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A complete investigation on the free vibration and stability analysis of beams made of functionally graded
materials (FGMs) containing open edge cracks utilizing four beam theories, Euler-Bernoulli, Rayleigh,
shear and Timoshenko, is performed here. It is assumed that the material properties vary along the beam
thickness exponentially and the cracked beam is modeled as two segments connected by two mass-less
springs, extensional and rotational spring. Afterward the equations of motion for the free vibrations and
buckling analysis are established and solved analytically for clamped-free boundary conditions. A detailed
parametric study is also performed to examine the influences of the location and depth of the crack,
material properties and slenderness ratio of the beam on the free vibration and buckling characteristics of
cracked FGM beams for each of the four engineering beam theories.
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1. INTRODUCTION

Cracks as a defect in a structure, change the structural
characteristics of the material, reduce the natural
frequencies and affect the vibration mode shapes.
Therefore, using the data of vibration analysis is a non-
destructive method in order to recognize the position
and depth of the edge cracks. Vibration investigations
on cracked structures were performed by many
researchers  utilizing analytical, numerical and
experimental methods. Although the early works were
started by Kirmsher [1] and Thomson [2] who studied
the role of crack and local discontinuity on structural
characteristics, different methods were then utilized to
study vibration analysis of cracked beams. These
methods consist of finite element [3], Galerkin and local
Ritz [4], approximate analytical approach [5], transfer
matrix [6] and dynamic stiffness matrix approach [7].

In vibration analysis, cracks are usually modeled
utilizing rotational and extensional spring to exhibit the
reduction of the beam bending stiffness where the
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equivalent lumped stiffness could be calculated using
fracture mechanics. In this context, Yokoyama and
Chen [8] calculated the vibration characteristics of
Euler-Bernoulli beam with a surface crack using lumped
flexibility method and modified line-spring model. They
determined the natural frequencies and the
corresponding mode shapes for beams having edge
cracks of different depths at different positions. In more
recent studies, Zheng and Fan [9] and El Bikri et al. [10]
studied free vibration analysis of beams with an edge
crack while the effect of multiple cracks in a cracked
beam on natural frequencies was studied by Lee [11]
later.

Another aspect of present research is the stability
analysis that plays an important role in many
engineering structures. It is well known that cracks have
undeniable effects on the equivalent stiffness and
consequently the buckling load of the columns. In early
works, Liebowitz et al. proposed an experimental [12]
and also an analytical method [13] to determine the
buckling loads of notched columns subjected to axial
compressive loading. Then the stability of the cracked
columns subjected to follower and vertical loads is
investigated by Anifantis and Dimarogonas [14] using
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flexibility matrix. In more recent studies, Fan and Zheng
[15] investigated the stability of a cracked Timoshenko
beam column using a new modified Fourier series. Also
Skrinar [16] presented a new geometrical stiffness
matrix for finite element modeling of a transversely
cracked beam in buckling analysis according to the
Euler’s elastic flexural buckling theory. In addition, it
should be mentioned that, FG materials are one of the
latest advanced materials composed of two or more
different phases. Since the materials volume percentage
continuously varies from one surface to another, the
material properties are varied continuously along those
dimensions [17]. Considering the increasing application
of FG materials in industry, many researches were
performed in order to analyze their characteristics
including vibration [18, 19]. Due to the enormous
literature on FG materials, recent researches closely
related to the current study are reviewed here. Yang and
Chen [20] studied the vibration and buckling
characteristics of a cracked FG beam based on the
Euler-Bernoulli displacement field utilizing a rotational
spring model.

Sina et al. [21] used an analytical method to
investigate the free vibration of FG beams using the first
order shear deformation beam theory. Then,Ke et al.
[22] studied free vibrations, buckling and post-buckling
of FGM Timoshenko beam containing open cracks by
assuming an exponential variation of material properties
in the thickness direction. Also,Simsek [23] studied free
vibrations of FG beams using different higher-order
shear deformation theories and derived governing
equations using Hamilton’s principle. Recently, Ferezqi
et al. [24] presented an analytical approach based on the
wave method to study the free vibrations of a FG
Timoshenko beam. They investigated transverse
vibration characteristics of the cracked FG Timoshenko
beam with power law material property distribution.
Finally analytical relations between the critical buckling
load of a FG Timoshenko beam and that of the
corresponding homogeneous Euler—Bernoulli beam
subjected to axial compressive load have been studied
by Li and Batra [25].

In the present research, an analytical method using
four engineering beam theories; Euler-Bernoulli,
Rayleigh, Shear and Timoshenko beam theory, are used
to study the free vibration and stability of FG beams
with an edge crack. A brief historical review of these
engineering beam theories could be found elsewhere
[26]. Afterwards the crack is modeled by two mass-less
springs; extensional and rotational springs, and the
equations of motion are derived using minimum total
potential energy principle and solved analytically. The
effects of crack position, crack depth, material
properties and geometric properties of the beam on free
vibration and buckling characteristics of the cracked FG
beam with clamped-free boundary condition are then
investigated.

2. MATERIAL PROPERTIES

The geometry of an FG beam with length L, width p,

and thickness h is shown in Figure 1. The material
property variation is assumed to be in terms of a simple
power law distribution, that first introduced by
Wakashima et al. [27]:

2z+h_,
E()=(E - E)EZ Y + E,
h
p(2)=(p - P 4, M

v(z)=v = constant

where g and  p are the corresponding elasticity
modulus and mass density of the metal and E, and p,

are elasticity modulus and mass density of the ceramic,
respectively, and n is the non-negative variable
parameter that is named volume fraction exponent.

The FG elasticity modulus and mass density of the
beam could be found according to Equation (1) while
considering the small variations in Poisson's coefficient,
its value for an FG material is supposed to be constant
along the thickness.

3. LINEAR AND ROTATIONAL SPRING MODEL

In the present analysis, the cracked FG beam is treated
as two separate beams connected by two elastic springs;
a rotational and an extensional spring, at the cracked
section. As it is shown in Figure 2, the mass and length
of springs are ignored and the crack is considered to be
perpendicular to beam surface and is always open.
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Figure 1. Cantilever FG beam containing an edge crack.
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Figure 2. Model of the cracked beam section with the
rotational and extensional springs.
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The stiffness constant of the torsional and extensional
springs used to model the edge crack is evaluated based
on the relations of the fracture mechanics, considering
the flexibility constants on the crack location (¢,,c,)

as follows:

_ _—
K =—, K=—
v=o K=o 2

where K,, K, are the stiffness of the beam cracked

section subjected to pure bending and tension. To
calculate the stiffness constants, stress intensity factors
evaluated by Erdogan and Wu [28] for a cracked FG
beam subjected to pure bending and tension are used:

K, :O_b\/gfb [%s%} K, :O_x\/gfx [%’%J (3)
Based on the formulation of the J-integral in plane-
stress state together with considering the fact that the
elastic modulus of an FG beam is function of the beam
thickness (2), the value of the J-integral can be
approximated by its weighted average, as [29]:

B h/2
“h J‘h/z E(z) K’ “4)
Based on the fundamental relations of fracture

mechanics, it is well known that the strain energy (U)

for a certain value of elastic modulus ratio ( E2 / E, ) can
be obtained by integration of J as follows:

j- _ 36 M, I

) b.h'D s
h 3 nF2I,

RN

where to simplify the formulation the following
constants are introduced:

=1 ra ,( a ) sy (b2 dz
I —Fj.oa f, [?] da; D'=[ 5 ©

Also, the shape function f; (a/ h) introduced in the

formulation of the stress intensity factor is a famous
polynomial function evaluated by Erdogan and Wu [28].
Finally to find the flexibility constants of the springs (
¢y, C, ), since all relations are linear elastic, the second

hypothesis of Castigiliano could be employed and the
flexibility constants of the springs are found as:

00 _o'U, T2xlI,
oM, 6Mb2  b,h’D
ou oU, 2xl,

G m %
OF,  OF’ b,hD

Cp =

(M

4. FREE VIBRATION ANALYSIS

4.1. Equations of Motion The FG beam with
length L, thickness h and an edge crack in the distance b
from the clamped end is considered as shown in Figure
1. Utilizing the principle of minimum total potential
energy, the equations of motion for each of the four FG
beam theories and the expression for boundary
conditions are obtained. As mentioned earlier, the four
beam theories are the Euler-Bernoulli, Rayleigh, shear
and Timoshenko. The displacement field is defined
based on shear deformation beam theory [26]:

u, =u,(x,t)+z4(x,t)

u,=0 (3)
u, =w(x,t)

wherey (x,tyand w(x,t) are the axial and transverse
displacement of the mid-plane of the beam andu, , u,
and u, are mid-surface displacements in the x, y and z
directions. The rotation function of { (X, t) describes the
difference between first order shear deformation and
classic beam theory as follows:

C(x,0) =@(x,1) FSDT

C(x,t)=-w _(x,t) Classic ©)

where p(x,t) denotes the rotation of the cross section
and () indicates the derivative with respect to x.

Utilizing the linear strain-displacement relation, non-
zero terms of strain field could be found as:

&, =U,, +z§ x

(10)

Y =C+W,

Beam problems commonly are considered as plane
stress problems, so by enforcing the plane stress
conditions of o, =0 the only non-zero term of stress

field that participates in the strain energy of the beam is:

E(2)

o, :2(1+U)(C +w,) (11)

Also, governing equations of the system are derived
using principle of minimum total potential energy
described as [30]:

["(su +6v —6T )dt =0 (12)

whereU, T and Vare the potential, kinetic energy and
external work of the system respectively, and ¢ and t,

are two arbitrary times. The variation of strain energy in
Equation (12) utilizing Equations (10) and (11) could be
shown to be:

SU = [ [N (8u,), +M (80), +Q86+Q(sw)  Jax  (13)
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whereNNM and Q are the normal resultant force,
bending moment and transverse shear force, defined as:

h h h
N =I_2£ade,M ZI_ZEGXZdZ,Q =I_Zﬁaxzdz (14)
2 2 2

To rewrite the stress resultants in terms of the
displacement field, the stiffness coefficients are defined
as:

h
a . . V4

Dij :leﬁEi(Z).Zde; = l)2 (15)
2

And the stress resultants could readily be obtained as:
N = DIOUO,X + Dllg,x; M = Dlluo,x + Dl2§,x;
Q= Dzo(g +W,x)

Introducing the displacement field of Equation (10) into
the standard form of kinetic energy and performing
integration by parts with respect to the time, it may be
shown that variation of kinetic energy has the following
form [30]:

" oTdt =" [ (1, +1.8)u,

(L, + LE) L + g w | dxdt

(16)

(17

In which super-script of dot shows the derivatives with
respect to ¢ and I, is the generalized inertia moment
defined as:

I, :Eﬁp(z).zkdz (18)

Considering free vibration analysis of the beam in the
absence of any external forces, the variation term
related to work of the external force is zero. So the final
form of the equations of motion in terms of the
displacement field isobtained by substitution of
Equations (13) and (17) into Equation (12) and
performing some integrations by parts as follows:

For Euler-Bernoulli beam theory,

5“0: DIOu()xx _DHW,xxx _Ioulozo
’ .. (19

5W : D] lu(),xxx - D]ZW,xxxx - IOW = 0
For Rayleigh beam theory,
5“0: DIOHOXX _DHWW _Iol.l.0+11"i'.,x =0

’ ’ . . (20)
5W : Dl luo,xxx - D12W,xxxx - IOW - Iluo,x + I2W,xx = 0
For shear beam theory,
5”0: D]OUO,XX + D]](p,xx -y, = 0
ow: Dyp +D,w  —1Iw=0 (1)
op: Dnuo,xx _Dzow,x _DZO(p+D]2(p,xx =0

For Timoshenko beam theory,
duy: Dy + Dy — Lo, — 1,9 =0
ow: Dy, +D,w —IW=0
’ ’ (22)

op: Dnuo,xx _DzoW,x _DZO(p+DIZ(p,xx

-1, -1, =0
Also, final form of the essential and natural boundary
conditions is obtained as:
ou,=0 or N =0
Sw =0 or V =0 (23)
85 =0 or M =0

where Vis the effective shear force andé is the slope
or rotation of the cross section of beam. The parameters

of 4: and V for each of four beam theories are obtained

;i;r Euler-Bernoulli beam theory,

C=w, V=M, (24)
For Rayleigh beam theory,

C=w, V=M_+IW, -Ii, (25)
For Shear and Timoshenko beam theory,

=9 V=0 (26)

4. 2. Analytical Solution It is well known that,
for harmonic vibrations, the displacement field can be
expressed as:

u,(x,t)=U,(x)e'™
w(x,t)=W(x)e' (27
P(x,1)=p(x)e"™

where in the above equation (i=+-1 ) and Q is the
natural frequency of the beam. After substituting
Equation (27) into Equation (19) through Equation (22),
the equations of motion for harmonic free vibrations are
rewritten as:

6U U, +6U "+ 630 +6,0 "+ W '+ g W "=0
WipW +p W'+ pW ™ pb'+pU,’ (28)
+pU,"=0

6¢: 1,9+ 2,0 "+ U+ 2,Uy "+ x W '=0

where in Equation (28), for Euler-Bernoulli beam
theory, terms of {¢,.¢,.c;,0,.0,.¢;}and the last
relation of Equation (28), for Rayleigh beam theory,
terms of {g3,g 1080 4} and the last relation of Equation
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(28), for Shear beam theory, terms of
{g3,g5,g6,p3,p5,p6,%3}and finally for Timoshenko
beam theory, terms of {g.,¢,,0;, 05,0} must be

omitted. Then the coupled system of Equations (28) is
solved and it may be shown that, axial displacement
U, (x), transverse deflection w(x)and rotation ¢( x) are

obtained as:

W (x) =C, sinh(;/2, x) +C, cosh(y%, x) +C, sinh(/2, x)
+C, cosh(y[2, x) +C; sinh(y/4, x) +C, cosh(y/%,x)

U,(x)=C,F (4)sinh(;2,x)+C,f (4 ) cosh(;/2 x)

+C,f (2,) sinh(\/4,x) +C, f (4,) cosh(y[7, x)

+C, £ (25)sinh(yf2, x) +C; £ (2) cosh(y/4, x) @)
$(x) =C,g(A)sinh(yf%, x)+C,g(%) cosh(y/2,x)
+C,g (%) sinh(y/4,x) +C, g(%,)cosh(/2, x)
+C, g(A)sinh([4,x)+C; g(4,) cosh(y/A,x)

and

G+ 9 A+ RAT+ 327 =0 (30)

where A, ’s are roots of Equation (30) and have different

function forms of Q for each of four beam theories. The
form of f(A,), g(4;) and 9, that are functions of

stiffness coefficients, generalized inertia moments and
frequency are expressed for each of four beam theories
in Appendix A.

To determine the exact values of constants C, through

C,appeared in Equation (29), the appropriate form of

the boundary conditions must be used as described
below. According to Figure 2, an FG beam with an edge
crack modeled by extensional and rotational springs, is
divided in two regions where the deflection W(x) and

slope @(x) for each of the two regions of the beam are

named using super script, i.e. for part 1 deflection and
slope are denoted by {W‘(x) ,¢1(X)}, respectively. For a

clamped-free boundary condition, first the clamped
boundary condition at x=0 is applied to the first part of
the cracked beam, then the free-end boundary condition
at x=L is applied to the second part of the cracked beam.
These boundary conditions are extracted from the
general form of the boundary conditions described in
Equation (23) as:

U)'=0, W'=0,£'=0 Clamped at x =0

- 31
N?=0, V*=0, M>=0 Free-end at x =L @D

The other boundary conditions at x=b near the crack
position, based on spring model are described as:

at x =b:

KU, -U)=N', W'=w?

K (472_4:1)_M1 NI_N2 (32)
b - ’ -

V'i=v? M'=M?

Replacing of Equation (16) and Equation (24) through
Equation (26) and Equation (29) into Equation (31) and
Equation (32) will result in a matrix of equations of:

[B(VI{C}=0 (33)

Using the familiar concepts of linear algebra, it may be
shown that this set of equations has a non-trivial
solution when its determinant is equal to zero:

det[B(2)]=|B(4)[=0 (34)

Finally natural frequencies and the different mode
shapes of the cracked FG beam are obtained bysolving
Equation (34).

5. BUCKLING ANALYSIS

5. 1. Equilibrium Equations To analyze the
stability of the FG beam with an edge crack, an axial
compressive load is applied to the beam. For bulking
analysis, non-zero terms of strain field can be expressed
utilizing Von-Karman theory as [31]:
£ =uy, o,

27 (35)
Ve =1, TUs,

Substituting displacement field of Equation (8) into
Equation (35) and utilizing the results in stress-strain
relations of plane stress conditions, the only non-zero
term of stress field that participates in the strain energy
of the beam is ¢  with the same relation of Equation

(11). Also the equilibrium equations are obtained using
the principle of minimum total potential energy. It
should be noted that, since stability analysis is a static
analysis, the term of kinetic energy is omitted from
principle of minimum total potential energy of Equation
(12), while the effect of external compressive load on
the total virtual work is considered in the potential
energy [32]. The virtual work of the external
compressive load P (per unit width) is given by:

sU, :J-OLJ-A_(%}XXdAdX
:(%JIJI-%;(% # 200 4w ow, Jrdx

And the variation of strain energy may be shown to be:

(36)
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U, = [ [N Guy), +M (8), +Nw ,6w),
2 ’ ’ ’ ’ 37

+Q 8, +Q (8w),, |dxdz

where in Equation (37), the stress resultants N, M and
Q have the same definition as Equation (14).

The equilibrium equations may be obtained using
principle of minimum total potential energy while
performing integration by parts and omitting the kinetic
energy and work of external force in buckling analysis.
For each of the four beam theories, the equilibrium
equations may be shown to be:

For Euler-Bernoulli and Rayleigh beam theories,

ou,: D, —Dyw ., =0

ow: Dy —D,w . —Pw, =0 3%
For Timoshenko and Shear beam theories,

ouy: Dyu,,, +Dyo, =0

ow: Dyo,+D,w  —Pw =0 (39)
o6p: Dy, -Dw —-D,p+D,p =0

The final form of the geometry (kinematic) boundary
conditions and the force (static) boundary conditions are
also obtained as:

Su,=0 or N =-P
Sw=0 or V=0 (40)
6§ =0 or M=0

where the axial resultants [N v}are defined for Euler-

Bernoulli and Rayleigh beam theories as,

N=N-P, V=M, -Pw, (41)

and for Timoshenko and Shear beam theories as,

N=N-P, V=Q-Pw, (42)

5. 2. Analytical Solution The coupled system of
equations (Equations (38) and (39)) are then solved
separately and it may be shown that, the axial
displacement y (x), transverse deflection w(x) and
rotation ¢( x) are obtained as:

For Euler-Bernoulli and Rayleigh beam theories,

w(x) = C, smh(«/Zx)J:C2 cosh(«/Zx) +é3 X +é4
y) (43)
u,(x)=¢6w +C, x +C,

where A and ¢ are expressed as,

~ D,
A= 10 , g~: 11 (44)
D121 _DIODIZ D,

10

For Timoshenko and Shear beam theories,

w(x) = C Sinh(\/ZX)fC:z cosh(x/ix) +C‘3 X +é4
Vi
%) (45)

X)=—W _ +—=W
p(x)=-w TWam

uy(x)=jw,, +6’5 X +és
where 4, and 7 are expressed as,

— PD,,D,,
(Dlzl _DIODIZ)(DZO _P)
P
N (46)

20
— (Dzo _P)Dn
DIODZO

>

D
Il

=N

The unknown coefficients, (,toC, appeared in

Equations (43) and (45), could be determined utilizing
the similar procedure described in previous section
using appropriate forms of the boundary conditions.
Again the cracked FG beam is divided by an edge crack
into two regions. Boundary conditions for each part of
the cantilever cracked beam at x=0, x=L and x=b are
similar to the Equation (31) and Equation (32),
respectively. For the stability analysis, similar to the
vibration analysis, critical buckling load and buckling
mode shapes are obtained solving Equation (33) and
Equation (34).

6. NUMERICAL RESULTS AND DISCUSSION

To compare the results of the current study with other
researches, the dimensionless frequency and
dimensionless critical buckling load are defined as
fundamental frequency ratiom,/®;pand critical buckling
load ratioP./ P.owhere®w;, ;, , P andPgare
representations of first natural frequency and critical
buckling load of cracked and flawless (un-cracked)
beam, respectively.

In Table 1 dimensionless first natural frequencies are
calculated for a homogeneous cracked beam with
clamped free boundary condition and the results are
compared to the experimental data obtained by
Wendtland [33]. The geometric and material properties
of the sample beam are supposed to be the same as
given by Wendtland [33] that are reported as, length 200
mm, thickness 7.8 mm, Young modulus 206 GPa,
density 7800 Kg/m®, Poisson ratio 0.29 with different
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crack depths and locations. The predicted frequencies
are in excellent agreement with the experimental results.
Again to examine the accuracy of the present analytical
results, dimensionless first natural frequencies and
critical buckling loads are compared to Yang and Chen
[20] and tabulated in Table 2. To this end, a functionally
graded cantilever beam with an edge crack is considered
with material and geometrical characteristics of L/h=10,
a/h=0.2, E;=70GPa, n=1.9,v =0.33 and position of the
crack b/I=0.4, similar specifications to Yang and Chen
[20]. Also, to match the exponential material behavior
of Yang and Chen [20] with power law material
behavior of current study, Equation (1), the value of
volume fraction exponent n is considered to be 1.9. As it
may be seen from Table 2, the results are in good
agreement with Yang and Chen [20] and little
differences observed in the results is due to different
crack models used.

Natural frequencies, buckling critical loads and
vibration and buckling mode shapes of the four beam
theories;  Euler-Bernoulli, Rayleigh, shear and
Timoshenko are then compared together and presented
in the followings. The material properties and geometry
data used here in free vibration and stability analysis of
the cracked FG beam are selected as elastic modulus of
metal, E;=70GPa, Poisson’s ratio,v = 0.3, mass density
of metal, p =2700Kg / m*, elastic modulus (and mass

density) ratio, ( E, /E, ),( P,/ p, ) = 0.2 with crack depth

ratio of a/h=0.3 and beam slenderness ratio of I/h=10
with crack located at b/[=0.4. The metal phase material
properties are selected similar to Yang and Chen [20].
The dimensionless k-th natural-frequency ratio
(o, Jo,,) and dimensionless buckling load ratio

( Py / Pero ) are respectively shown in Figures 3 and 5

versus the crack location. In should be noted
thatogepresents the k-th natural frequency of the
cracked FG beam whilewgdenotes the k-th natural
frequency of the beam with no crack. Similarly, the
buckling load of the functionally graded beam with
and without crack is represented byP. andP,.,
respectively. Also the first three transverse vibration
mode shapes are exhibited in Figure 4.

It is inferred from Figure 3 that as the crack location
approaches the clamed end, the effect of the crack on
the reduction of the frequency ratio is more obvious.
Moreover, when the crack location is close to the free-
end, the cracked beam natural frequencies approaches
the natural frequencies of the flawless (un-cracked)
beam. Again from Figure 3 it can be seen that the order
of the natural frequency ratio values of four theories
from maximum to minimum is Shear, Timoshenko,
Euler-Bernoulli and Rayleigh. Also it is interesting to
note that the second and the third frequency ratios have
two and three maximum value with different crack
location, while the location of edge crack where the

second and the third frequencies achieve maximum
value is different for four models. Furthermore, it is
important to note that, since the ratio of the first natural
frequency increases continually as the crack location
approaches the free-end, it can be concluded that the
first natural frequency will be more useful in order to
detect the crack location experimentally.
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Figure 3.The first three frequency ratio of cantilever FG
beams for four beam theories at varying locations of crack: a)
first frequency ratio, b) second frequency ratio and c) third
frequency ratio
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Figure 4 shows the first three transverse vibration
mode shapes of the cracked FG beam while the mode
shapes are normalized with respect to their maximum
values. It is interesting to note that as expected and seen
from Figure 4, the first vibration mode shapes of all
beam theories are very close together, while the second
and the third ones are different meaningfully. The effect
of the crack location on the buckling load ratio is
exhibited in Figure 5.

It is observed that the crack location has a significant
effect on the buckling load of the FG beam. In addition,
it can be seen that the buckling load decreases as the
crack location approaches the clamped-end of the beam.
Also when the crack is located close to the free-end, the
difference between the buckling loads of the cracked
beam and those of the beam without crack diminishes.
Figure 5 shows that buckling load ratio of Timoshenko
beam is higher than that of Euler-Bernoulli beam, which
was observed in results of Zheng and Fan [9] for a
column with an open crack with variable location.

The ratios of the first natural frequencies of a
cracked FG beam (v, /o,, ) are given in Table 3 for

different Young's modulus ratios and for n=0.2,5 . The
Young's modulus ratio (E, / E,) is defined as the ratio of

the elastic modulus of the bottom surface, the surface
without crack, to the elastic modulus of the top surface,
the surface with crack. As it is expected, the values of
fundamental (first) frequency ratio of Timoshenko and
Shear theories are close to each other while results of
Euler and Rayleigh theories are close together too. Also
it is clear from Table 3 that the effect of the crack on the
reduction of the natural frequencies of the FG beam is
more obvious when the modulus ratio (E, / E,) is low.
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Figure 4.The first three transverse vibration mode shapes of a
cantilever FG beam with b/[=0.6, a) first, b) second and c)
third transverse vibration mode shape.

TABLE 1. Comparison of fundamental frequency ratio (@, / @,,) of a cracked beam with experimental results of Wendtland [33].

b/L=0.025 b/L=0.2 b/L=0.4
a/h 0.13 0.26 0.13 0.26 0.4 0.13 0.26 0.4
Present study (Timoshenko model) 0.986 0.949 0.878 0.992 0.970 0.926 0.997 0.988 0.968
Wendtland [33] 0.987 0.957 0.891 0.991 0.973 0.931 0.997 0.989 0.970

TABLE 2. Comparison of fundamental frequency and critical buckling load ratio of a cracked FG beam with results of Yang and

Chen [20]

Fundamental frequency ratio Buckling load ratio
L/h 10 20 10 20
E,/E, 0.2 5 5 0.2 5 0.2 5
Present study (EB beam) 0.951 0.993 0.974 0.997 0.870 0.981 0.931 0.990
Yang and Chen [20] 0.985 0.998 0.992 0.999 0.956 0.997 0.977 0.998
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Figure 5.The critical buckling load ratio of cantilever FG
beams for two beam theories versus varying locations of the
crack.

TABLE 3. Fundamental frequency ratio of cantilever FG
beams with an edge crack for various elastic modulus ratios

TABLE 7. The critical buckling load ratio of cantilever FG
beams with an edge crack for various slenderness ratios

L/h n Euler-Bernoulli Timoshenko
5 0.6093 0.6146
0.2
20 0.8657 0.8659
5 0.5343 0.5403
5
20 0.8265 0.8267

E,/E, n BE:I:(C;E-IH Rayleigh Shear  Timoshenko
0.2 0. 0.9130 0.9129 0.9139 0.9137
10 2 0.9862 0.9861 0.9863 0.9863
0.2 0.8877 0.8873 0.8889 0.8885

5
10 0.9879 0.9879 0.9880 0.9880

TABLE 4. The fundamental frequency ratio of cantileverFG
beams with an edge crack for various slenderness ratios

[h 0 Euler-Bernoulli  Rayleigh Shear  Timoshenko

5 0.8448 0.8436 0.8501 0.8489
20 02 0.9537 0.9537 0.9538 0.9537
5 0.8062 0.8035 0.8129 0.8102
20 : 0.9390 0.9390 0.9392 0.9391

TABLE 5. The fundamental frequency ratio of cantilever FG
beams with an edge crack for various crack depth ratios

alh Euler-Bernoulli Rayleigh Shear Timoshenko
0.2 0.9510 0.9508 0.9515 0.9513
0.4 0.8382 0.8377 0.8395 0.8390

TABLE 6. The critical buckling load ratio of cantilever FG
beams with an edge crack for various elastic modulus ratios

E,/E, n Euler-Bernoulli Timoshenko
0.2 0.7607 0.7618
0.2
10 0.9583 0.9585
0.2 0.7009 0.7022
5
10 0.9635 0.9637

In Table 4, the variation of the fundamental
frequency ratios with length to thickness ratio (L/h) are
shown for two values of power law exponent, n. The
results in Table 4 show that, when the beam becomes
more slender, the first natural frequency of the beam
becomes closer to the natural frequency of the flawless
(un-cracked) beam.It is also clear that for high values of
length to thickness ratio, difference among all four
beam theories becomes negligible.It is observed from
Table 5 that by increasing the depth of crack, natural
frequency ratios decreases exhibiting that natural
frequency of cracked beam differ more from a flawless
(un-cracked) beam, as it was expected.

Tables 6 and Table 7 tabulate the critical buckling
load ratio of a cracked FG beam with different Young's
modulus ratios and slender ratios, respectively. As it is
shown in analytical solution of the stability analysis, the
results of Euler-Bernoulli and Rayleigh models are
identical and also the buckling load ratios and mode
shapes of the shear model are identical to those of the
Timoshenko model.

As it is seen from Table 6, when the modulus ratio
(E,/E,) becomes higher, the buckling loads of the

cracked beam approaches those of the beam without
crack. Moreover, it is deduced that the reduction of the
elastic modulus of the cracked surface has an increasing
effect on the buckling load.Also, results of Table 7
indicate that as the ratio of the beam length to the beam
thickness (I/h) increases, the effect of the crack on the
reduction of the buckling load diminishes and for the
high values of (I/h), the beams with and without cracks
and also Timoshenko and Euler-Bernoulli modelshave
approximately the same responses. By the way, it can be
deduced from Tables 6 and Table 7 that the buckling
ratios of Timoshenko model has more value rather than
those of Euler model.

7. CONCLUSIONS

In the present research, an analytical method is
presented to investigate the free vibration and buckling
analysis of FG beams with an open edge crack. A
comprehensive study is done here to examine the effects
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of parameters such as location of cracks, depth of
cracks, material properties of FG and slenderness ratio
on the natural frequencies, critical buckling load and
their mode shapes for each of the four engineering beam
theories;  Euler-Bernoulli, Rayleigh, shear and
Timoshenko.

It is generally observed that the natural frequency
ratios obtained using shear model is greater than those
of others considering effects of different parameters.
After shear model, Timoshenko, Euler-Bernoulli and
Rayleigh model are next in rank, respectively. It can be
also deduced that considering the shear deformation in
cracked beam model leads to increase the natural
frequency ratio while adding the rotary inertia in model
decreases the frequency ratio. However, it seems that
the results of Timoshenko beam theory are in better
agreement with the experimental results. Also, results
confirm that the effect of shear deformation is more
dominant than the effect of rotary inertia on frequency
ratio. By the way, the effect of shear on buckling ratios
of cracked FG column in stability analysis is similar to
vibration analysis.

In addition, the results confirm that existence of
cracks in the beam reduces natural frequencies and
critical buckling loads and causes significant change in
vibration and buckling mode shapes. The results also
show that cracked FG beams with lower slenderness
ratio and beams with the edge crack closer to the
support and beams with lower elasticity modulus ratio
in the surface containing the edge crack, are more
affected by the crack and their natural frequencies and
critical buckling loads is reduced further.
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APPENDIX

Forms of the functions f(1.),g(1)and9; in four

engineering beam theories, appeared in Equation (29)
and Equation (30), may be shown to be, for Rayleigh
theory:

1 2
f(A)= D, I,Q
\/ZQZ(DIIIO_DIOII)( o

+2,Q° (D, I, - D,y 1,)+ A7 (D, = D,,D,,))
9, =1,Q° (A.1)
9, =Q* (D, I, + 1" - 1,1,Q%)
9, =Q*(=D,,I, +2D, I, -D,1,)

9, = Dllz -D,D,

Functionsf (1), g(1)and 3, for Euler-Bernoulli

theory are the same as relations (A.1) except that [, and
I, are equal to zero .
For Timoshenko theory:
£)= 1

" Dyy(Dy I, ~ D12,
x (4 (D, = D,,Dy)+ (D, 1, = Dy 1,)
+DyyDsy)+ Dy Doy’ )

(1,9 + DyA,)

L+ Dy,

g(/l,-)——T\/Z

‘90 = 1094(92(1012 _112)_D20[0)

8, = (=D D, I, +*(I,(D, I, + DI, -2D, I,
+ Dy (11, = 1))

8, =Q*(D,y (D1, + D1, —2D,,1I,)
+1,(D,D,,—D,*))

‘93 = DZO(DIZDIO - Dnz)

(A.2)

Functions f (1,), g(1,)and 9, for Shear theory are the
same as relations (A.2), except that ], and [, are equal to

Z€ro.
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