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A B S T R A C T  
 

 

This paper presents a new observer based fuzzy terminal sliding mode controller design for a class of 

fractional order nonlinear systems. Robustness against uncertainty and disturbance, the stability of the 

close loop system and the convergence of both the tracking and observer errors to zero are the merits of 
the proposed observer and the controller. The high gain observer is applied to estimate the state 

variables of the system. The fuzzy system is applied to decrease chattering of the controller. Finally, 

numerical simulation on a chaotic system demonstrates the powerful and effectiveness of the proposed 
method. 
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1. INTRODUCTION1 
 

Fractional Order Calculus is a 300-year-old 

mathematical topic [1], but over the recent decades it 

has found many applications such as signal processing 

[2], chaos [3], controllers [4] and observers and has 

become an interesting topic of investigation [5-9]. 

Designing PI and PID controllers [10], adaptive fuzzy 

logic controller [11] and adaptive feedback control [12] 

are investigated with stabilization of fractional order 

systems in mind [13]. In all the above-mentioned 

control design strategies, have all assumed that the 

states of the fractional-order systems are available.  

State estimating problem is an issue of significance 

in various fields, such as state-based control, system 

monitoring, fault detection and reconstruction, tracking, 

and so forth [14-16]. In the last decade many observers 

are applied for state estimation of dynamic systems such 

as terminal SMO [17], adaptive SMO and neural 

observers.  

                                                           

1*Corresponding Author’s Email: R.ghasemi@qom.ac.ir (R. 
Ghasemi) 

High gain observers have the ability to reject modeling 

uncertainty and reconstruct quickly and simultaneously 

[18], to achieve an accurate state estimation, the 

observer gain must be sufficiently high. The presence of 

disturbance, challenges this premise [19-21]. By 

adopting sliding mode controllers, we can eliminate 

disturbance effects in the control process.  

The main advantage of sliding mode controllers [12, 

22-24] is to switch the control law to force the states of 

the system to converge from any initial conditions to the 

sliding surface.  

The system on the sliding surface has desirable 

performance such as stability and disturbance rejection 

capability. Sliding mode controller is an effective 

control method which is disturbance free. Different 

from the regular sliding mode control, terminal sliding 

mode controller adopts a non-linear terminal sliding 

surface [21, 22]. The proposed terminal sliding mode 

controller coverage system states to the equilibrium 

point in a finite time. Different from conventional 

sliding mode, with linear sliding surface, terminal 

sliding mode shows some superior properties such as 

faster, finite time convergence, and higher control 

accuracy. Since today, a few investigations have been 
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carried out in the domain of fractional order terminal 

sliding mode controller. Therefore, this paper adopts a 

fuzzy terminal sliding mode controller based upon the 

high gain observer for a class of fractional order non-

linear systems.  

In our proposed method, we utilized a high gain 

observer to estimate states of a chaotic fractional order 

system. Eventually a TSMC, designed for fractional 

order non-linear systems which guarantees robustness 

against uncertainly as well as stability. To reduce the 

chattering phenomenon, a fuzzy logic control method is 

used to replace the discontinuous sign function at the 

reaching phase in terminal sliding mode control. 

The following maps the organization of the present 

study: section 2 includes basic definition of fractional 

calculus, section 3 provides a high gain observer, 

section 4 introduces a new terminal sliding mode 

controller based on high gain observer for fractional 

order systems. Section 5 provides the fuzzy sliding 

mode controller to eliminate the chattering 

phenomenon. Finally, section 6 provides simulation 

results of the proposed method on duffing chaotic 

system. 
 

 

2. PRELIMINARIES 

 

A brief survey on fractional mathematics is presented in 

this section. Fractional-order integration and 

differentiation is defined with following operator: 

 (1) 

0

1 0

( ) 0

q

q

q
a t

t

q

a

d
q

dt

D q

d q 








 







 

where, a and t are the bounds of the operation and the q 

th-order fractional derivative. The three most frequently 

used definitions for the general fractional differentiate 

are: Grunwald-Letnikov (GL) definition, Riemann-

Liouville (RL) and Caputo definitions. 

The Grunwald-Letnikov (GL) definition of the qth-

order fractional derivative is given by: 
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The Riemann-Liouville (RL) definition of fractional 

derivative of order q is given in the following form: 
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where, (.) is the Gamma function.  

The Caputo definition of fractional derivatives is 

defined as follows: 
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 (4) 

The Caputo definition for differentiating operation in 

fractional order calculus is used in this paper. 

If the fractional derivative f(t) is integrable then the 

definition is given by: 
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(5) 

Lemma 1: The fractional integration operator q

a tI  with 

0a   is bounded as follows. 

      1 pa

pp
I y k y   
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3. HIGH GAIN OBSERVER DESIGN FOR 

NONLINEAR SYSTEM 

 

In this section a high gain observer is designed for the 

state estimation of nonlinear fractional order systems. 

Consider a non-affine nonlinear fractional order system 

as: 

( ) ( , )qD x A x g x u

y cx

 


 

(7) 

where, ( , )A C is observable and 0g  is a nominal model of 

g and A is a constant matrix. The observer is described 

as follows: 

0ˆ ˆ ˆ ˆ( ) ( , ) ( )qD x A x g x u L y cx   
 

(8) 

where, x̂ is the state estimation and L is the observer 

gain. Thus observer error can be defined as follows: 

ˆx x x   (9) 

By derivative of the above equation, it gives: 

0 ˆ( ) ( , ) ( , )qD x A Lc x g x u g x u   
 

(10) 

The linear part of Equation (10) is stable if the fowling 

conditions are satisfied. 

arg( ( ))
2

eig A Lc q


 
 

(11) 

The convergence of the proposed observer error to zero 

is guaranteed if L chosen so that it becomes high and 

the condition mentioned in Equation (11) is satisfied. 
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4. OBSERVER BASED TERMINAL SLIDING MODE 

CONTROLLER 

 

In this section, terminal sliding mode controller is 

proposed for a class of nonlinear fractional order 

system. Consider the nonlinear affine system as follows: 

1 2

2 3

( ) ( )

q

q

q
n

D x x

D x x

D x f x g x u d

y cx

 

 




  
 
  

 (12) 

where, x is the state variable, u presents the control 

input and ( )d x  is the external bounded disturbance as 

follow: 

( )d t 
 

(13) 

where, ( )f x and ( )g x are unknown bounded nonlinear 

functions and furthermore without loss of generality, it 

is assumed that: 

( ) 0g x   (14) 

then the observer would be described as follows: 
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 (15) 

A terminal sliding mode surface can be selected in the 

following form: 
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Based on the proposed sliding surface, the control input 

can be written as: 
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(17) 

1
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ˆ( )
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(18) 

Theorem. Consider the nonlinear fractional dynamical 

system given in (12) satisfying assumption (14), and the 

external disturbances satisfying assumption (13). 

Furthermore, the observer proposed in Equation (15), 

the controller structure given in (17) and (18), with 

sliding surface (16) makes the observer and tracking 

error converge to zero and all signals in the closed loop 

system be bounded as well. 

Proof. The following Lyapunov function is 

candidate as follows: 

21

2
V s

 
(19) 

For the finite time stability, derivative of the proposed 

Lyapunov function should satisfy the following 

inequality: 

V ss s  
 

(20) 

Based on Equation (20) and after some mathematical 

manipulations, the above equation can be rewritten as:  
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(21) 

Then by substituting u into the above equation v can be 

rewritten as follows: 
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(22) 

Due to convergence of the observer error to zero and by 

selecting a proper observer gains so that the fowling 

equation is bounded and sufficiently small and 

ˆ( ) ( )f x f x is limited. Moreover: 
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(23) 

where, is   small bounded variable. Therefore, k is 

obtained from the following equations: 

ˆ( sgn( ) )s k s d s    
 

(24) 

k       (25) 

And this value of k  guarantees the finite time stability 

of observer based controller. 

Due to sliding mode property and k sign(s) estimate 

by the fuzzy system and it replace with fuzzy system 

then chattering phenomena is reduced. 

Where r st t   and 
rt is the reaching time. 

Consider the following sliding surface as: 
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( )
1

2 1
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(26) 

On sliding surface (s(t) = 0), the derivative of the above 

equation is gives: 
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q

q pD x x t 
 

(27) 

By fractional integral of the above equation, it gives: 
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According to Equation (5), Equation (28) can be 

rewritten as: 
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Based on Equation (30), Equation (29) is as: 

2 1

q
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Using Equation (12), the above equation is as follows. 

1 1

q

pq qD x D x  
 

(32) 

By fractional integral of the above equation, it gives: 

1 1( )

q

pq q qD D x D x  
 

(33) 

The above equation can be expressed as: 
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(36) 

Noting that 1( ) 0x t   at   st t . By substituting 

Equation (36) into Equation (35) can be rewritten as 

follows: 
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Therefore, st is obtained from the following equations: 
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Therefore, the system reaches to reference trajectory in 

finite time. The proof is complete. 

 

 

5. FUZZY TERMINAL SLIDING MODE 

CONTROLLER 

 

A fuzzy logic system is introduced to reduce the 

chattering phenomenon in terminal sliding mode 

controller, by adopting a TS fuzzy system to estimate 

sgn( )k s  (Figure 1). 

The input of the proposed fuzzy logic system is the 

sliding surface and the output is generally, the main 

reason to employ the fuzzy system in our controller is 

the fact that it has been proved to be a universal 

approximator. A fuzzy logic system consists of a 

collection of fuzzy IF-THEN rules where the rules are 

in the following form: 

Rule 1). IF S IS N THEN Ui IS Z1(x, t) 

Rule 2). IF S IS Z THEN Ui IS Z2(x, t) 

Rule 3). IF S IS P THEN Ui IS Z3(x, t) 

 

 

6. SIMULATION AND RESULTS 

 

In this section we applied the above proposed observer 

based controller for state estimation and stabilization of 

a nonlinear fractional order system on the duffing 

chaotic system. Consider duffing system as follows: 

1 2

3
2 1 2 1

1
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q
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D x x ax x t u
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 (39) 

where the parameters are chosen as q=.93, a=0.25,

0.25   and the initial valve of the states are 0.2,0.25 
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Figure 1. Block diagram of the fuzzy logic controller 

 

respectively and in Equation (15), the matrix A and the 

observer gain (L) are defined as A= [0 1;1 -.25], 
2 2[1.29 10 ,4.196 10 ]L    . 

The goal is to suppress the unstable periodic orbits 

in a finite time by using fuzzy terminal sliding mode 

controller based high gain observer. 

Inputs of the fuzzy system as the following form: 

1
1 2

2 2

0

3 1
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q
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qt

p
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And Z (x, t) is chosen in the following form. 

1 1 2 3

2 1 2 3

3 1 2 3

( , ) 0.1 0.1 0.2

( , ) 0.2 0.1 0.1

( , ) 0.3 0.2 0.1

z x t input input input

z x t input input input

z x t input input input

  

  

  

 

The membership functions are considering the 

following form in Figure 2. 

Figures 3 and 4 shows the signal of system states 

without applying any control action. Estimation 

accuracy is clearly prefect. 

Figures 5 and 6 illustrates signal states with the 

control action applied and controller input are derived  

from observer states. As shown, figures explicitly 

indicate the desirable performance of our proposed 

observer based controller.  

Figure 5 shows first state of system and its 

estimation converge to zero in finite time. 

Figure 6 shows that second state of system and its 

estimation are converging to zero. Figure 7 shows that 

the sliding surface is converging to zero. As these can 

be seen in the above Figures, the states of the system 

have oscillatory response, the proposed controller 

applied to the system to eliminate this phenomenon and 

the proposed method has desired performance. 

Figure 8 shows the input signal, where causes the 

states of system converge to the zero. The above figures 

show the promising performance of the proposed 

observer based controller. 

 

 

 
Figure 2. Membership function for the states of the system 

 

 

 
Figure 3. State x1 and high gain observer estimation 
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Figure 4. State x2 and high gain observer estimation 

 

 

 
Figure 5. State x1 with high gain observer based controller 

 

 

 
Figure 6. State x2 with high gain observer based controller 
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Figure 7. Sliding surface 

 

 

 
Figure 8. Input signal 

 

 

7. CONCLUSION 
 
In summary, this study proposes a new adaptive high 

gain observer for a class of nonlinear fractional order 

systems, based on terminal sliding mode controller. The 

robustness of sliding mode controller against 

uncertainties, disturbances as well as decreasing the 

chattering phenomenon, are the main advantages of the 

proposed strategy. The fuzzy logic part of the controller 

is adopted in order to decrease chattering phenomenon. 

The observer part handles the estimation of unknown 

states of the system, and presents a more practical 

method in a more realistic control process. Direct 

Lyapunov theory guarantees the finite time stability of 

the closed loop system. The simulation results 

apparently indicate satisfactory performance of this 

approach. 
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 هچكيد
 

 

ّای هزتبِ کسزی غیزخطی گز بزای سیستندر ایي هقالِ یک کٌتزل کٌٌذُ هذلغششی ًْایی فاسی جذیذ بز هبٌای رٍیت

گز ٍ ّا ٍ اغتشاشات، پایذاری سیستن حلقِ بستِ ٍ ّوگزایی خطای رٍیتطزاحی گزدیذ. هقاٍم بَدى در بزابز ًاهعیٌی

گز ارائِ شذُ هی باشذ. رٍیت گز بْزُ بالا بزای تخویي حالت ّای اس هشیت ّای کٌتزل کٌٌذُ ٍ رٍیت کٌٌذُ بِ صفزکٌتزل

سیستن استفادُ شذُ است. سیستن فاسی ًیش بزای کن کزدى پذیذُ ی چتزیٌگ در کٌتزل کٌٌذُ استفادُ شذُ است. سزاًجام 

 باشذ.اری ٍ قذرتوٌذی رٍش پیشٌْادی هیی تاثیزگذًتایج شبیِ ساسی بز رٍی یک سیستن آشَبی ًشاى دٌّذُ
doi: 10.5829/idosi.ije.2016.29.11b.11 

 

 

 

 


