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Abstract   Laminar two dimensional forced convective heat transfer of Al2O3 –water nanofluid in a 
horizontal microchannel has been studied numerically, considering axial conduction, viscous 
dissipation and variable properties effects. The existing criteria in the literature for considering 
viscous dissipation in energy equation are compared for different cases and the most proper one is 
applied for the rest of the paper. The results showed that nanoparticles enhance heat transfer 
characteristics of the channel and on contrast, viscous dissipation causes the Nusselt number and 
friction factor to decrease. The viscous dissipation effect may be emphasized by increasing Reynolds 
number and decreased by raising the exerted heat flux. Also, it was found that there is a critical 
Reynolds number below which the average Nusselt number of the nanofluid changes unusually with 
Reynolds number as a result of variable properties effect. 
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اکسیدآلومینیم در میکروکانال با در نظر  - در این مقاله جریان و انتقال حرارت دوبعدي نانوسیال آبچکیده       

در معادله انرژي بر  یاثر جمله اتلاف لزج. گرفتن هدایت حرارتی در ناحیه جامد مورد بررسی قرار گرفته است
با . اند غیر با دما بررسی شده و نتایج ارائه شدهشرایط جریان در میکروکانال، با در نظر گرفتن خصوصیات مت

ر یتغییر در ابعاد میکروکانال در یک عدد رینولدز ثابت، مشخص شد که در ابعاد کوچکتر، با در نظر گرفتن تغی
در مشخصات  اي نظر نبوده و باعث تغییر قابل ملاحظه قابل صرف یخصوصیات با دما، اثر جمله اتلاف لزج

یا حداقل قطري که در آن نتوان از این جمله  یهمچنین مقدار تأثیر جمله اتلاف لزج. شود حرارتی کانال می
صرفنظر کرد، تابعی از نوع سیال بوده و براي سیالی با عدد پرانتل بزرگتر، این جمله در قطرهاي بزرگتر نیز 

ر یمقاد يکه به ازا است ینولدز بحرانیک عدد ریدهنده وجود  ج نشانین نتایهمچن. حائز اهمیت خواهد شد
  .ابدی ینولدز عدد ناسلت متوسط در کانال کاهش میش عدد رین مقدار، با افزاینولدز کمتر از ایر

 
 

1. INTRODUCTION 
 
With the advances in computing technology over 
the past few decades, electronic devices have 
become faster, smaller and more powerful, and the 
vital issue is an ever-increasing heat generation 
rate from these devices. In most cases, the chips 
are cooled using forced air flow. However, when 
dealing with a component that contains billions of 
transistors working at high frequencies, the 
temperature can reach a critical level where 
standard cooling methods are not adequate. In 
addition to high-performance electronic chips, high 
heat flux removal is also required in devices such 

as laser diode arrays and high-energy mirrors. In 
the last two decades, many cooling technologies 
have been pursued to meet the high heat dissipation 
rate requirements and maintain a low junction 
temperature. Among these efforts, the microchannel 
heat sink (MCHS) has received much attention 
because of its ability to produce high heat transfer 
coefficient, small size and volume per heat load, 
and small coolant requirements [1]. Recent 
progress in MCHS development was reported by 
Kandlikar, et al [2]. 
     Tuckerman, et al [3], were first to introduce the 
concept of microchannel heat sinks for high heat 
flux removal and employ water flowing under 
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laminar conditions in silicon microchannels. 
Subsequently, features of liquids flow in 
microchannel were examined by many researchers 
experimentally and numerically [4-8]. From 
viscous dissipation point of view, Tso, et al [9-11] 
studied the role of the Brinkman number (Br) in 
microchannel flows and explained the unusual 
behavior of convective heat transfer in 
microchannels. They found that the effect of Br on 
convective heat transfer is more in the laminar 
regime, than in the transition regime.  
     Judy, et al [12] experimentally observed liquid 
flow temperature rises and related this to viscous 
dissipation. They suggested that the viscosity 
change due to temperature changes should be taken 
into account to estimate the friction factor.  
     Koo, et al [13,14] investigated the effects of 
viscous dissipation on the temperature field and 
friction factor and showed that ignoring viscous 
dissipation could affect accurate flow simulations 
and measurements in microconduits. They 
neglected the conjugate heat transfer effects. 
     Giudice, et al [15] studied numerically the 
effect of viscous dissipation and temperature 
dependent viscosity in the flow of liquids in 
straight microchannels using finite element 
procedure considering the viscosity of the fluid to 
vary linearly with temperature and neglected the 
variation of thermal conductivity. They concluded 
that, in the laminar forced convection in straight 
microchannels, both temperature dependence of 
viscosity and viscous dissipation effect cannot be 
neglected. 
     Nanofluids have been proposed as a mean to 
enhance the performance of heat transfer liquids 
currently available. In the past decade, much 
attention has been paid to nanofluids because of 
their enhanced properties and their applications in 
heat transfer and biomechanical applications. Fluid 
flow and heat transfer of nanofluid in different 
geometries have been studied by several authors 
[16] but there are little works related to the 
nanofluid flow in microchannel.  
     Masuda, et al [17] reported on enhanced 
thermal conductivity of dispersed ultra-fine 
(nanosize) particles in liquids. Soon thereafter, 
Choi [18] was the first to coin the term 
“nanofluids” for this new class of fluids with 
superior thermal properties. Many researchers have 
worked and are working in the field of convective 

heat transfer of nanofluids but there are limited 
works considering nanofluids in microchannels.  
     Considering the research in the field of 
microchannel, Koo, et al [19] studied the effect of 
nanoparticles concentrations on different 
parameters of microchannel heat sinks. They 
considered two combinations of copper oxide 
nanoparticles in water or ethylene glycol and used 
their own models for the effective thermal 
conductivity and dynamic viscosity for nanofluids. 
Their results proved the ability of nanofluids to 
enhance the performance of heat sinks. They 
considered the effect of the viscous dissipation but 
in the considered geometry only for the ethylene 
glycol the viscous dissipation term became 
important and for water it was negligible. They 
didn’t consider the difference between variable 
properties and constant properties.  
     Jang, et al [20] used their thermal conductivity 
model [21] to predict thermal performance of 
microchannel heat sinks using nanofluids. They 
neglected the viscous dissipation term and their 
results showed an enhancement of 10% for water-
based nanofluids containing diamond (1 Vol. %, 2 
nm) at the fixed pumping power. Bhattacharya, et 
al [22] analyzed numerically laminar forced 
convective conjugate heat transfer characteristics 
of Al2O3/H2O nanofluid flowing in a silicon 
microchannel heat sink. They also ignored the 
effect of viscous dissipation term. They found that 
the improvement of microchannel heat sink 
performance due to use of nanofluid becomes more 
pronounced with increase in nanoparticle 
concentration. They also showed that fully 
developed heat transfer coefficient for nanofluid 
flow in microchannel heat sink increases with 
Reynolds number even in laminar flow regime 
rather than a constant. 
     Ho, et al [23] experimentally investigated 
enhancement of forced convective heat transfer in 
a copper microchannel heat sink with Al2O3-water 
nanofluid of 1 and 2 Vol. % as the coolant and the 
Reynolds number ranging from 226 to 1676. It was 
demonstrated that adding nanofluids significantly 
increase the average heat transfer coefficient.  
     Hung [24] investigated analytically the forced 
convection of laminar fully developed flow of 
incompressible, constant properties nanofluids in 
microchannels. He neglected the variation of 
termophysical properties with temperature and 
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found that the thermal performance of a 
microchannel is overrated when viscous 
dissipation is excluded in the analysis. It was also 
found that for a particular value of nanoparticles 
volume fraction, the viscous dissipation effect is 
more significant in the cooling process compared 
to that in the heating process. 
     Lelea, et al [25] numerical studied of the 
conjugate heat transfer and fluid flow of 
Al2O3/water nanofluid through the micro-tube in the 
laminar flow regime. They considered the effect of 
viscous dissipation in a constant diameter and didn’t 
consider the effect of channel size on the 
significance of this term.  
     Cole, et al [26] analytically solved the conjugate 
heat transfer of a constant property liquid in a 
parallel-plate microchannel considering axial 
conduction. They ignored viscous dissipation term 
and variable properties. They found that the effect 
of the axial conduction in the channel wall will 
become important when the microchannel has a 
small length-over-height ratio; the peclet number of 
the fluid is small or when the wall has high thermal 
conductivity.  
     Although there are many works related to 
microchannel and also nanofluid, in most of the 
papers, the viscous dissipation term is neglected and 
from the knowledge of the authors there is not any 
work highlighting the simultaneous effect of 
variable properties and viscous dissipation on the 
behavior of nanofluid. In this paper, the flow and 
heat transfer 36 nm Al2O3 nanoparticles in water 
with various volume fractions ranging from 1 to 5% 
will be investigated. The effect of viscous 
dissipation besides variable properties in the 
presence of nanoparticles will be studied for various 
volume concentrations and in microchannels with 
different width. Specially, the different behavior of 
the nanofluid in lower and higher Reynolds number 
is explored. The criteria for considering the viscous 
dissipation term are compared with the numerical 
results. A new critical Reynolds number is 
introduced for the effect of variable properties on 
the average Nusselt number. 
 
 
 

2. PROBLEM DESCRIPTION 
 
Different channels with the height varying from 

H = 200 μm to H = 50 μm has been investigated 
the length of channel in all cases is L= 10 cm to 
assure fully developed condition at the channel 
exit. The flow condition is laminar, and a wide 
range of Reynolds numbers from 100 to 1250 has 
been considered. The lower solid region is made of 
copper (kSL=400 W/m K) with a height of HSL= 
400 μm and the upper solid part is a cover plate, 
made of plastic with a thermal conductivity of 0.2 
W/m K and height of HSU= 200 μm. 
     A computer code has been developed which 
uses collocated grid arrangement and the finite 
volume method to solve governing equations. A 
SIMPLE based method is applied for pressure-
velocity coupling and in order to achieve more 
precise results a third order QUICK [27] method is 
utilized to descritize the governing equations in the 
fluid region. 
     Considering the nanofluid as a single fluid with 
modified properties [28], for a 2-D incompressible 
steady flow of a dilute uniform suspension of 
nanofluids, the governing equations are: 
     Continuity equation: 
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Where Φ  is the viscose dissipation term: 
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For the upper and lower solid regions the energy 
equation is respectively: 
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and the boundary conditions are described below. 
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     In Figure 1, the nanofluid enters the channel in 
a constant temperature of 293 K and uniform 
velocity and the walls are assumed to obey the no-
slip condition. At the exit, the zero normal stress 
for velocity and outlet flow for temperature is 
supposed. For the solid regions, the upper region in 
exposed to the ambient air, a uniform heat flux is 
exerted from below to the lower one and all side 
walls are considered adiabatic: 
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Finally the conjugate heat transfer boundary 
condition for the interfaces between the solid 
regions and the fluid is: 
 

0=










∂

∂
=











∂

∂
y

nonofluidy
sT

nfk
solidy

sT
SLk  (7) 

 

Hy
nonofluid

y
fT

nfk
solidy

sT
SUk =














∂

∂
=











∂

∂
 (8) 

 
and at  
 

Lx = : 0=
∂
∂

x
u  (9) 

For the case of the problem considered in the paper 
the inlet velocity is considered equal to 0.267 m/s 
which is identical to a Reynolds number of 100 
and particle volume fraction varying from 1 to 5%.  
 
 
 

3. NANOFLUID PROPERTY MODELS 
 
Considering the nanofluid as a single phase fluid, 
we need to determine properties of the mixture 
(nanofluid) as a function of the concentration of 
nanoparticles. 
     Density of the nanofluid is simply determined 
from: 
 

( ) pfnf φρρφρ +−= )1(  (10) 
 

where φ  is the particle volume fraction of the 
suspension. The heat capacitance of the nanofluid 
is obtained by: 
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Hereafter, subscripts f, nf and p stand for base 
fluid, nanofluid and nanoparticles, respectively. 
     There are different relations for calculating the 
dynamic viscosity of nanofluid. Here we use the 
relation developed by Corcione [29] based on 
existing experimental data in the literature: 
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df is the equivalent diameter of a base fluid 
molecule, given by: 
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where M is the molecular weight of the base fluid, 
N is the Avogadro number ( ≈ 6.023×1023), and ρf0 
is the density of the base fluid calculated at 
temperature T0 = 293 K. 
     For the thermal conductivity of the nanofluid, 
Chon, et al [30] model is chosen which has been 
used and suggested for CuO and Al2O3-water 
nanofluids [31]: 

 
 
 

 

Figure 1. Schematic of the 2D microchannel. 
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fd  and pd  are diameter of the molecule of the 

base fluid and nanoparticles, respectively. 

fff αρµ /Pr =  and flfTbkf
23/Re πµρ=  are 

specific Prandtle number and Reynolds number, 
respectively. where fα  is the thermal diffusivity, 

bk  is the Boltzmann constant and fl  is the mean 

free path of the base fluid which has been 
considered equal to 0.17 nm for water. 
     Considering the effect of thermal dispersion, we 
can use: 
 

dknfkefffk +=  (15) 
 

where dk  is the thermal conductivity due to 
thermal dispersion and is obtained from: 
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nfpcCdk ϕνρ ++= 22)(  (16) 

 

where C is an empirical constant obtained from 
experimental results [32]. Value of dk  are 
negligible comparing with the value of nfk  for the 

case of this paper and we will not be considered 
here.  
     Using above mentioned relations, properties of 
the nanofluid can be calculated and be applied to 
the governing equations. 
 
 
 

4. VALIDATION OF THE CODE 
 
The generated grid is highly concentrated close to 
inlet in order to ensure the accuracy of the 
numerical simulations and for saving both the grid 
size and computational time. The convergence 
criterion required that the maximum sum of the 
error for each of the conserved variables be smaller 
than 1×10-5. The grid independence study has been 
conducted for the microchannel (L = 0.1 m, H = 
100 μm), at Ref = 1000. The entire computational 
domain is discretized using different grid 

arrangements of 500×10, 1000×20, 1500×30, 
2000×40. Simulations with different grids showed 
a satisfactory grid-independence for the results 
obtained by a 1500×30 mesh for the fluid region. 
     For validation of the developed code, the 
Nusselt number and friction factor distribution of 
pure water along a microchannel with a height of 
H = 100 µm and without solid regions is compared 
with the correlation proposed by shah, et al [33] 
and experimental results of Mokrani, et al [34] as 
shown in Figures 2a and 2b. The non-dimensional 
horizontal distance in Figure 2b is hDxX Re/=+  
and the Graetz number in Figure 2a is defined as 

x
hD
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= . Pr is the Prandtl number and Re is 

the Reynolds number of the fluid. 
 
 
 

5. RESULTS AND DISSCUSSION 
 
Since the main purpose of this paper is to carry out 
some research on the role of viscous dissipation 
term on the flow behavior, we first should know 
when this term cannot be eliminated from the 
energy equation. Morini [35] presented a criterion 
to represent the limit of significance for viscous 
dissipation effects in microchannel flows: 
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where refpcinuEc θ∆= 2/2  is the Eckert number, 

L* is the nondimensional length (=L/ Dh), uin is the 
uniform velocity in the entrance of the channel and 
fRe is the product of Darcy friction factor (f) for the 
fully developed flow and Reynolds number which 
in the laminar regime is only a function of aspect 
ratio of the channel. In this paper the value of 
fRe=24 is used for the flow through parallel plates. 
The term refθ∆  in the above equation is the 
reference temperature rise which usually a value of 
1K is suggested for water. 
     Xu, et al [36] individually introduced another 
criterion for this purpose: 
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Figure 3 compares the two criteria for a parallel 
plate channel with L = 0.1m and the fluid of pure 
water and alumina-water nanofluid. The lines with 
symbol X have been calculated by Xu, et al [36] 
criterion and others obtained using Morini [35] 
criterion. The properties of the fluid for most of the 
cases are obtained at T = 293 K. Since the 
temperature and consequently the properties of 
the fluid change along the channel, the mean 

temperature of T = 310 K has also been considered 
for the case of φ = 0.5. The parameters in 
horizontal and vertical axes are the hydraulic 
diameter of the channel and the Reynolds number. 
This figure for a certain hydraulic diameter gives a 
minimum Reynolds number beyond which the 
viscous dissipation cannot be neglected or for a 
given Reynolds number offers a minimum 
diameter below which viscous dissipation should 
be considered. 
     As seen in the figure, for example in a channel 
with H=50 µm (Dh=100 µm) the Morini [35] 
criterion will yield to Re=864.67, 340.41 and 
717.667 for pure water at T=293K, Al2O3-water 
nanofluid (φ = 0.05) at 293K and 310K 
respectively. The corresponding values obtained 
using Xu, et al [36] criterion are Re= 2823.81, 
1141.23 and 2297.76. In other words, employing 
the Morini [35] criterion for pure water, it was 
found that for Reynolds numbers greater than 
864.67 the viscous dissipation should not be 
ignored but on the other hand the Xu, et al [36] 
gives a value of 2823.81 for this critical Reynolds 
number. The two criteria give far different 
Reynolds numbers and will be compared by 
numerical results in this paper. 
     The effect of adding nanoparticles can be 
observed by comparing the corresponding curves 
for pure water and nanofluid with φ = 0.05. At 
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Figure 2. Validation of the developed code. 
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Figure 3. Comparison between Morini [35] and Xu, et al [36] 
criterion for considering viscous dissipation. 
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Re=1000, for instance, the Morini [35] criterion 
gives approximate values of Dh = 105 and 143 µm 
for pure water and 5 % volume fraction alumina-
water nanofluid, both at 293 K. In other words, 
although for pure water at Re=1000 the viscous 
dissipation effect is considerable only in channels 
with hydraulic diameters smaller than 105 µm, 
adding nanoparticles, causes it to affect in a larger 
hydraulic diameters (143 µm). So adding 
nanoparticles will intensify the viscous dissipation 
effect. 
     Figure 4 depicts the effect of channel height on 
the significance of viscous dissipation term in 
Re=1000. Four different channel heights of 50, 
100, 150 and 200 µm are considered and in most of 
the cases, the fluid is Al2O3-water nanofluid with φ 
= 0.03 except the case of H=50 µm, in which the 
pure water is also considered to study the effect of 
adding nanoparticles on the Nusselt number 
distribution. Symbols are for the case when the 
viscous dissipation term is neglected. It is obvious 
from the figure that adding nanoparticles will 
improve the Nusselt number and enhances the heat 
transfer process. Comparing the curves obtained 
considering viscous dissipation with the ones 
ignoring it, reveals that the viscous heating effect 
can approximately be disregarded for the 
microchannels with H>100 µm. However, the 
effect is more pronounced for the Al2O3-water 
nanofluid than the pure water for H = 50 µm. 
     The two criteria discussed before, use a 
temperature rise of 1˚C as the measure of the 
significance of viscous dissipation term. Using the 
same flow conditions of Figures 4 and 5 shows the 
variation of the difference of outlet temperature 
when viscous dissipation is considered and the one 
when it is neglected (ΔT = Tout–Tout(viscous dissipation ignored)) 
versus hydraulic diameter of the channel. In other 
words, the figure shows the temperature rise due to 
viscous dissipation for different channel heights at 
Re=1000. The temperature difference diminishes 
when the hydraulic diameter increases and for 
Dh>300 µm it tends to zero for all nanofluid 
concentrations. Using 1˚C as the measure, only for 
hydraulic diameters less than 138 µm (channel 
height of 69 µm) for Al2O3-water nanofluid with 
φ = 0.05, 124 µm for φ = 0.03 and approximately 
100 µm for pure water the viscous heating is 
considerable. These results confirm that the Morini 
[35] criterion gives more reasonable values and can 

be used as a measure for viscous dissipation 
ignorance. It should be noted that both of the criteria 
have not been achieved for parallel plate geometry 
and we cannot completely deny any of them. 
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Figure 4. Effect of viscous dissipation on Nusselt number 
distribution for different channel heights at Re=1000 utilizing 
pure water and Al2O3-water nanofluid with φ = 0.03 as 
working fluid. 
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Figure 5. The effect of channel height on the temperature rise 
caused by viscous dissipation. 
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     Since the effect of viscous dissipation term on 
various parameters of the nanofluid is to be 
considered, for the rest of this section the height of 
the channel will be considered H = 50µm, assuring 
that this term has considerable effect. 
     Figures 6 and 7 demonstrate the temperature 
contours distribution in the geometry. Figure 6 has 
obtained for Al2O3-water nanofluid with φ = 0.05 
and Re=1250. Figure 7 compares the temperature 
contours of 4% volume fraction Al2O3-water 
nanofluid for the cases of considering viscous 
dissipation (solid line) and ignoring it (dashed line) 
both at Re = 750. Viscous dissipation causes the 
fluid temperature to increase more rapidly through 
the channel. 
     The mean Darcy friction factor f can be 
deduced from the pressure drop of the fluid 
flowing through the microchannels: 
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Where inP  and P  are the mean pressure at inlet 
and each cross section at distance x from inlet. 
     As a result of the presence of viscous dissipation 
term, some of the fluid kinetic energy converts to 
the thermal energy and the friction factor will 
reduce slightly. Figure 8 depicts the effect of 
various parameters on the friction factor distribution 
along the channel for pure water and Al2O3-water 
nanofluid at Re = 750. Adding nanoparticles raises 
the friction factor to some extent and it means a 
little more power is needed to pump the nanofluid 
through the channel rather than the pure fluid. On 
the other hand, considering variable properties will 
cause the friction factor to decrease specially at the 
end of the channel. This is because of the reduction 
of the viscosity of the fluid with temperature, 
leading to a less viscous fluid at the end of the 
channel which has a smaller pressure drop. 
     Comparing curves in the figure reveals that in 
all the curves except the case of constant properties 
the friction factor at the end of the channel 
decreases gradually as a result of reducing the 
viscosity of the fluid. From the viscous dissipation 
point of view, adding this term will increase the 
temperature of the fluid slightly and accordingly 
the viscosity of the fluid declines, causing rather 
smaller pressure drop and friction factor. 
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Figure 6. Temperature contours of fluid and solid regions for 
nanofluid with φ = 0.05 and Re=1250. 
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Figure 7. Temperature contours of pure water (____) and 
nanofluid with φ = 0.04 (_ _ _) at Re=750. 
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Figure 8. The effect of different factors on mean friction 
factor distribution along the channel. 
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     The cooling performance of a microchannel 
heat sink can be evaluated in terms of the thermal 
resistance: 
 

q
inTwT

th ′′

−
=

)(
θ  (20) 

 
where Tw and Tin are the local wall and inlet 
temperature and q ′′  is the exerted heat flux at the 
bottom wall. For better demonstration of the 
results, W/cm2 is used as the unit of heat flux in the 
equation. The lesser the value of thermal resistance 
of the channel, the more the heat transfer 
performance of it. 
     Figure 9 illustrates the effect of various 
parameters on thermal resistance of the 
microchannel for Re=500 and q ′′ =250000 W/m2. 
Adding nanoparticles decreases the thermal 
resistance of the channel and consequently enhances 
the thermal performance of the channel. Although 
in the case of ignoring viscous dissipation the 
improvement is more evident but viscous 
dissipation weakens the enhancement. Adding 
nanoparticles raise the viscosity of the nanofluid and 
hence emphasizes the viscous dissipation effect. It is 
obvious that viscous dissipation increases the 
temperature of the fluid, yielding to lower 
temperature difference between wall and the fluid 
which can be a reason to increase thermal resistance 
of the nanofluid. The reduction of temperature of 
the fluid by adding nanoparticles will be partly 
recovered by increasing the temperature due to 
viscous dissipation. 
     Figure 10 depicts the axial distribution of Nusselt 
number in the channel for pure water and 5% 
volume fraction Al2O3-water nanofluid at Re=500 
and different applied heat fluxes from 50000 to 
250000 W/m2. Filled symbol shows constant 
properties condition and hollow ones are for the 
case of ignoring viscous dissipation. Increasing the 
concentration of the nanofluid will intensify the 
local Nusselt number and the rate of intensification 
grows with increasing heat flux. Increasing the 
exerted heat flux raises the fluid temperature and 
consequently augments the Nusselt number. 
Considering variable properties, the temperature rise 
boosts the thermal conductivity and cause another 
improvement in Nusselt number. 
     The effect of variable properties is more 
pronounced at the end part of the channel, where 

temperature rise changes the properties of the fluid. 
Especially for the nanofluid with 5% volume 
fraction, it caused steep changes in Nusselt number 
at the end part. As it is seen in the figure, in the 
case of constant properties for the 5% volume 
fraction Al2O3 nanofluid with q ′′ =250000 W/m2 
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Figure 9. Effect of viscous dissipation and variable properties 
on thermal resistance. 
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Figure 10. Effect of heat flux magnitude, viscous dissipation 
and variable properties on Nusselt number distribution. 
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(shown with ■ symbol) the sharp changes at the 
end part is eliminated. The effect of viscous 
dissipation is shown in the figure as a reduction in 
Nusselt number. In the case of q ′′ =50000 W/m2 

for both pure water and the nanofluid, the effect is 
noticeable but for higher heat fluxes diminishes. 
     Finally, Figure 11 compares the average Nusselt 
number of the fluid, defined as: 
 

L
dxxNuNu ∫= )(

ave  (21) 
 
in the vicinity of the lower wall for different 
conditions. 
     The effect of viscous dissipation and variable 
properties is investigated for pure water and 2% 
volume fraction Al2O3-water nanofluid. Using 
constant properties, as it is expected the average 
Nusselt number increases with Reynolds number. 
But taking variable properties effect into 
consideration there is an irregularity in average 
Nusselt treatment. In low Reynolds numbers, the 
fluid moves slower and the fluid region 
temperature can be more affected by solid regions, 
this event lead to a higher temperature to the end 
part of the channel. The thermal conductivity of 
the nanofluid is more sensitive to temperature than 
the pure fluid and increases steeper at the end part 

of the channel as a result of temperature rise. 
     So there are two factors affecting the average 
Nusselt number in different manners, the first one 
is raising the average Nusselt number by 
increasing the temperature at the end of the 
channel, and the other, is increasing the average 
Nusselt number by thinning the boundary layer. 
The first factor is intensified at lower Reynolds 
numbers and is weakened at higher Reynolds 
numbers, while the second one is weak at lower 
Reynolds numbers and will strengthen at higher 
Reynolds numbers. 
     In consequence of the above discussion, in 
lower Reynolds number the first factor is 
dominated and the Nusselt number increases 
because of higher thermal conductivity at the end 
section of the channel. As the Reynolds number 
increases, this effect is weakened because of the 
smaller temperature rise along the channel, so the 
average Nusselt number decreases. But there is a 
definite Reynolds number (450 for the case in the 
figure) beyond which the second factor is 
dominated and the average Nusselt number 
increases with increasing the Reynolds number. 
The moderate changes of thermal conductivity of 
the pure water with temperature prevent the above 
mentioned anomalous phenomenon to occur and a 
regular treatment is seen in the figure. 
     However, it seems that for nanofluids there is a 
critical Reynolds number that should be considered 
for design and optimization purposes and is a 
function of the channel geometry and nanofluid 
characteristics. It should be mentioned that the 
results are severely related to the thermal 
conductivity and viscosity calculation models used 
(Equation 12 and 14) and altering them may cause 
substantial changes to the outcomes of the paper, 
so more experimental results are needed in this 
field to capture the real treatment of the nanofluids. 
 
 
 

6. CONCLUDING REMARKS 
 
The two dimensional laminar flow and heat 
transfer of Al2O3-water nanofluid in a 
microchannel is solved considering axial 
conduction in the fluid and solid regions. It was 
shown that adding nanoparticles will intensify heat 
transfer characteristics of the fluid but on the other 
hand will slightly increase shear stress on the 
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Figure 11. Variable properties and viscous dissipation effects 
on the behavior of average Nusselt number of nanofluid with 
φ = 0.02 at different Reynolds numbers. 
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walls. The two criteria of Morini [35] and Xu, et al 
[36] for viscous dissipation considerations have 
been inspected for the parallel plate flow and it 
was found that the former give more reasonable 
results. The numerical results of investigating 
viscous dissipation and variable properties effect 
revealed that taking into consideration of this term 
causes a reduction in Nusselt number and friction 
factor. For the nanofluid the effect will be 
intensified and Based on the thermal conductivity 
and viscosity model used for nanofluids, it was 
found that there may be a critical Reynolds number 
below which the average Nusselt number behaves 
abnormally and could be important for design 
considerations. Nanofluids flow in microchannel 
may be a good choice for future cooling devices 
but the results of the paper shows that more 
experimental investigation is needed to study the 
limitations induced by viscous dissipation on the 
heat transfer enhancement of the nanofluids. 
 
 
 

7. NOMENCLATURE 
 
cp specific heat (kJ/kg K) 
d diameter (m) 
Dh hydraulic diameter (m) 
Ec Eckert number 
f friction factor 
H height 
k thermal conductivity (W/m K) 
M molecular weight (kg/kmole) 
p pressure 
Pr Prandtl number 
Re Reynolds number 
T temperature (K) 
V velocity vector (m/s)  
 
Greek 
 
φ  particle volume fraction 
µ  dynamic viscosity (Pa.s) 
ρ  density (kg/m3) 
τ  shear stress (N/m2) 
ψ  sphericity 
 
Subscripts 
 
ave average 

b bulk 
d dispersion 
f base fluid 
in inlet 
nf nanofluid 
out outlet 
p nanoparticles 
ref reference 
s solid region 
SL lower solid region 
SU upper solid region 
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