -K - [K_ () (21)
Tii) s T, (xiil) = K -K,] x, ) 22)

where K isan nx | constunt vector and [K ] is ann
* pidimpomn] constunt matrix obtaimed from the equiva-
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lent motor constants. Wirltmg in mutris form leads o

K- Kz az{l)
Tp<-b = ~Ki-[Kalxz(2) (2%

-Ki-[Ka]xzim)

~Bp-lKz]xail)

- R Xl 2
Tosh, =| “KlKalx2) i

K- Kz ]xaim) J

where b, and b ane any known smooth functions of
the jivint positions and velocities, Tp=[Ti 11, T2},
cevn WM i5 o e vector containing the controls
Froumy set poimt | wme. Itshoald be noted thiv while m
=0, Tip s nol resteicted in sign. The problem can be
comveried o a "standard” Linear Programming (LP)
prohliem by changing varinhles, This can be dome by
leming in Equation 24

Trahb, -Tp Trzo (25)
then Tp=h_- TF
Substituting Equation 25 into Equation 23 leads to

Tr=h, -h, (26)

by using Equaticon 7 the joint vanable constraints can
he written gis Tollows

viex e Dsym o+ e I TESx]-x, G+ 1)

lori=1,...,m (2T

where y, . %, (j+ 1} ane the upper nox | vectors uhrl
and X, (j + 11 respectively and [ox, | is the upper nox
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nsubmatrix of [e |, Equation 27 can be wrnen in the
following form by letting [A | = &, & . ....¢ 0,
sres U]

¥, |JiJ|Tr£ Ixi-x, (100 -{4] D, for j=1, ....m
(28]
~ym + [ATTIE [x,, (11 + (4], forj=1.....m
(29)
where [A | is annxnm matrix. Finally. from Equation
7 the final stste X{m+ 1) can be determianed as follows

Xim+1) =X (m+1)+y m_+ ‘E; [ex_ ITHi) (M
= X, (m+1) + [TTm =X ()
wheno

a2m = {rum-+ 1)

Ly e T T A [ R |

main

Tm=[m , T(1), T, ..., Ti{mi| a(mme 1) vector
Equation 3 coun be writlen as

ITTm= X (1) - X, (m+1) (31)

It should be noted that [T and X (m<+ 1) ane com-
puted based on the values of the stae and control
varibles of the previous iteration, The only unknown
in Equation 31 is the vector Tm, Inorder wo faciliane
the LP solution, Equation 31 can be written with two

sets of inegualities as
IT] Tm- L= X (1) - X (m+1) (32)
[T Tm + 2 Xin) - X (m=1}) {33

where, L =1, ... L e B 8] I8 2 2y
vector, where the elements, E,...* Coar O 00 B

represent the final position error, velocity error, de-
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flection position emor, and deflection velocity emor
tolerances, respectively. This modification intrduces
four more varables (e, { . 5.8, 08, )and 2n,
inequality constraints, Combining all the constriints
anid expressing the resull i mabnx fomm gives

in)

al
| [ L} "y
g 1 0 i)
T -yl o af-mg i+ i-pa] e o
S RN | LA TeT——
T <[] =l
Xini-Xplm+l =T by
B T - =
| Xggbonel1-X 41T [

Since the objective function and the constraints ane
all lincar, there is & standard lingar programming
problem through which the dynamic loasd carying
capacity (m ) can be maximized amd simultaneously
the ermoa [ oot the poinis of the mjectory can b

minimized.
THE COMPUTATIONAL ASPRCTS

The compuiational procedure for the oplimil trajec-
tory involves guessing an mital control and stae
variahie trajectory as shown in Figure 1. This can be
achieved by subjecting the manipalator 1o dual con-
wiraimis,. i ¢., nctustor capacity and end efTecior
deformation constraims, when the maximum load is
determined, By discretizing the next trajectony into m
points, the algorithm for the oplimum rapectory in
terms of an ILP problem is shown in Figure L
Equation 9 is satisfied when the lemmimating critena
are specified as follow

max (B ovein & e B oninl_peic | S 8, (35)
max [abs [X*={-X (M j=2 cam) =e, (36)
abs [mi*"-mji | £ e, (37}

where ¢, e, and ¢, are predefined small positive
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Imnialize the Trajeciery and Compuie T, X ). m'y

™| Compute [y, 19T, (W, a0, 1, and :-[.nu-rI}I

i

Compute the Constrmunis Eg 34

Invodce @ Lincar Programmang Subrounne

]

Sodve For The Maximum Lisal Capacy mg.
The Cptevam Contred Té+ 8 ) From Bg 25

Upsdate the Optimum Trajeciory X5+1(j} Using Eq &

Check 1he Termeosane Cindi bons

Figare 1. Computabional algosibm for two link manipolaoes,

conEirainis. This means that lmeansation ermrs ang
eliminimted (or congsiderably roduced) when the ILP
method converges 1o the optimal solution,

In general, because of the discretiaation (ramcs-
tion} emorof the differsnce equation, the cominmeoss
stade space cquation will be stisfied only if the time
inkerval 15 Usulficiently small.,” The discretiaiion
ermor can be reduced using the following methods:

1. Use of soame b gher order difference cqguastion to
ppprosimate the continuous differential equation,
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For cxnmple, Equation 9 may be replaced by

X+ -X @) =L@ X G+ . TG m,)
+@ (X (), T () m )2 (1K)

2, First solving the problem with o small number
of et points and then, using the resulting solution as
an initial guess for the problem with o larger number
of =et points. The additional starting values needed
can he obtsined by linear or spling iempolation
between the old set points. T should also be moted that
the roumdd off emors due to the Compulations may
dominate ermor if the step size (L) 1% 100 small,

SIMULATION RESULTS AND DISCUSSLON

Simulation Conditlons

A& simulation study was carried out o further inves-
tigate the validity and effectiveness of the method
wnd computational pspects presenicd above, A nu-
merical solution i advance the trajectory synthesigis
presented for a two-link fexible manipalaor shown
in Figure 2. Only link fexibilities are considensd
while joint complisgnces are neglecied, The bending
defections of lnks are approximated with clamp Tree
mode shape for cach link, Mode shapes are chosen

: LI "
I'.: '."'FEI"E [ T

" Ll g B

my
o 0
=} Enu-elTector mass m,

e B

Figire L Two- link Mexible lnk manipulator model,
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from analytical solution of 8 Euler-Bemoulli beam
cigenfunction analysis, Gravity e fect was ignored i
thiz cise stdy in onder o isolate the dynamic fex-
ibility effects. The neaneed dynamic equations cin

e reweritten ms follows

X(j+ 1) = x], X () + [ T] TG + ¥ m) m_+¥

(3
where the matrices [T 0% m) ¥, and [ x] are
glven

.. i " ] " ] " "
1 § i ¥ L] ] - L]
L ] L] L] ] L L} L] -
[ X]m=
P gl o il M el ¥ e S WS
FIT] iy LA 1T =g i ] i dry
wifl il dfl S Gl W), o 8T)  SL
g Tai R Mg Bya  dap Hai B5p
gl gdl]l L gl rﬂ wih Wl wiL
g 443 n 13 i g B “5n
wiln  ola gl gl LM i B My
4y : L] -y dyg i Wa
B 1] i i i ]
[ ] i
i b
] ] n
n
i
n n i
¥T),= ¥ m) = = !
]
18] dly iy .I:I'.H.‘ |
S e By ax}
My il I ax)
i ol Fop | Lexd
@y . df iy
M ang Ty
g iy #la
| M | | =y

The analytical forms of these matrices an: denved lor
a two-link fMexible manipulater by using
MATHEMATICA® [7-9]. The numerical values
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used in the simulaion are listed in Appendix |

Hesults and Discussions

The algornhm presented here 15 applicable o
robot manipalaioms of any number of degrees o
frecdom, a5 long as the solution of the mverse
kimematics con be  detenmimed for the entine path.
For the purpose of providing effective illusimon,
the results will be  presemted for o vwo link
manipulator, The ILP outlined  above wis applicd
1w oa rotary link with o point mass aitsched to i
end, Boih links lie on the  homeonial  plane. and
the joint of the first link i locaed st the ongin of

the plang coordinate frame. The [ofque CONEITLNG e
K -IK I (PeTDEK - K] x () ETH]

To illustrate the process of determining the hounds
om the joint velocitkes frmom the known worgque/fonce
bounds, the scheme decribed in compastional is-
pects wits applicd W a two-link manipulatorusing e
ithove tomgue constrainis, Baoth links were assumed o
haivee gem vielocity imitially., In deermmining the opai-
mil trajeciories  for  maximum allowablke o
carrying capacity, the end of the second link is
wonstruned initally to move slong a given trjecory,
Varous imdtial  trajectories wene simulated snd o

sinple one i prescribed in s parmmetnc fom as [ollows
2 .3 1 .4
r.dm=La-q'-‘qu-i‘_'L:nnI:.r_m:L-r['—‘l—Hr] 41

whiere L is the link length of both links, a=h= 1, and
i ranges from 0w 1, 08 seconds. Velocities and
peeelerntions e ohuined by differentining the in-
jectory. The mitial conditions for all the generlired
eoondinates were tken o be zer except that q, (0} is
equal 90 degrees. The simplification is meant
facilitate the demonstration of Wwe leamres of the
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meihod. This trujectory was digitized wo 30 podnis. In
addithon o the wrgue constrainis given above, ithe
following peneralized coordinaies constraing weng
imposed,

NS x (0sa) (42

Inssrder to imitinlly check the walidity  of  the
miodel, model venficition can be performed by
companng the nesponses of reoursive with those of
i mon-recursive form of the dynamic model | 1),
The response of the sysiem was in agreement with
them. The open loop system response cimi be simu-
lated 1o the following condition g, (00 =- 175, 4, (()
=-1.5,. t=r,=0. and all other variahles set equal 1o
serm, Clearly, o= the Fexurd rigidity of the links
e ases, poind varinhle responses of flexible model
showld converge 1o that of sgid model responses,
Figure 3 clearly shows thau joint vanable respornses
comverge o thit of the mgid am cuse,

Using an algorithm as mentioned above, the opti-
mum trjeciory converged alier 9 Menmions. The
resulis of trajectory eptimization are given in Figures
4-T, Thiz optimal point displacemoents und joint ve-
locites are ploned in Figure 4, The optimum control
trapectory which shiows the upper and loswer Baoun of
thie tomgue 15 plotted in Figure 5. The optimal trgec-
ey would imvolve sudden change of torgue at the
switching poims. Figure 5 shows the bang-bang
nmture of the contnol for link 2, and this is reflecied in
the optimal velocity profile. where the link scceler-
ates inthe first had { and decelerates in the second hal £
The simulation resulis related w optimal trajectory
are given in Figure 6. FigureT gives the LP solution
of the maximum load at every iteration, For initial
trajectory the m_ wis forced 1o be 1.2 Kg while for
opimum trajectory it was 2.2 Kg. A losdm, =22
kg is found o be the maximom lowd that can be
carried inexecuting the tripectiory while not viclting
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Tume (5§
1
i
?
b
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[ 2 4 fi 4] 10
e (5}

Figure 3, Compafison of joifil responses with the non -

reCOrsivie.

either of the constrainis.

CONCLUSIONS

The main ohjective of this investigation was (o for-
mulate an optimal trajectiory amd o delenming the
"maximum lomd” for fexible mompulaiors for o
given bawo end poants. This was achieved by subject-
inmg thie mandpulator o dual constramis, duk is, actua=
torcapucity and end effector deformation consirmimes,
witken the muximuwm load i detemmined. Inorder o be
able o control the end effector rncking precision,
adding the sconnd constraing was necessary, Whether
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the first or the second constradnt is more strict de-
pends on the required tracking accumcy, A load
m_ =22kg was found o be the maximum load
that canbe camied in executing the trajectory
while not violsting either of the constraints. The
work also  shows that in dealing with flexible
manipulator dynamics and in determining their op-
timal trajectories in particular it has greatly ben-
efited from using a symbolic derivation language.
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APPENIMX 1

Mumerical Yalues for simulation.

T Parumeter Value I Unit B
Young's Modsilis | E,=E=206% 109" Njm’®
Area Moment of Inertia | §=1= 8.9 105 m'
Link Length L =lgm 1.08 "

| Lunk Linear Mass Density | == 408 10 kgl

 Astuasor Comstants k=063 &k =018 | Nom & Noirad respectively
Soall Tonque B o Nem __ ]
No Load Speed w,=18 radsec

" nitial Juimt Angles q, (0)=0&q, ()= 90 | degroe

;_ﬁ;aE.uErrm mell e
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