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Abstract This paper presents a method for the kinematical modeling of robot manipulator arms
with flexible members. Development of such techniques are important for the improvement of robetic arms
precision performance and their mechaniczl design. The approach employs the (4X4) Denavit-Hartenberg
homogeneous transformations to describe the kinematics of light weight flexible manipulator arms. The
method is further applied to a two-link planar robot manipulator and a set of numerical results is
generated. Comparison between the theoretical results on the two-link planar robot manipulator is quite
satisfactory.
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INTRODUCTION

The robotic industry is involved in,
among other things, the production of
highly accurate light weight manipulators.
An arm may be called upon to produce a
precise tip motion. If the accuracy is
measured in seconds of arc or less, then very
slight deformations in the manipulator links
or joints may be sufficient to produce an
unacceptable motion at the end effector.
Thus, it is presently becoming more
important to account for small robotic tip
deformations in various robotic

applications. However, it is no longer
possible to improve performance
significantly without considering the
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‘structural deformation characteristics of the

robotic elements. This is mainly because the
demand for higher speed, light weight and
fine precision work manipulators is
increacing. Therefore, a more accurate
mathematical mode that accounts for link
and joint flexibility effects is one of the
principal requirements for improving the
robotic arm performance.

Link compliance has gained a lot of
attention recently in the literature [1-3] while
experimental and theoretical observations
reveal that joint flexibility is the dominating
source contributing to the overall robot
flexibility [4-14]. In this paper, we have
introduced an analytical method for
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modeling the kinematical behavior of

robotic manipulators consisiting of both
flexible links and joints. The technique
presented here employs the 4X4 Denavit-
Hartenberg homogeneous transformations
in the presence of infinitesimal changes in
the Denavit-Hartenberg joint parameters.

“Figure 1. Flexible manipulator arm descripton

‘Kinematical Description of Flexible Arms

In order to describe the kinematics of the
flexible manipular arm we shall consider
each element of the arm with respect to its
own rigid configuration as shown in Figure
1.

The Denavit - Hartenberg (D-H)
Transformationifléidescribing the position
and the orientation of the ith frame with
respect to the (i-1)th frame in the presence of
a set of infinitesimal deformations is given

by: - .
CBI FCaiSB

1A' = 1
7 0
Sa;S6; a;Ce;
—SaICOI aiSGi )
: - (N
Cai di
0 1

‘With elastic deformation taken into

125 — Vol. 3, Nos. 3 & 4, Nov, 1990

‘account it is clear that;

a]'=a1+(sai
diTaitoy

di=di+5di

Where ¢, ;, a; and Ji are the elastic

i
deformation-free vectors of the joint angles

link twists, link lengths, and link offsets
respectively. It is worth noting that the
complete composite transformation of link
with respect to link i-l (joint i with respect tc
joint i-1) in equation (1) is found from Figur¢
2 and:

_i—iAi =R(z;_, 09Tz _ . T

4

(g, 0 )R(x;, @;)

However, in the absence of any tip loading
for a given kinematic orientation at the tip o
an n-axis robotic arm, (i. ¢., position anc
orientation of the robot hand or gripper),ar
inverse kinematic preblem of the form:

Where a bar denotes no tip-loading and“i
is the 4X4 homogeneous transformation for
the position and the orientation of the tip
frame, can be solved. Under these conditions

with no tip loading (i. e. rigid assumption):

n, oy Ex 1_3'x
70_ Hy fo) y ay Py
T =| = _ — —
| nZ 04 az PZ
0 0 0 1
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JOINT i

JOINT -3 JOINT i+1

Figure 2. Danavit-Hartenberg link representation

Now let us assume that for the same given
configuration a certain generalized load is
applied to the tip such that the new tip frame
transformation is given by:

OTi = O’fl + BOTi = O'fl +

8n, 80, da, 8Py

6ny 50y 5ay BPy 7(9)
6n, bo, ba, 6PZ

0 0 0 0

fori=1,2,..n

Where ’SOTi is the generalized elastic
deformation transformationand 5 n, 80,82,
and 6P denote the elastic deformation
vectors at the tip. Furthermore, it is clear

that:

= x ~ e

Where, generally speaking:

B IR B OIS B B
=A== AT A (

Wheres i'lAi denotes a 4X4 homogeneous
transformation indicating the generalized
elastic deformation of the ith frame with
respect to the (i-1)th frame. Note that under
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these circumstances:

’51_1Ai=f(91,a1,al,d 56, ba;, 8a;, 5d;)
~ (12)

For infinitesimal elastic deformations one
may neglect the higher order -terms in
applying equations (1) and (11) so that$ i'léi
is the result: -

-8 81S01 6aiSaiSBi—6 BiCaiCBi

501-C3i —581S01Ca1—6a1Sa1C0]

0"
&
I

0 saCa
© 0
750i8;ice_i+5aiC;iSEi 5 2,Co ﬁaaigisa—i
56,50 Sa;—ba;Ca;Co; 52,56 {+50,2.Co i
Ba;Sa 54,
0 0
(13)

Furthermore, the generalized elastic
deformation 4X4 homogeneous
transformation 5OT is now related tod - IA
through an expanded and linearized versnon
of equations (9), (10), and (11) such that:

50T, =50A 1A A5 .. I 1Ay +
O‘Rl 1;\252A3 i- 1}_\i +
o = =
+01_\.1 1;\22‘&3 1_2}_\1 7151-_ lAi
E - R = a

(14)

‘Vol.3, Nos. 3 & 4, Nov. 1990 126




fori=1,2,..n

From equations (9), (13), and (14) the tip
deformation vectors 81, 50 daand 8P can
be clearly related to the Jomt “deformation
quantities 0, 8a;, 8a; and 8d;such that:

dn= (Gl,a 3 d ,80;, 8a;, 8a;, 8di)

(15)

50 f2 (61, (!1, i d 6ai,5 ai,B dl)
(16)

f3 (61’ av a d i»8a;,6d;)
17)

65: £4 (CIN T a;, d;, 305, ba;, & a;, 5di)
1y

Now one can directly relate the joint
elastic deformation variables§6 ,5¢;, 8a;,
and§d; to local structural and materials
propertigs as well as the local generalized
force vector AFsuch that:

Afxl f,
Af f
} Yy y
A"x Tx
ATy Ty
ATZ Tz

Where A is the local frame l_1Aiwith
respect to which the elastic deformation
variables are measured, AF isgeneralized
local force applied at the~joint to which

framei ! Ajis attached,AJ fT is the transpose

‘of the flexible Jacobian of force

transformations between the tip frame T;
and the A frame. E is the generalized force
vector applied at the robotic tip frame,
where f and 7 are the force and couple
vectors, respectively. In the next section the
above technique is applied to a two link
planar robot manipulator.

“Figure 3. A simple two-link flexible planar arm

~ Application of the Generalized Technique

toa Flexible Two-link Planar Arm

In order to observe the various steps
involved in the implementation of the
generalized technique, let us consider a
special case of a flexible two-link planar arm
with revolute joints as shown in Figure 3. Let
us further assign the appropriate link
coordinate frames to the mechanism and
establish the table of joint parameters
represented by Table 1.

It should be noted that in our analysis we
have considered the robotic link elements to

“Table 1. Table of Joint Parameters for the Flexible Arm

Joint . 70i= [} 86, ]ai =a+boy ;ai=£i+ ba, 7dl.=§i+'6 d “sinot cosQy
1 g, +80, 0 R, + 68, 0 0, 1
2 6,+80, 0 £, + 88, 0 0 1
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‘be straight bars of uniform cross section
capable of resisting axial forces as well as
bending moments. We further assume that
the robotic links are inextensible .Within this
assumption the changes in the link lengths
reduce to an almost insignificant amount.
Therefored21=027<0.Knowing these facts,
one can easily find the corresponding
transformation matrices Oél, andlé2
representing the position and orientation of
the first link with respect to the base frame,
and second link relative to the first link,

respectively,
C(8 | +68 1)
: S0 1+68 )
O0p,. =0 Op. = 1 1
AZTATETAIS
0
~S@*s0; 0 2,C(@*56,)
C(0+38 ) 0 2,8(6 {+50)
0 0
0 0
(20)
‘and o
C(—62+592)
- S(6~+505)
-1 1A, = 2772
Ay=TAp+s A= Il o

0

S@yt009) O 9,C(04+507) }l

C(,+565) 0 29S(0 5156 5)

0 1 0

0 0 1 |
(n

Where the 86°s actually represent the
infinitesimal rotations of the servo motor
plus the slope of robotic link deflection at
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‘the joint as shown in Figure 4. In other

words:
¥
PN
¥, ‘.f‘—':_;..:__‘ Sl- 'y x
1] )\\\3:?"\_ I .
~I~a - .
ub)‘\:\\ ’.s/ .
\\\\\d
S
%

7Figure 4. A robotic link element witk flexible members

58, =80, +56 (22a

=00y *80 (223)
‘where:

56 1y’ 662b: are the slopes of the robotic

links deflections.
69 1m> 592m5 are the infinitesimal
rotations of the servo motors.

Utilizing equations (9-13) the position
and orientation of the end effector with
respect to the base frame in the presence of
deformations are obtained. Thus:

Or. -0, 14 _0x
T2="A 22-032”032:

o

[C12 =Sy 0 2,02+

S12. €2 0 BHSpsil o
2
~

Where C12 = COS(é 1+é—2), 512 =
Sin(8 {+6 5), C1 = Cosd 1, S| = Sin6 1, and

50T2 =50A11K2+ 0}{15 1A2

_~
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Figure 5. A simple arm with flexible links and joints.

7—50181 7_561C]
0 59](:] _80181
5 Ay = o 0
‘0 o
0 ’—50121817
0 86 182,C .
0 0
0 0
—56,S, —86,C5
] 56,C —5048
61A2= 242 292
e 0 0
0 0
0 —865%,8,
0 58+27Co
0o 0 (26)
0 0

Substituting equations (25) and (26) into
equation (24) will result in:
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O
87Ty =

[ ~Go #8008, 36 ,+58)C;y
(601+864)C1~ (88 1+66,)87
0 0

0 0

0 —(561450)2559—5012;S;
0 (361+66)83C+5612,C;
0 0
0 0

27

where C;,, = COS(G_1+9_2), and S, =

Sin((; 116 2). From expressions (23) and (27)
it is obvious that, to perform the direct
kinematic of the arm under loading
conditions, one has to compute the
infinitesimal rotations 88| and 865 To
evaluate these unknowns, we consider a
force vector F applied at the tip of the arm.
Then by means of the flexible manipulator
Jacabian (J£) we can find the corresponding
joint forces and torques as a function of
configuration and the applied tip force, For
the two link arm under consideration one
may readily show that:

772 70
29+0,C(05+50 5) -
(28)
2 £y
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where:

218(0 4+569)
5=
~ 0
22+21C(6_2+662) (29)
+

is the transpose of the corresponding flexible
Jacabian. Since 88’s are very small
(Sin(60)~ 80 and Cos(80) ~ 1), therefore
equation (29) becomes:

21(85+86,C5)
L
0
Qzﬂl 1 (C2—5 (] 252)
(30)
22
where:

56+ =886 2; 66 2, Since the effects of axial
deformations are neglected in the analysis,
no matter how the tip force vector F is
applied, only its fycomponent is the
dominant force in contributing to the slope
of the deflection curve for the second link
and joint. Hence from basic mechanics we
have:

£
50,4 = (31)
% 3E,I,
and
2 -
505 =—— (32)
m kr
2
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‘where Kr, is the equivalent rotational
stiffness coefficient of the second joint which
can be measured since it purely depends on
the joint design, armature current, and the
type of motor used. Substituting equations
(31) and (32) into equation (30) and then into
equation (28) will result in:

2 2,2
2 27
TI=QI[82+[ + ]szy]fx"‘
kp 3Bl
)
(0 + 21 [Cr [ 22 . 22
24 + —
2+ 16
kp 3B
Syf 1] £, (33)
7’1'2 = szy (34)

By knowing 7  and 7 2 it is now possible to
evaluate®? 1which is:

7561=591b+591m ’(223)
“where:
£10,2
1*1 - -
66, = y , and (35)
b 3EI,
Tl _
56, = (36)
Im k.

“whereKr, is the equivalent rotational stiff —

ness coefficient of thefirstjoint and:
fy, =[SO 460+, CO y+005)  (37)

or

'fyl =3 [Sy+66)Co]1+£,[Cy—5675,] (38)
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Once 66 jands 8 pare evaluated for a given
tip force F, then by substituting the results
into equations (23) and (27) the position and
orientation of astaticallyloaded manipulator
under infinitesimal deformation are
computed.

0T2 OT2 +507, (39)

2

Knowmg the actual position, one can
readily compensate for the positional error
b tho achieve the desired posmon and
orientation of the end effector T2

The inverse kinematics problem of this
flexible arm may be stated as:

“Given the actual position and orientation
of the robot arm gripper under a tip loading
vector F, g 2>what are the corresponding
values of the joint angles 91 andf 2
Therefore, consider 022 as being the
transformation represgflting the actual
position and orientation of the end effector

Dy Ox 2y X
n i) ) P
~ ng Oz 1, z
0

and a force vector F [f. ] applied at the
tip. To solve for 6 1 and 8, an inverse
kinematic solution of the form

6 =0+ 565 = atan2(S6,/Cé.) (41)

where:
) 2 2 2
Px + Py i Q%

20,2,

C07=

and 88, = ¢ \/1—[C52]2
and,
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“and

61=0+56 =atan2 (P,/Py)

(42)
atan2 [2,86,/(%) +2,C4,)]

“may be used. Once § 1and 6 5 are computed
in order to evaluate 59 1and? 8, one may
use equations (28), (31), (32), (37), (35), (36),
and (22) accordingly.

'NUMERICAL RESULTS AND

CONCLUSIONS

Let us consider the arm shown in Figure §
with the following specifications, and a
vertical tip loading of F=10, - 8].

5= 9 =22 “(inches)
E|=E,=10x106

I, =1,=0.0619914

A1 = Ay =0.359%4

1~ 35000 (Ib—in)
g,y = 30000 (1b—in)
09 =45°
52=—45°

Therefore, for this configuration by
utilizing equations (33) and (34) we have;

7] =—229.462 (1b—in)
and
79=-176.0 (1b—in)

and further from equations (22), (31), (32),
(35), (36), and (38) we have:

_662 = -0.00208201 — 0.0058667 =

—0.00794868 (radians)

fyl = 5.61189 (lIbs.)

861 =-0.0014605 0.008556 =

—-0.0100165 (radians)
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Now from equations (23) and (27), we
have:

0T2 = 0?2 + 60T2 =

1 0 0 37.5564
0 1 0 155563
0 0 1 0
0 0 0 1

‘Desired position

\

0

—0.017977 O

0

0

0.017977 0 0.1558
0 -0.5511
0 0 0
0 0 0

Actual position

the

trajectory under gravity loading of 8 lbs.

Figure 6 displays robotic arm
applied at the tip. Configuration of the arm
was chosen so that the first link was keptata
45%joint angle where as the second link was
let to vary its position and orientation from
+45"to -45°joint angle with increments of

5°. The desired trajectory is represented by
1 1 at which the

nd orientations at which the
robot gripper must be under loading (with
no deformations) whereas the actual
trajectory is the actual positions and
orientations of the gripper due to the joint

and link deformations.

“1.E+1

4.00 L
JEXTR S
3.001

2.504

Py IN INCHES
>
o
<

1.50+

1.00+

L

0.00 0.50 1.00 1.50 200 2550 300 3.50 400

t X IN INCHES

i O Disired Tip Position

D Actual Tip Position

Il

*1.E+1

.

]

7Figure 6. The robnic arm tip trajeciory under gravity loading

of 8 lbs.
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Comparison between the theoretical and
experimental results on a two-link planar
robot manipulator built and tested in our
instructional and research labo-
ratory illustrated in Figure 7 is quite
satisfactory.

robotic

"Figure 7. Experimental set up,
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