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Abstract   This paper deals with two-dimensional plane stress wrinkling model of a plastic annular 
plate. Based on energy method and the nonlinearity of strain-displacement law, a bifurcation function in 
polar coordinates is derived analytically. This technique leads to the critical conditions for the onset of 
the plastic wrinkling of flange during the deep drawing process. To find this solution, the Tresca yield 
criterion along with plastic deformation theory are employed. The material of the plate is assumed to 
behave perfectly plastic. This analytical closed-form solution is obtained by considering the nonlinearity 
of the material and geometry, simultaneously. The main advantage of the proposed solution is better 
agreement to the other researchers's experimental results. Moreover, the influence of the blankholder 
upon wrinkling, and also on the number of the generated waves, can be quantitatively predicted by the 
suggested scheme. 
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. شود يم يبررس يکيپلاست يک صفحه حلقويدر  يدوبعد يک مدل چروک خوردگين مقاله يدر ا   چكيده
به صورت  يدر مختصات قطب يک تابع دو شاخه اي، ير خطيغ يکشش ييو قانون جابجا يبراساس روش انرژ

فلنج در  کيپلاست يشروع چروک خوردگ يبرا يط خاصيک منجر به شراين تکنيا. ديآ يبه دست م يليتحل
ک استفاده ير شکل پلاستييتغ ين مساله از بازده ترسا همراه با تئوريحل ا يبرا. شود يق ميند کشش عميفرا يط
 ير خطيبا فرض غ يلين راه حل تحليا.ک رفتار کنديشود که صفحه  به صورت کاملا پلاست يفرض م. شود يم

 يج تجربين روش تطابق خوب آن با تنايت اين مزيمهمتر. ديآ يه دست ميبودن جنس و شکل به طور همزمان 
د شده ين تعداد امواج توليو همچن يچروک خوردگ ير نگهدارنده شاهد روين تاثيهمچن. موجود در متون است

 .نی کرديش بيپ يشنهادين روش پيتوان با ا يرا م
 

 

1. INTRODUCTION 
 
Wrinkling is considered as one of the critical 
defects in deep drawing, together with tearing, 
spring back and other geometric and surface 
defects. Contrary to fracturing, wrinkling can be 
treated as a recoverable defect even when they 
develop during the deep drawing process. Many 
investigators’efforts have been dedicated to predict 
the occurrence, location, and shape of the wrinkles, 

which emphasize on the work initiated from Hill’s 
general theory of uniqueness and bifurcation [1, 2]. 
This behavior is caused by excessive compressive 
stresses during the forming. As it can be seen in 
Figure 1 [3, 4], in a deep drawing operation an 
initially flat round blank is drawn over a die by a 
cylindrical punch. The annular parts of the blank 
are subjected to a radial tensile stress, while in the 
circumferential direction compressive stress is 
generated during drawing (Figure 2) [3,4]. For 
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particular drawing-tool dimensions and blank 
thickness, there is a critical blank 
diameter/thickness ratio. Figure 3[3, 4] shows that 
the critical stress causes the plastic buckling of the 
annular part of the blank so that an undesirable 
mode of deformation ensues with the generated 
waves in the flange.  
     Many efforts have been made during the past 
years to meet the needs of press tool designers. In 
1928, Geckeler [2] gave a mathematical analysis 
and two useful expressions for the case where no 
blankholder was used. He showed that the critical 
stress, at which buckling will occur, is  

2
0

cr 2

E t
0.46

W
σ =  . In this formula, crσ  is the 

critical stress in the flange when buckling occurs, 
t  is the blank thickness and W  shows the width of 
the flange.  Also, 0E   is the buckling modulus 

determined by ,
)(

4
20 PE

EPE
+

=  where E  is 

Young's modulus and P  is the tangent modulus of 
the material. In addition, the number of waves or 

lobes, into which the flange buckles is 
W
rn m65.1=  

, where n  is the number of waves and mr  is the 
mean radius of the flange. Esser and Arend 
developed an empirical equation to fit data, which 
they obtained with annealed copper, brass and mild 
steel. Their equation reduces to ,35.4 tab =−  
where b  is the blank radius and a  is the inner 
radius of the flange [3]. An outstanding approach 
by Baldwin and Howald [5] in 1947 was developed 
by applying Geckeler's equations for practical ends 
with predictions of the limiting reductions in 
diameter for given conditions of metal and temper, 
etc. [3]. In 1956, Geckeler's equations were 
extended by Senior. Based on his study, energy 
expended in the flange by the circumferential 
stress was equated to the energy dissipated in 
buckling the flange, so that the theory could be 
applied for buckling under both constant load and 
spring-loaded blankholders [3]. Since Senior only 
used a one-dimensional buckling model, the flange 
was approximated as a number of linked struts and 
a pressure distribution was assumed for the 
boundary condition at the inner edge, which seems 
not to be very realistic. Comment on this work was 

made by Alexander [3]. Most of the previous 
studies on this subject are based on the one-
dimensional buckling model, hence those results 
can be expected to have a good approximation only 
when the width of the flange is small compared to 
the radius of the blank, that is ,babW <<−= or 

1.ξ <<  It can be easily verified that the reduction 
in outer diameter is ξ100

)2(
200

=
+

=
Wr

WR
m

 [3]   

Alternatively, Yu and Johnson [3] used the energy 
method in elastic stability theory as a basis for 
plastic wrinkling analysis. They proposed an 
equation for balancing the work done by stresses 
induced in the flange and the strain energy due to 
bending in plastic wrinkling. According to their 
analysis, the onset of plastic wrinkling is governed 

by 0
p

E t 3 H(m,n)
Y b 2 F (m,n)

<  , where the entities H  

and pF  are functions of the wave number and the 
flange dimension, respectively. The wave numbers 
computed from the last equation are lower than those 
from experimental results and also those obtained from 
Geckeler's and Senior's equations [6]. The reader is 
referred to work of Yu and Johnson, Zhang [7] and Yu 
for further details of their approaches. Subsequently, 
Yossifon and Tirosh [8] extended the analysis to 
investigate the fluid pressure as an additional energy 
term in their equation. The analysis reported so far are 
either too simplistic, which are based on one-
dimensional beam theory or on two-dimensional 
elastic-based rigid-plastic stability theory. The one-
dimensional beam theory type of formulations ignored 
the effects of shear stresses and higher-order terms in 
the stability equation and therefore, cannot fully 
describe the flange wrinkling phenomena of a deep–
drawn cup. While the two-dimensional formulations 
have been entirely relied on the elastic-based rigid-
plastic stability equation of plates, most investigators 
simply replaced the Young's modulus in buckling 
analysis that can be quite inadequate [4].  
     A bifurcation function was proposed by Hutchinson 
[9, 10] based on Hill general theory of uniqueness and 
also bifurcation in elastic-plastic solids [11,12]. This 
function is given as: 

,)(
2
1

,,
0 dswwtNMF jiijijijijij∫∫ ++= σεκ   (1) 

where, S  denotes the region of the shell middle 
surface over which the wrinkles appear, w  is the 
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buckling displacement, t  shows the thickness of 
the plate, 

ijN  presents the force resultants, 
ijM  is 

the  couple resultants (per unit width), ijκ  denotes 

the curvature tensor and 0
ijε   is the stretch strain  

tensor. This bifurcation function contains the total 
energy for wrinkling occurrence. In other words, 
for some non-zero displacement fields, the state of 

0=F  corresponds to the critical conditions for 
wrinkles to occur [13-15]. 
 

 
Figure 1.  Deep drawing process with cylindrical punch 

 
 

 
Figure 2. The model of the flange as an annular plates 
with radial stress distribution in its inner edges 
 

 
Figure 3. The generated waves in the flange 
      

In this paper, the bifurcation function is found 
using energy method along with the Von Karman 
kinematic relation. To have a closed-form 
analytical solution, the Tresca yield criterion and 
also plastic deformation theory are used. A 
complete form of the function (1)  is suggested for 
the perfectly plastic materials. The results show 
that the proposed solutions for the critical 
conditions of the onset of the wrinkling have a 
better agreement than the other available 
experimental findings. 
 
 
 

2.  PLATE COORDINATE SYSTEM 
 
In order to derive the bifurcation functional, the 
energy method can be used.  It is proper to utilize 
the polar coordinate for the plate. This coordinate 
system is set in the middle surface of the un-
deformed (pre-buckled) annular plate. All the 
points in the plate are defined by coordinates r  
and θ , lying in the middle surface of the un-
deformed body and  also z  coordinate normal to 
this surface. 
 
2.1. The Lagrangian Strain     At first, the strain-
displacement relation is discussed. The 
displacement components, u , v  and w , are given 
below [7]:   
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where, 0u  and 0v  are the displacements in the 
middle plane of the plate, in r and θ  directions, 
respectively. The buckling displacement normal to 
the plane of the plate in the z direction is shown 
by w . The nonlinear Lagrangian strain tensor is as 
follows [7]: 

)(
2
1

,,,, jmimjiij uuuu ++=ε        (3) 
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By neglecting some nonlinear terms and using Eq. 
(3), the Von Karman kinematic relation in polar 
coordinates can be written in below form [16]: 
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For simplicity, the following Lagrangian strain 
tensor and parameters are used in this work: 

ijijij zκεε +=
0

                                                   (6) 
 
where,   
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And 
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2.2. Constitutive Equation     In a deep drawing 
process, the flange has large deflection and also 
contains the plastic deformation. Therefore, the 
plastic behavior of the material and geometric non-

linearity of the structure should be considered, 
simultaneously. To solve this plate problem, the 
stress-strain relationships are required. There are 
two types of theory in plasticity. The first one is 
the deformation theory which neglects the loading 
history dependency in the development of the 
stress-strain relationships. In fact, this theory 
assumes that the stress state, ijσ , can be 

determined uniquely from the strain state, ijε  , and 

also plastic strain, p
ijε , as long as the plastic 

deformation continues. Because of its relatively 
simplicity; the deformational theory has been 
used extensively in the engineering practice for 
solving elastic-plastic problems. The general 
validity of the deformation theory in plasticity is 
limited to the monotonically increasing loading in 
which:(1) the stress components are increased 
nearly proportionally in a loading process, known 
as proportional loading; and (2) no unloading 
occurs. 
     The second way of utilizing the elasto-plastic 
analysis is based on the incremental theory. This 
kind of the strategy is mostly used in the 
numerical material non-linear techniques. In 
contrast to the deformation theory, the loading 
path dependency is assured in the incremental 
theory [8]. It should be reminded that the loading 
in the annular plate has the proper conditions 
needed for the deformation theory. In order to 
find a closed-form non-linear solution for the 
plastic flange wrinkling of the circular plate in the 
deep drawing process, it is preferred to use the 
deformation theory rather than the incremental 
plasticity theory. The constitutive equation for the 
three-dimensional solid problems used in the 
deformation theory is given below: 

kl
ep
ijklij C εσ =                                                    (9)              

 where, ep
ijklC  , for the perfectly plastic materials, is 

determined by the following relationship [17-20]: 

tu

e
rstu
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In this equation, f  is a proper yield criterion 
suited for this problem and e

ijklC  is the elastic 
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coefficient of the hook’s law. Due to the simplicity 
of one side of the Tresca yield surface, this 
function is utilized in this study. According to the 
loading, one of the stresses ( rσ ) is positive and the 
other is negative ( θσ ). In this state of stress, the 
Tresca yield function of the second stress region is 
a proper one. In other words, the following linear 
function is used: 

0=−−= Yf r θσσ                                     (11)   
 
In this function, Y  is the uniaxial yield stress. 
Expanding Eq. (9) for 3,2,1,, =kji ,  simplifying 
the results for the plane stress problem (i.e. 

0231333 === σσσ ) and using Eqs. (10) and 
(11), a simple plane stress elastic-plastic 
constitutive equation is found. In other words, the 
expanded form of Eq. (9) has the following 
appearance: 
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2.3. Strain Energy    The density of the strain 
energy for the plate, 0U  , can be written as follows 
[16]: 
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By integrating the density of the strain energy over 
the volume of the flange, and assuming the plane 
stress state, the strain energy can be written in the 
following form: 
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 On the other hand, the force ( ijN ) and moment 

resultant ( ijM ) are calculated from the below 
equations:       
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These values and also the strain from Eq. (5) are 
substituted in Eq. (14). After some simplifications, 
the strain energy in terms of the displacements can 
be written in the following from: 
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Substituting Eq. (6) in Eq. (9) and also using the 
results of Eq. (16), the force and moment resultants 
are found in terms of the displacement fields. The 
result is given below:   





















=

+==

=

+==

∫∫

∫∫

+

−

+

−

+

−

+

−

kl
ep
ijkl

h

h
klij

ep
ijkl

h

h
ijij

ij
ep
ijkl

h

h
klij

ep
ijkl

h

h
ijij

Ch

dzzzCdzzM

Ch

dzzCdzN

κ

κεσ

ε

κεσ

12

)(

)(

3

2

2

0
2

2

0

2

2

0
2

2

      (17) 

 
Finally, substituting Eq. (17) in Eq. (16) and 
simplifying the results, the strain energy can be 
found as follows: 



208- IJE Transactions A: Basics                                                          Vol. 23, Nos. 3 & 4, November 2010  

 

θ
θθ

θθθθ

θ
θθ

θθ
π

π

rdrdw
rr

w
r

v
r

vu
r

C

w
r

v
rr

u
r
w

r
u

Cw
r

v
rr

u
C

r
w

r
uChrdrdw

rr
w

r
C

w
rr

w
rr

wCw
rr

w
r

C
r
wChU

ep

epep

b

a

epep

epep
b

a

ep

}]))1()(1[
2
1(4

])1(
2
11][)(

2
1[2])1(

2
11[

])(
2
1[{

2
1})]1(1[4

)]1(1)[(2)]1(1[)({
122

1

2000
1212

20020
1122

2200
2222

2

0

220
1111

2
2

1212

2

2

2

2

1122
2

2

2

2222

2

0

2
2

2

1111

3

∂
∂

∂
∂

+−
∂

∂
+

∂
∂

+
∂
∂

+
∂
∂

+
∂
∂

+
∂

∂
+

∂
∂

+
∂
∂

+

+
∂
∂

+
∂

∂
+

∂
∂

−
∂∂

∂
+

∂
∂

+
∂
∂

∂
∂

+
∂
∂

+
∂
∂

+
∂
∂

+=

∫ ∫

∫ ∫

            (18) 

 
2.4. External Work     The external force ( ijN̂ ) is 
acting in the middle plane of the plate (i.e. 0=z ). 
Considering this force, and also using Eq. (6), lead 
to the strain tensor ( 0

ijij εε = ). It is easy to show 
that the external work can be written in the 
following form: 
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Assuming, ijij hN σ=ˆ , and substituting Eq. (7) 
into Eq. (19), lead to the following relationship: 
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It should be noted that the plastic stress distribution 
in the flange before the wrinkling is  
similar to the axisymmetric problem, (i.e. 0=v  

and 0=
∂
∂
θ

) [3,18]: 
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Utilizing this plastic stress distribution, the 
external work in Eq. (20) can be written as below: 
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2.5 The Total Potential Energy     Having the 
strain energy and the external work in hand, the 
total potential energy function can be formed: 

EWU −=π                                                    (23) 
Using Eq. (18) and Eq. (22), the nonlinear 
bifurcation function can be written as below:  
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Another important point in establishing the critical 
conditions for onset of the wrinkling is assuming a 
proper displacement field. In fact, the essential or 
geometric boundary conditions of the plate must be 
satisfied by the assumed displacement fields 
( wvu ,, ). For instance, a suitable displacement 
field can be expressed as a function of the radial 
coordinate, r  , and the polar angle, θ . In this 
work, it is assumed that the displacement fields of 
the flange for a deep drawn cup have the following 
form [21, 22]:  
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where, c , d and e  are constants and n  is the 
wave number. It is obvious that any admissible 
bifurcation mode in Eq. (25) satisfies the 
kinematical boundary conditions 0, ≠vu  and 

0=w  at the inner edge ( ar = ) and also the 
kinematical constraint: 0),( ≥θrw , 0),(0 ≥θru , 

0),(0 ≥θrv  for bra ≤≤ . After substituting Eq. 
(21) and Eq. (25) into the function (24) and 

considering  m
b
a

= , one can write the following 

relationship in terms of the number of generated 
waves (n):  
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where, 
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It is worth writing the suggested function in the 
below matrix form: 
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where, 
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The critical conditions for onset of the wrinkling 
are written below:   
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The first relation in Eq. (30) leads 
to 0)( 2

2444223311 =− MMMMM , if 033 =M  or 
2
244422 MMM − =0, leads to 0=n . Therefore, the 

critical condition to obtain the onset of the 
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wrinkling becomes 011 =M .Wrinkling will occur 
when the following equation is satisfied:  
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2.6 Plastic Wrinkling With Blankholder  
According to Figure 1, when a spring-type 
blankholder is used, it provides a lateral load 
proportion to the lateral deflection of the annular 
plate. By assuming the spring coefficient of the 
Blankholder ( K ), the total spring stiffness has the 
following form:   
 

)( 22 abKS −= π                                             (34) 
 
If the effects of the blankholder are considered, the 
strain energy function can be established as below: 
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Consequently, the total potential energy of whole 
structure can be utilized from the equation (36). 
The displacements 0u , 0v  and w  can be assumed 
similar to Eq. (25). The maximum deflections have 
the following values: 
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It is easy to show that the following equations are 
also held: 
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Based on these equations, the energy stored in the 
spring-type blankholder can be written as below: 
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As a result, the bifurcation function has the 
following form: 
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It is more suitable to write this function in the 
below matrix form: 
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 The critical conditions for onset of the wrinkling 
are given below: 
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This equation yields 0)( 2

2444223311 =− MMMMM , 

if 033 =M  or 02
244422 =− MMM , which results 

to 0=n . Therefore, the critical condition to obtain 
the onset of the wrinkling becomes 011 =M . As a 
final result, it is found that the critical condition for 
the plastic buckling is the state of 0=π . This 
equation leads to the following value for the yield 
stress: 
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By assuming 
D
S

=ψ , the following simplified 

result will be in hand:                                                    
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If 0fπ , there will be a safe domain with no 
wrinkling [13-15]. To reach this state, Eq. (45) 
should change to the following condition: 
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3. RESULTS AND DISCUSSIONS 
 
The assumed properties of steel are GpaE 200=  
and 3.0=ν . The properties of aluminum are 
assumed to be GpaE 70= and 3.0=ν . 
Substituting the steel properties in Eq. (46), the 
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first condition of Eq. (30) will yield in 0=
∂
∂

n
Y

. 

This equation has 5 roots for n , but only one of  
them is logical and also located in the range of 

(
b
a

−1 ). In Figure 4, n  versus (
b
a

−1 ) is shown 

and compared with Yu's and the experimental 
results [3].  
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Figure 4. The number of the generated waves in the 
plastic flange wrinkling of the annular plate 
 

  
Figure 5. The wrinkling limitation of the flange  
 
 
After finding  crn  , by substituting it into Eq. (31), 

crY  is also found. In Figure 7, 
b
t

Y
E  versus (

b
a

−1 ) 

is shown and compared with the available 

solutions [2,3,6]. Furthermore, the critical 
conditions of the onset of the wrinkling for steel 
and aluminum can be compared by substituting 
their properties into Eq. (31) and Eq. (32).  
 

  
 

Figure 6. Comparing wrinkling limitation of the steel 
and aluminium 
 

Figure 7. Number of the generated waves in the flange 
 
     
It is interesting to note that a good agreement of 
the suggested non-linear solution with the 
experimental one is observed in Figure 4. The 
wrinkling limitation of the flange is also found. A 
comparison between the current study results and 
those from the Geckeler and Senior [2,6] are also 
shown in Figure 5. Geckeler's result is a good 

approximation for small values of (
b
a

−1 ), (i.e. 

narrow flanges), but its error rises as the width of 
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the flange increases. Moreover, Yu's results are 
curved shapes, which are the envelopes of the 
curves for many sn' . It is worth emphasizing that 
explicit determination of the boundary of the 
buckling range is hard.  In fact, to show  crn  and 

crY  in the diagrams, numerical approximation and 
interpolations are usually used.  
 

 
Figure 8. Limitation of the plastic wrinkling 
 
 
However, in the current study more exact 
expressions for crn  and crY  are obtained without 
needs for any approximations or interpolations. It 
should be added that in this study, Y  is in the state 
of the maximum hoop stress cr

θσ . According to 

Figure 6, and with the constant value of (
b
a

−1 ), it 

is observed that the aluminum wrinkles under the 
lower loads than the steel. Finally, as it can be seen 
in Figure 7 and 8, the blankholder has influences 
on the number of the wrinkles and also limitation 

of the wrinkling. For the constant value of (
b
a

−1 ), 

it is observed that increasing of the blankholder 
force increases the number of the waves and also 
increases the limitation of the forming without 
wrinkling. 
 
 
 

4. CONCLUSIONS 
 
Using energy method, the plastic wrinkling of the 
flange in the deep drawing process has been 
studied analytically. The proposed bifurcation 
function is more general than the one previously 
found. The nonlinearity of both the material and 
geometry are considered in the deriving of this 
bifurcation function. A closed-form analytical 
solution is formed based on the Tresca yield 
criterion and also the use of the plastic deformation 
theory. It is assumed that the materials behave 
perfectly plastic. The suggested technique leads to 
the critical loads and number of generated waves. 
Moreover, the analytical results of this paper have 
a good agreement with the experimental findings.  
 
 
Nomenclature 

ijN  Force resultants 
ijM  Couple resultants 

ijκ  Curvature tensor 
0
ijε  Stretch strain  tensor 

F  Bifurcation functional 
u , v  In-plane displacement field 
w  Wrinkling displacement 
n  The wave number 

ijε  Lagrangian strain 

E  Young’s modulus of elasticity 
ν  Poission’s ratio 

e
ijklC  Elastic coefficient matrix 
ep
ijklC  Plastic coefficient matrix 

f  Yield criterion  
Y  Yield stress 

0U  Density of strain energy 

U  Strain energy 

EW  External work 
π  Total potential energy 
S  Blankholder force  
K  Stiffness of the blankholder 
t  Thickness of the plate 
a  Inner radius of the flange 
b Outer radius of the flange 
m  

b
a  
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