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A B S T R A C T  
 

 

Generally, the inventory routing problem occurs in a supply chain where customers consider the supplier 

responsible for inventory replenishment. In this situation, the supplier finds the answer to questions 
regarding the time and quantity of delivery to the customer as well as the sequence of customers in the 

routes. Considering the effect of production decisions on answering these questions, the present paper 

examines the integrated decision making on production, routing and inventory in a two-echelon supply 
chain composed of a manufacturer and multiple retailers. Transshipment, as a policy in supply chain 

logistic which increase integration and decrease inventory cost, is also allowed between retailers. The 

mathematical formulation for the problem is developed and an adaptive large neighborhood search 
heuristic is proposed to solve this complicated problem. The results of numerical experiments showed 

that the solutions yielded by the heuristic method have high efficiency. 

doi: 10.5829/ije.2018.31.09c.13 
 

 

 
1. INTRODUCTION 
 
In recent years, the growing rate of competition between 

supply chains and attention to coordination and 

cooperation in supply chain management has led to 

further research in this field. One kind of coordination 

between the components of the supply chain is 

the1coordination of inventory and routing in distribution 

systems. The inventory routing problem (IRP) occurs 

when there is a need for simultaneous decision making 

on inventory and vehicle routing which typically happens 

in vendor managed inventory (VMI) systems. The IRP 

which is currently used by many different industries is 

about distributing a product from a depot to a set of 

customers throughout a given planning horizon. 

Since many of the parameters of the IRP including 

inventory level at different echelons of the supply chain 

as well as the amount of retailers demands which are met, 

depends on the amount of goods produced, production 

planning and production capacity play an important role 

in making the problem closer to the real world conditions. 
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Also the possibility of transshipment between retailers is 

allowed which can reduce the total cost of the system. 

Transshipment means the ability to move products 

between locations at the same echelon of a supply chain.  

Previous studies which have been done in this area 

will be followed in section 2. The mathematical model of 

the problem will be presented in the third section. In 

section 4, the developed heuristic method will be 

presented. Comparison of the performance of the 

heuristic algorithm with the results of the exact solution 

of the model will be the subject of the sixth section of this 

study; finally, in the seventh section, conclusions will be 

made and future research proposals will be presented. 
 
 

2. LITERATURE  

 

Since this problem has not been addressed in the 

literature so far, in this section the conducted studies on 

various aspects of this problem i.e. IRP, production 

planning in distribution systems and transshipment in 

inventory management systems are reviewed.  
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The IRP was first introduced by Bell et al. [1] in 1983, 

and thereafter, significant studies have been carried out 

in this area particularly over the last decade. Anderson et 

al. [2] reviewed IRP in two modes of land and sea 

transportation and its industrial aspects and addressed 

about 90 scientific articles in this field from 1983 to 

2009. Coelho et al. [3] classified IRPs with regard to the 

structural diversity and availability of information on 

customer demand, aimed at completing the work 

discussed in literature [2]. Ghorbani and Joker [4] 

considered the problem of inventory routing and location 

in a multi-product three-echelon supply chain, and 

presented a heuristic method based on simulated 

annealing which the results were significantly better than 

literature studies in terms of time and error. Cordeau et 

al. [5] studied an IRP in multi-product condition and tried 

to find the answer to the problem by developing a 

heuristic method in three phases. Etebari and Dabiri [6] 

considered the IRP with different pricing for different 

geographic areas and solved it by developing a heuristic 

method. Moubed and Mehrjerdi [7] proposed a hybrid 

heuristic model combining dynamic programming, ant 

colony optimization and tabu search to solve the 

inventory routing problem. 

Since inventory routing in production systems 

depends highly on production and with the aim of 

integrated planning, in addition to inventory management 

and distribution planning, production planning can be 

considered in this regard. So far, a few studies have been 

conducted in this field [8, 9]. Bard and Nananukul [9] 

modeled the inventory routing problem with 

consideration of production scheduling in single-product 

multi-period, and with the goal of minimizing total 

system costs. Adulyasak et al. [10] addressed the studies 

conducted on PRP and state that despite the complex 

structure of this problem there has been a growing 

tendency to study it both in the industry and in the 

academic level in the past decade. The advantages in the 

coordinated and integrated planning of production and 

distribution is discussed. Diaz et al. [11] in a review study 

examined the optimization models presented in the 

literature on the production and the routing problems in 

an integrated manner.  

Transshipment is one of the main instruments in 

supply chain logistics which has been used in several 

studies to reduce the inventory costs in the two-echelon 

supply chains [12]. Mercer and Tao [13] examined the 

IRP by considering the possibility of transshipment in a 

case study on the distribution system of Tesco chain 

stores in UK, in which the products were delivered from 

the factory to the wholesalers and transshipment was 

possible among the wholesalers. Alvarez et al. [14] 

reviewed the inventory management system in a two-

echelon spare parts supply chain with the possibility of 

selective transshipment to meet the demand of premium 

customers. Turan et al. [15] examined a two-echelon 

inventory management problem where there is a central 

warehouse at first echelon and retailers are in the second 

and transshipment possibility among the retailers is taken 

into account. Coelho et al. [16] modeled the inventory 

routing problem with taking transshipment into account 

for the first time. In this study, they used simplifying 

assumptions such as the one vehicle in the supplier’s 

transportation fleet and developed a heuristic algorithm 

to solve it. Patterson et al. [12] surveyed studies on 

inventory management systems with the possibility of 

transshipment. Transshipment practically occurs in the 

chain stores, in which, in addition to delivering products 

by the supplier to the stores, it is possible to transport 

products directly from one store to another which can 

reduce shortage costs when demand fluctuates [17]. 

Tiacci and Saetta [18] explained the reasons for the 

increase in the use of transshipment in various industries.  

In this section, studies on inventory routing, 

planning production in distribution systems and 

inventory management with the possibility of 

transshipment were investigated. According to these 

studies, the integration of these three problems may 

increase the integrity and reduce the total costs in the 

supply chains. For this purpose, in this research, an 

inventory routing problem is analyzed with considering 

production planning and transshipment. 
 

 

3. MATHEMATICAL MODEL 

 

Here the mathematical model of the problem is 

presented. At first, the assumptions, parameters and 

variables of the mathematical model are outlined and 

finally the mathematical model of the problem is 

presented with its descriptions. 
 

3. 1. Problem Assumptions 

 The two-echelon supply chain consists of a 

manufacturer and several retailers and is operated 

by vendor managed inventory system. 

 Demand for retailers are certain and dynamic in 

different time periods.  

 The number of time periods is fixed.  

 A single product is considered in the problem.  

 Manufacturer capacity is limited. 

 The amount of production in each period can be 

delivered to retailers in the same period and can be 

used to meet the retailers’ demand in the same 

period. In other words, the lead time is considered 

as zero. 

 Retailers’ warehouse capacity is limited and the 

shortage as the lost sales is allowed.  

 Transportation is carried out by two fleets. 

Manufacturer fleet which is distributing products 

between retailers in a tour starting from the 

manufacturer's site and the other one is private 

carrier fleet to carry out transshipment.  
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 The vehicles in the homogenous manufacturer fleet 

have limited capacity and a certain number. 

 Each vehicle in the manufacturer's fleet can only 

have one trip in each period which starts from the 

manufacturer site and returns after providing 

service to one or more retailers.  

 Each retailer will be visited by the manufacturer's 

fleet maximally once in each period. 

 

3. 2. Signs and Parameters 
Sets and indices 

i, j: retailers indices where zero points to the 

manufacturer 

t: time period index 

N: Set of retailers where N0=N {0} and |N|=n 

T: Set of time periods in the planning horizon in which 

|T|=τ. 

Parameters  

dit: retailer i demand in time t 

cij: The cost of transportation for a vehicle in 

manufacturer’s fleet from node i to node j which is 

calculated as a proportion of Euclidean distance between 

these two points. Triangular inequality exists in case of 

the distances and costs. 

li: Shortage cost of one product in a period at the retail 

store i. 

bij: The transshipment cost from retailer i to retailer j as 

transshipment and using the private carrier fleet.  

Cp: Production capacity. 

f: Production startup cost. 

e: Production cost per unit. 

hp: The cost of holding one unit of product in the 

manufacturer's warehouse for one period. 

hc
i: The cost of holding one unit of product in the retailer 

i warehouse for one period. 

Ip
max: Manufacturer warehouse capacity. 

Ic
max, i: Retailer i warehouse capacity. 

θ: Number of vehicles in manufacturer’s fleet. 

Q: The capacity of each vehicle in manufacturer’s fleet. 

Dmax
t: The upper bound on the maximum amount of 

product that can be loaded on a vehicle in period t, which 

is: 

max min{ , }t il

l t i N

D Q d


 

 
 

It should be noted that inventory at the beginning of the 

planning horizon, both at the manufacturer's warehouse 

and at the retailers' warehouse, is given as the input to the 

model. 

Decision variable 

xijt: The binary variable which is 1 if the node i is exactly 

before the node j on the route of a vehicle on period t, 

otherwise it is zero. 

zt: The binary variable which is 1 if the production is 

done on period t and otherwise it is zero. 

pt: Production amount in period t. 

qit: Delivered product to retailer i by the manufacturer’s 

fleet in period t. 

wijt: The amount of transshipped product from retailer i 

to retailer j in period t. 

sit: The amount of shortage at the retailer i and in period 

t. 

Ip
t: The amount of inventory in the manufacturer's 

warehouse at the end of the period t. 

Ic
it: The amount of inventory in retailer i warehouse at the 

end of period t. 

yit: The required variable for sub-tour elimination. 
 

3. 3. Model 
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Equation (1) represents the objective function of the 

problem which must minimize the total cost of 

transportation, production, holding, shortage, and 

transshipment. Production costs include fixed and 

variable costs of production and holding costs consists of 

holding costs at the manufacturer and the retailers’ 

location.  

Equation (2) establishes the balance between 

inventory at the manufacturer's warehouse in each period 

according to the inputs and outputs of the manufacturer's 

warehouse. Equation (3) also does this for inventory at 

the retailers’ warehouse. Inequality number (4) imposes 

a limit on the amount of production in each period which 

is the production capacity. Inequality (5) is a structural 

constraint that determines a reasonable maximum for 

shortage amount. Inequality (6) states that the delivery of 

goods to retailer i can be non-zero only if a vehicle from 

the manufacturer's fleet visits this retailer. Also, in this 

inequality the maximum amount of goods that can be 

delivered to a retailer by the manufacturer's fleet, which 

is the vehicle's capacity, is also determined. Inequalities 

(7) to (9) deal with the routing aspect of this problem. 

Inequalities (7) and (8) indicate that a retailer will be 

visited at most once by the manufacturer's fleet in each 

time period. Constraint (9) refers to the maximum output 

edges of the manufacturer node which is at most equal to 

the number of vehicles in the manufacturer’s fleet. 

Inequalities (10) and (11) relate to the sub-tour 

elimination in the routing problem which are extracted 

from [9]. The constraint (10) tracks the load of each 

vehicle from manufacturer’s fleet along the route and 

ensures that if the retailer j is immediately after the 

retailer i in period t, the vehicle's load before reaching the 

retailer j will be less than the vehicle's load before 

reaching the retailer i minus the amount delivered to 

retailer i. In this case, if a vehicle returns to the retailer 

who has already visited it, this constraint will be violated. 

In other words, constraint (10) excludes sub-tours that do 

not include the manufacturer node. Inequality (12) 

expresses the bounds on warehouse capacity at the 

manufacturer and retailers. Constraint (13) specifies the 

type of each of variable. 

 

 

3. 4. Generating Instances       According to the data 

reported in literature [16, 19] that each one has addressed 

some aspects of this problem and considering the 

circumstances of the problem, the required data are 

generated and the instances have been generated in 

different dimensions:  
T: The number of time periods from the set {3, 6} 

n: number of retailers: 

 Small size problems from the set {5,10} 

 Medium size problems from the set {30, 50} 

 Large size problems from the set {100,200}. 

 

4. SOLUTION METHOD 
 
In many studies the inventory routing problem is 

considered as an NP-hard problem because the vehicles 

routing problem can be a special case; Lenstra and 

Rinnooy [20] has proved the vehicle routing problem was 

as an NP-hard problem. Accordingly, a proper and 

efficient approach to the problem needs to be developed 

in this study. This heuristic approach has been designed 

within the framework of the Adaptive Large 

Neighborhood Search (ALNS), which was first proposed 

to solve the vehicle routing problem. Large 

Neighborhood Search was used for the first time to solve 

the routing problem by Shaw [21]. Ropke and Pisinger 

[22] modified the Large Neighborhood Search using 

several operators to create new solutions and called it the 

Adaptive Large Neighborhood Search. 

The framework of the ALNS algorithm consists of 

five main elements [22]: 

1) Large Neighborhood: In each replication, based on the 

various operators in the neighborhood structure of this 

algorithm, retailers are removed from their current 

routes, they could move between routes or retailers who 

are not on a route could be inserted. New solutions 

obtained for the routing problem based on this 

neighborhood structure are embedded in the model (as xijt 

variables) for solving it by CPLEX and determining the 

values of other decision variables (production amount, 

delivered product to retailers by the manufacturer’s fleet 

and transshipment).  

2) Adaptive Search Engine: Selection of operators in 

each replication is done by roulette wheel mechanism. 

The weight of each operator in this mechanism (wi) is 

determined by its performance in the past replications. 

The probability of choosing an operator i is calculated by 
wi

∑ wj
h
j=1

⁄  if the number of operators is equal to h. 

3) Adaptive Weight Adjustment: Searching in this 

algorithm is divided into sections that there are φ 

replications in each. The weight of each operator is 

determined by its performance at the end of each section. 

Each operator is assigned a weight and a score. At first, 

all weights are equal to one and the scores are zero. The 

scores are updated in each replication as follows; if the 

operator finds a better solution than the current best 

solution, its score increases by σ1; if the operator finds a 

better solution than the current solution, its score 

increases by σ2; and if the solution is no better than the 

current solution and is only an acceptable one, its score 

increases by σ3. The amount of these scores will be 

ascending. After φ replications the weight of the 

operators is updated on the basis of their scores in that 

section and their previous weights. At the end of each 

section the scores are again reset to zero. If πi is the score 

of the operator i and oij is the number of times that 

operator i is used in section j of the search process, the 
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weights are determined at the end of each section based 

on the following equation: 

wi = {

wi                                  if oij = 0

(1 − η )wi + η
πi

oij
   if oij ≠ 0

 

Where η is the reaction factor and shows the effect of the 

previous weight in determining the operator's new 

weight. As this score is lower, the previous weight of the 

operator will have a greater impact in the calculation of 

its new weight. 

4) Post-Optimization: After running each operator and 

obtaining a new solution, routes are improved using the 

2-opt algorithm. In this algorithm, all pairs of retailers on 

a tour are selected and then revised tours are obtained by 

reversing the order of the nodes between the selected pair 

of nodes. Finally, the order of the retailers that have the 

lowest transportation cost is selected. 

5) Acceptance and stop criteria: The acceptance criterion 

is defined on the basis of the simulated annealing 

mechanism. In other words, if the solution is not a better 

one, the solution is accepted with the probability p =

e
−∆F

Ti
⁄

 where Ti is the current temperature and ΔF is the 

difference between the objective functions. The 

algorithm continues until the temperature reaches the 

minimum. In Figure 1, the introduced heuristic algorithm 

is shown in the form of pseudo-code.  

 
 
4. NUMERICAL EXPERIMENTS 
 
In order to evaluate the developed model, it was coded in 

GAMS 24.1.3 software and the CPLEX solver 12.5.1 is 

used to solve the model. The heuristic method is coded in 

MATLAB software version R2013a. The calculations are 

also performed on a computer with Intel Core i5 CPU 

3.1GHz and 4GB RAM specifications. Regarding the 

parameters of the heuristic method, the values in Table 1 

are assigned to the parameters which are obtained 

according to the studies [21, 22, 23] and the experiments 

on values close to the values indicated for each parameter 

in those studies. 

The results are shown in Table 2. In the second and 

third columns, the number of time periods and retailers 

of the problem are given. In columns 4 to 7 the results of 

the exact solution of the model via CPLEX are presented. 

The fourth column represents the objective function, the 

fifth column indicates the runtime, and the sixth column 

denotes the difference between the objective function and 

the best lower bound. 

The seventh column also presents the solution state 

that is either optimal or time limit. The intended time 

limit for this problem is 3600 seconds.  

In the cases where the time limit is reached, the best 

solution obtained until then is recorded. 

 

1: Set all weights equal to 1 and all scores equal to 0. 

2: Set sbest ←s←initial solution. 

3: Set t ← initial temperature. 

4: while t > tmin do 

5:  Set s′←s. 

6:  Select an operator using the roulette-wheel 

mechanism based on the current weights. 

7:  Apply the operator to s′ and update the number 

of times it is used. 

8: perform a 2-opt to improve the sequence of 

customers. 

9:  if z(s′) < z(s) then 

10:   Set s′←s; 

11:   if z(s) < z(sbest) then 

12:    Set sbest←s; 

13:    update the score for this 

operator with σ1; 

14:   else 

15:    update the score for this 

operator with σ2; 

16:   end if 

17:  else if s′ is accepted by the simulated annealing 

criterion then 

18:   Set s′←s; 

19:   update the score for this operator with 

σ3. 

20:  end if 

21: if the iteration count is a multiple of φ  

22:  update the weights of all operators and reset 

their scores to 0; 

23:  t←t*α; 

24:  end if 

25: end while 

26: return sbest; 
Figure 1. Proposed heuristic Pseudo-code 

 

 

TABLE 1. Heuristic parameters values 

Parameter Value Parameter Value 

Initial temperature 100 η 0.7 

α 0.8 1σ 10 

Minimum temperature 0.1 2σ 5 

φ 5 3σ 2 

 

 

1. As it can be observed it is only possible to reach the 

optimal solution within 3600 seconds for the first 

two problems. By increasing the product T.n and 

consequently increasing the number of variables and 

the constraints of the problem, the difference 

between the best solution obtained with the lower 

limit (gap) has increased. 

The results of implementing the heuristic method on 

problems are presented in columns 8 to 10 of the Table 

2. 
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TABLE 2. Comparing Heuristic Algorithm and CPLEX results 

No. 
Parameters CPLEX Heuristic 

τ n Obj. Time(s) Gap(%) State Obj. Time(s) Gap(%) 

1 3 5 2209.8 4 0 Optimal 2209.8 23 0 

2 6 5 4467.2 2432 0 Optimal 4605 37 3 

3 3 10 4087.5 3600 3.9 Time limit 4114.5 72 4.6 

4 6 10 8131.5 3600 7.8 Time limit 8166.5 87 8.2 

5 3 30 11328.7 3600 7 Time limit 11325 121 6.9 

6 6 30 23011 3600 8.7 Time limit 22721 179 7.6 

7 3 50 18344.2 3600 11.6 Time limit 17613.7 191 8 

8 6 50 50760.6 3600 33 Time limit 37467 305 9.2 

9 3 100 51756.8 3600 39.3 Time limit 35673.8 564 11.9 

10 6 100 114093 3600 41.7 Time limit 76098 1061 12.6 

11 3 200 104540.9 3600 41.4 Time limit 68793 947 11 

12 6 200 217598.2 3600 42.3 Time limit 139400.8 1205 10 

Average    3203 19.7   399 7.7 

 

 

In column 10, the differences between the best solution 

of the heuristic method and best lower bound obtained by 

CPLEX are noted so that the performance of the exact 

solution and the heuristic method is compared using the 

same lower bound. As it can be observed in the case of 

small problems, the heuristic solutions are as good as 

CPLEX but in a shorter time. In the case of medium and 

large problems the performance of the heuristic is 

considerably more efficient than CPLEX both in terms of 

time and gap. The heuristic method has reached better 

solution in one-tenth of the time used by CPLEX. In the 

columns representing the values of time and gap of each 

solution method, the superior ones are highlighted. It can 

be concluded that CPLEX solver will be good enough for 

smaller problems but in larger problems which are often 

real world problems, the heuristic method provides 

remarkably better performance. 

 

 

5. CONCLUSIONS 

 

In this paper the IRP is addressed through considering 

production planning in a two-echelon supply chain where 

the manufacturer was at the first echelon and the retailers 

were at the second. Also the possibility of transshipment 

between retailers is allowed. 

As a suggestion for future research, since real data on 

this problem in which production, routing, and inventory 

decisions are made simultaneously, do not exist in the 

literature, it is suggested to review the performance of the 

mathematical model under operational conditions using 

the real data of a supply chain. Also, the study of the 

interaction between the manufacturer and the retailers 

regarding the transshipment can be considered as a 

research subject especially in supply chains which 

decision makings are decentralized.  
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 چکیده

 

 

 

بازپرسازی دهد که در آن مشتریان مسئولیت های تأمین رخ میعموماً مسأله مسیریابی موجودی در شرایطی در زنجیره

هایی مانند آن که زمان و میزان تحویل کالا به کننده برای پرسشسپارند. در این شرایط تأمینکننده میموجودی را به تأمین

ش تصمیمات مربوط به تولید یابد. با توجه به نقمشتری و همچنین توالی مشتریان در مسیرها چگونه باشد، پاسخ مناسب می

گیری یکپارچه در خصوص تولید، مسیریابی و موجودی در ها، مقاله حاضر به بررسی تصمیمرسشه پاسخ به این پدر ارائ

پردازد. همچنین امکان فروش تشکیل شده است میو تعدادی خرده یک زنجیره تأمین دوسطحی که از یک تولیدکننده

مطرح در لجستیک زنجیره تأمین، که با فروشان به عنوان یکی از ابزارهای ( بین خردهشیپمِنتتِرَنسجابجایی موجودی )

شود، مجاز درنظر گرفته شده است. در این ها در مدیریت موجودی به کار برده میهدف افزایش یکپارچگی و کاهش هزینه

ه شده و سپس یک روش ابتکاری در چارچوب روش جستجوی همسایگی بزرگ انطباقی تحقیق ابتدا مدل ریاضی مسأله ارائ

های ایجاد شده توسط روش ابتکاری از کارایی دهد جوابت. نتایج حاصل از آزمایشات عددی نشان میتوسعه یافته اس

 بالایی برخوردار هستند.
doi: 10.5829/ije.2018.31.09c.13 
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