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A B S T R A C T  

 

Crack fault  of rotor is one of the most prominent problems faced by magnetic bearing rotor system. In 

order to improve the safety performance of this kind of machinery, it  is necessary to research the 
vibration characteristics of magnetic bearing cracked rotor system. In this paper, the stiffness model of 
the crack shaft element was established by the strain energy release rate (SERR) theory. The 

mathematical model of PD controller of AMBs cracked rotor system is based on the finite element 
method. The vibration characteristics of PD controller of AMBs rotor system were examined in the test 
rig under crack depth of rotor. The spectrum of vibration characteristics were detected in the AMBs 
cracked rotor system. The results of experiments showed that the 2× and 3× harmonic components can 

be used for fault diagnosis of crack fault of AMBs rotor systems under PD controller of AMB. 
 

doi: 10.5829/ije.2019.32.04a.18 
 

 
1. INTRODUCTION1 
 

Active magnetic bearings are becoming the preferred 

method for the bearing of high speed and ultra-high speed 

rotary machines. Compared with medium and low-speed 

rotors, high speed and ultra-high speed rotors may 

generate cracks more easily due to high rate cyclic stress. 

If crack is not detected on time, which would lead to rotor 

failure or even an accident.  

There has been a lot of research literatures on the 

monitoring, detection, diagnosis and other dynamics of 

rotor cracks since 1950s [1, 2]. Most of these researchs 

mainly focus on the following four aspects  such as the 

calculation of crack stiffness  [3], the mathematical model 

of cracked rotor [4], the analysis of the dynamic 

characteristics of vibration [5–8], the identification of 

crack faults in traditional bearings (rolling bearing, oil 

film sliding bearing) and rotor system [1–4]. Additionally, 

there is very limited literature on the fault of a crack rotor 

supported by active magnetic bearings [9–14]. The 

equation of motion for Jeffcott cracked-rotor was 

established by Mani et al. [10] in which a traditional 
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bearing is placed at both ends of the shaft and 

electromagnetic bearing in the middle as force actuators, 

and the harmonic component of vibration response of the 

cracked rotor was identified based on the variability of 

the electromagnetic excitation force on the experimental 

bench [9–11]. The reported literature [9–11] show that it 

is feasible to use the excitation response signal of the 

electromagnetic bearing is feasible to monitor and detect 

crack faults on the rotor system. Zhou and Friswell [12] 

established a simulation model based on Mani’s theory , 

and the simulation results show that the vibration 

characteristics of the cracked rotor can be made more 

obvious by increasing load or the electromagnetic force 

of the electromagnetic bearing. But increasing the 

electromagnetic force of the electromagnetic bearing, or 

the rotor crack depth will make systematic crack fault 

identification more difficult. Zhu and Zhong [13–15] 

analyzed the dynamic characteristics of a cracked rotor 

system with active feedback control and found that the 

characteristics of such a rotor system are much more 

complex than those of traditional bearings and cracked 

rotor system.  

RESEARCH 

NOTE  
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Nonetheless, there are many problems associated with 

active magnetic bearings and cracked rotor system that 

are yet to be solved, such as including the impact of 

cracks on the stability of active magnetic bearings' 

control system, and the dynamic characteristics of active 

magnetic bearing and cracked rotor system, etc. It is 

necessary to further study on the dynamic characteristics 

of cracked rotor in order to realize the cracked fault of 

early identification and  diagnosis in an active magnetic 

bearings and rotor system. 

In this paper, the finite element model of PD control 

AMBs and cracked rotor system is established. The 

vibration characteristics of AMBs and cracked rotor 

systems are examined by simulation. It is also analyzed 

that the vibration characteristics of PD control AMBs  and 

flexible rotor under certain crack depths or AMBs ' 

equivalent stiffness, and the results show that crack faults 

in rotor systems of AMBs can be identified by monitoring  

vibration signals. 

 

 

2. MODEL OF AMBS AND CRACKED ROTOR 
SYSTEM 
 
2. 1. Current Coefficient and Displacement 
Coefficient of AMB              For the AMBs and rotor 

system shown in Figure 1, mass discs of m are mounted 

on the middle of the flexible shaft with a length l and a 

radius R, while an AMB supports each end of the shaft. 

There is also a transverse crack near the intermediate disc 

with a depth a on the axis. 

By neglecting the effects of magnetic saturation, 

hysteresis, magnetic flux leakage and eddy current loss, 

the linear electromagnetic force of the radial active 

electromagnetic bearing is obtained stated as follows 

[14–16]: 

𝐹𝐴𝑀𝐵 = [𝐹𝑥

𝐹𝑦

] = [
𝑘𝑠𝑥 0
0 𝑘𝑠𝑦

] [
𝑥
𝑦] + [

𝑘𝑖𝑥 0
0 𝑘𝑖𝑦

] [
𝑖𝑥
𝑖𝑦

]  (1) 

where, k sx and k sy are the displacement coefficients , kix 

and k iy are the current coefficients of the AMB. x and y 

are the air gap displacements of the AMB. and ix and iy 

are the control currents of x and y directions, 

respectively. For two pairs of the radial electromagnet of 

AMB, the calculations of displacement coefficients and 

the current coefficients of AMB are as follows [14, 16]: 

 

 

 
Figure 1. Structure of an AMB-rotor system. 

 

𝑘𝑠𝑥 = 𝜇0𝐴𝑁2𝑖0𝑥
2 𝑐𝑜𝑠2(𝜋 8⁄ ) 𝑠3⁄   

𝑘𝑠𝑦 = 𝜇0𝐴𝑁2𝑖0𝑦
2 𝑐𝑜𝑠2 (𝜋 8⁄ ) 𝑠3⁄   

𝑘𝑖𝑥 = −𝜇0𝐴𝑁2𝑖0𝑥
2 𝑐𝑜𝑠2(𝜋 8⁄ ) 𝑠2⁄   

𝑘𝑖𝑦 = −𝜇0𝐴𝑁2𝑖0𝑦
2 𝑐𝑜𝑠2 (𝜋 8⁄ ) 𝑠2⁄   

(2) 

where, s is the nominal air gap; i0x and i0y are the bias 

current of the magnetic bearing in the x and y directions, 

respectively. μ0 ＝ 4π×10-7 H/m is the air permeability. N 

is the number of turns of the coil; and A is the cross-

sectional area of the air gap. 

 

2. 2. Model of PD Controlled AMBs and Rotor 
System                The kinematic equation of the rotor 

system in a fixed rectangular coordinate system is 

established by the finite element method [13, 14]. 

𝑀�̈� + (𝐶 +𝜔𝐺)�̇�+ 𝐾𝑈 = 𝐹𝐴𝑀𝐵 + 𝑄 + 𝑊  (3) 

where, M is the mass matrix including the rotating shaft 

and the rigid disc, G is the gyro matrix including the 

rotating shaft and the rigid disc, C is the damping matrix, 

K is the stiffness matrix of the rotating shaft, U is the 

displacement vector of each node, Q is the gravitational 

vector, and W is the unbalanced force vector at the disc. 

From formula (1), where: 

𝐾(s) = [
𝑘𝑠𝑥 0

0 𝑘𝑠𝑦
]  (4) 

𝐾(𝑖) = [
𝑘𝑖𝑥 0
0 𝑘𝑖𝑦

] (5) 

From formula (1), (3), (4) and (5), the state equation of 

PD controlled AMBs-rotor system is as follows: 

𝑈 = [
0 𝐼

−𝑀−1[𝐾 −𝐾(𝑠)] −𝑀−1[𝐶 +𝐺𝜔]
] �̇� +

[
0

𝑀−1𝐾(𝑖)
] 𝐼(𝑠) +𝑀−1[Q + W]  

(6) 

𝐼(𝑠) = (𝑘𝑝 +𝑘𝑑s)U  (7) 

where, kp and kd are the PD controller of AMBs 

parameters. 

 

2. 3. Stiffness Model of Cracked Rotor                 When 

cracked rotor rotates, the crack will open and close 

periodically in one rotation cycle under the weight of the 

shaft, a process referred to as “breathing”. As a result, the 

stiffness matrix K(t) of the cracked rotor is nonlinear [13, 

17]. The actual model of a "breathing" crack is very 

complex but there are several crack models at present, 

such as Gasch’s  opening and closing crack model, 
cosine wave model of Mayes and Davies proposing,  
and the crack model established by Gao and Zhu [1–

4]. Dimarogonas proposed the strain energy release 

factor (SERR) crack model, which is based on the stress 

intensity factor and the strain energy density function 

(SEDF) in fracture mechanics [1]. Dimarogonas's SERR 

crack model clearly reveals the impact of the regular 

opening and closing of the crack on rotor stiffness. 
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However, the calculation process of solving the 

generated equation of motion of the cracked rotor is 

complex and not suitable for engineering practice [18]. In 

this paper, the model of cracked rotor is proposed by 

Papadopoulos and Dimarogonas [1], which can reveal 

changes in stiffness of the cracked rotor better, to create 

a crack model that can help in solving the equation of the 

rotor motion simply. 

As shown in Figures 2 and 3, both axial and shear 

forces are neglected, the radius is R and the l is the length 

from one end to center of the axis, where there is a 

transverse crack with a depth a. The opening and closing 

of the crack is shown in Figure 3, while the stiffness of 

the shaft unit is as follows [15]: 
[𝐾𝑐 ] = [𝐾0] + [𝐾1] cos(𝜔𝑡)  

+[𝐾2] cos(2𝜔𝑡)+ [𝐾3] cos(3𝜔𝑡)+ [𝐾4 ] cos(4𝜔𝑡)  
(8) 

where, 

[𝐾0] =
1

16
{5[𝐾𝑂𝑃] + 5[𝐾𝑈𝐶] + 6[𝐾𝐻𝐶]}  (9) 

[𝐾1] =
9

16
{[𝐾𝑈𝐶] − [𝐾𝑂𝑃]} (10) 

[𝐾2] =
1

4
{[𝐾𝑂𝑃] + [𝐾𝑈𝐶] − 2[𝐾𝐻𝐶]} (11) 

[𝐾3] =
1

16
{[𝐾𝑂𝑃] − [𝐾𝑈𝐶]} (12) 

[𝐾4] =
1

14
{−[𝐾𝑂𝑃] − 5[𝐾𝑈𝐶] + 2[𝐾𝐻𝐶]} (13) 

In the formula (8)-(13), the stiffness matrix of the shaft 

element is: KOP, when the crack is fully open; KUC, when 

the crack is fully closed, and KHC, when the crack is half 

open. KOP and KUC were calculated by using 

Dimarogonas’s SERR method and the local flexibility  

matrix produced by the crack axis at four degrees of 

freedom [1, 2]. 

[𝐶𝑐𝑟] =

[
 
 
 
𝑐11 0
0 𝑐22

0 0
0 0

0 0
0 0

𝑐33 𝑐34

𝑐43 𝑐44]
 
 
 

  (14) 

The total flexibility of the cracked shaft element is  as 

follows: 

[𝐶𝑔] = [𝐺1][𝐺𝑐𝑟][𝐺2] + [𝐶𝑢𝑐]  (15) 

where, 

[𝐺1] = 𝑑𝑖𝑎𝑔 [1    1    
𝑙

2
    

𝑙

2
]  (16) 

[𝐺2] = 𝑑𝑖𝑎𝑔 [1    1    
𝑙

4
    

𝑙

4
]  (17) 

[𝐶𝑢𝑐] = 𝑑𝑖𝑎𝑔 [
𝑙

4𝐴𝐺
    

𝑙

4𝐴𝐺
    

𝑙3

48𝐸𝐼
    

𝑙3

48𝐸𝐼
]  (18) 

In the above formula, Cg is the total flexibility matrix of 

the cracked axis element; Ccr is the local flexibility matrix 

of the cracked axis element; Cuc is the flexibility matrix 

of the axis element when no crack exists. By using the 

inverse matrix of each softness matrix, the stiffness 

matrix KOP, KUC ,KHc are calculated, and the stiffness 

matrix Kc of cracked shaft element are obtained from 

formula (8). 

 
Figure 2. Cracked shaft element 

 

 

 
Figure 3. Crack  model 

 

 

[𝐾𝑜𝑝 ] = [𝐶𝑔]𝑜𝑝
−1, [𝐾𝑈𝐶] = [𝐶𝑔]𝑢𝑐

−1, [𝐾𝐻𝐶] = [𝐶𝑔]ℎ𝑐
−1  (19) 

In formula (18), E, G, I, l and R are the elastic modulus, 

shear modulus, moment of inertia, length and radius of 

the axis, respectively. 

 

2. 4. Equation of Motion for AMB-Cracked Rotor 
System              In the n axis units of the shaft, the j-axis 

element is the crack axis . The equation of motion of the 

crack rotor system is as follows [13–15]: 

𝑈 = [
0 𝐼

−𝑀−1[𝐾 + 𝐾𝑐 − 𝐾(𝑠)] −𝑀−1[𝐶 + 𝐺𝜔]
] �̇�

+ [ 0
𝑀−1𝐾(𝑖)

] 𝐼(𝑠)+ 𝑀−1[𝑄+ 𝑊] 

(20) 

 

where, Kc is the stiffness matrix of crack section of j 

element in the shaft. 

 

 

3. SIMULATION AND EXPERIMENTAL ANALYSIS 
 
3. 1. Analysis of Simulation              The rotor system 

is shown in Figure 1, where axis length l = 800mm, axis  

diameter R = 10mm, and the rotor is discretized into 16 

beam elements. The diameter of the disc on the shaft D = 

200mm and disc thickness h = 25mm. The unbalance of 

the disc is m·e = 100 g·mm and the initial angle φ = 0. 

The electromagnetic coil has a total of 110 turns and the 

cross-sectional area of air gap is 0.0013m2, while that of 

the nominal air gap is 0.2×10-3 m2. 

As shown in Figure 4, the rotor is divided into finite 

elements, and the crack is located in the 8th element. The 

equation of motion of the rotor can be derived from 

formula (20). The cracked rotor system is a periodic time -

varying nonlinear system due to the opening and closing 

of the crack. The Runge-Kutta method are used to 

analyzing the imbalance response of a cracked rotor 

system in this paper. 
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Figure 4. FEM of rotor 

 

 

Figure 5-(a), (b), (c) and (d) illustrate the orbit of the 

cracked rotor system and the vibration spectrum of the 

rotor in the y direction (vertical direction) under different 

bias current conditions of AMBs’ electromagnet. It can 

be seen that when the bias current of the electromagnet is 

1A, the harmonic components of 2× and 3× are not 

obvious in the vibration spectrum of the cracked rotor. 

However, when the bias current of the electromagnetic of 

bearing is 2A, the magnitudes of 2× and 3× harmonic 

components increased obviously in the vibration 

spectrum of the cracked rotor.
 

From Figure 5, it can be seen that the harmonic 

component of AMBs-cracked rotor system can be used as 

the diagnostic index of the rotor crack with certain 

equivalent stiffness conditions of AMBs. But when the 

equivalent stiffness of AMBs is small, the PD controller 

of AMBs can suppress the vibration characteristics of 

rotor. So it is not useful to diagnosis of the rotor crack 

fault using the harmonic components of rotor's vibration 

when the bias current of AMB is smaller. 

 

 

 
 

 

 
 

 
 

  

  

Figure 5. Orbit of the cracked rotor system and the vibration 
spectrum of the rotor in vertical direction under bias current and 

rotation speed of AMBs; (a) The bias current i0 = 1A, relative 

depth of the crack a = 0.4R, rotation speed of the rotor n = 

2400rpm; (b) The bias current i0 = 2A, relative depth of the 

crack a = 0.4R, rotation speed of the rotor n = 2400rpm; (c) The 
bias current i0 = 2A, relative depth of the crack a = 0.4R, 

rotation speed of the rotor n = 4500rpm. 
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3. 2. Experiments and Analysis           The experimental 

platform of AMB and flexible rotor system is shown in 

Figure 6. And main parameters of the AMBs are given in 

Table 1. The vibration of the shaft was detected by four 

eddy current displacement sensors. Dspace1006 was 

chosen as the controller, while Dspace 2003 was used as 

the A/D and D/A modules. The crack was realized by line 

cutting the shaft to obtain a slit with a depth of 4mm and 

a width of 0.15mm. Then 0.15mm thick piece of copper 

was embedded in the slit, and one of its sides bonded to 

the slit by a high-strength metallic adhesive. The crack 

obtained by this method as well as its position on the shaft 

is shown in Figure 7. 

 

 

 
Figure 6. Test rig of an active magnetic bearing and flexible 
rotor system. 
 

 

TABLE 1. AMB’s main parameters  

Parameters Values 

Inner diameter of AMB’s stator 95.6 mm 

Outer diameter of AMB’s stator 170 mm 

Inner diameter of AMB's rotor 20 mm 

Outer diameter of AMB's rotor 95 mm 

Area magnetic pole 1147.12 mm
2
 

Coil turns 110 

Air gap 0.3 mm 

Angle of magnetic pole 22.5° 

Coil resistance 2.5 Ω 

Saturation magnetic dense 1.2T  

Force-current coefficient  716.2 N/A 

Force-displacement coefficient 2.205 kN/mm 

 

 

 

Figure 7. The position of the crack on the shaft. 

Figure 8 shows the vibration of the cracked rotor system 

at a rotational speed of 4500 rpm, and the vibration 

spectrum of rotor in the y-direction (vertical). By looking 

at the vibration signal of the cracked rotor system, it can 

be seen that the amplitude of 2× and 3× harmonic 

components is obvious. Hence, this experimental 

phenomenon confirms that the simulation results are 

correct. 
 
 

 
 

 

 
Figure 8. Orbit of the AMBs-cracked rotor system and 

vibration characteristics at speed of the rotor n = 4500rpm; (a) 

Orbit of cracked rotor vibration at speed of the rotor n 

=4500rpm; (b) The cracked rotor y-direction vibration and FFT 

spectrum. 
 

 

4. CONCLUSION 
 

The following conclusions can be drawn from the 

simulation and experimental analysis of PD control 

AMBs and cracked rotor systems. 

The dynamic characteristics of the PD control AMBs 

and cracked rotor system are more complicated than 

those of the traditional bearings and cracked rotor 

system. Additionally, the vibration characteristics of a 

cracked rotor system are influenced by the equivalent 

stiffness of AMBs and the parameters of the controller as 

well. 

Under stiffness of the electromagnetic bearings, the 

vibration amplitude of multiplier component such as the 

2× and 3× harmonics in the AMBs and cracked rotor 

system can be used as the crack faults diagnostic index of 

AMBs and rotor system. 
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 چكيده

 

خطای کرک روتور یکی از مهمترین مشکلات مواجهه با سیستم روتور تحمل مغناطیسی است. به منظور بهبود عملکرد ایمنی 

ی . در این مقاله، مدل سختبررسی گردد های ارتعاشی سیستم روتور شکسته مغناطیسیویژگیآلات، لازم است این نوع ماشین

 crackedاز سیستم روتور  PD( ایجاد شده است. مدل ریاضی کنترل SERRعنصر شفت کراس توسط تئوری انتشار انرژی )

AMB های ارتعاشی کنترل بر اساس روش المان محدود است. ویژگیPD ور برای سیستم روتAMBs  در محفظه آزمون

تشخیص  AMBsهای ارتعاش در سیستم روتور ترک خورد شده تحت عمق روانکاری مورد بررسی قرار گرفت. طیف ویژگی

های توانند برای تشخیص خطا از خطای کرک سیستممی× 3و × 2ها نشان داد که اجزای هارمونیک داده شد. نتایج آزمایش

 .استفاده شوند AMBبرای  PDتحت کنترل  AMBروتور 
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