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Abstract A framework for development of constitutive models based on semi-micromechanical
aspects of plasticity is proposed. The resulting of this model for material employed friction type

failure criterion, sub- loading surface, and associated flow rule. This model is capable of predicting
effects of the rotation of principal stress/strain axes and consequent plastic flow, induced anisotropy
of strength, particularly, in cyclic loading. Also, this model has the potential of predicting the
behavior of fully inherent anisotropic material, and strain history distributions at a point up to failure.
The predicted model results and their conformity with experimenta results of cyclic loading
including the pre-failure specifications show the capability of the mode.

Key Words Multi-Laminate Framework, Sub-Loading Surface Model, Elastic-Plastic, Cyclic
Loading
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1. INTRODUCTION

Condtitutive modding of materia pladticity including
different features has been the subject of numerous
investigations during the recent years, primarily
because of the increasing awareness of complexity
of the loading conditions to which soil structures
are subjected and the corresponding need for more
accurate analysis for prediction of safety of such
sructures. The pardld development of more powerful
and efficient numerical methods of analysis has
motivated and alowed the use of sophisticated
constitutive models beyond the linear or simple
nonlinear elastic-plastic constitutive laws which
were utilized in the early stages.

Most models proposed are based on the theory
of elastic-plasticity, incorporating different yield
criteria, flow and hardening rules. Strain hardening
models according to various isotropic, kinematics
or mixed hardening rules have been proposed.
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These models usually deal with a single or a
combination of stress invariant. Rotation of the
direction of principal axes of either stresg/strain or
both has been observed in many tests. A model
based on invariant of stress/strain tensors, therefore
cannot cope with the real behavior of soil under a
complex loading program while either the values
of stress or strain invariant are kept constant.

The task of representing the overall stress tensor
in terms of micro level stresses and the condition,
number and magnitude of contact forces has long
been the am of numerous researchers [1-3].
Sadrnejad developed a multi-laminate model for
granular materials[4,5].

For a granular material such as soil, which
supports the overall applied loads through contact
friction and cohesion, the overall mechanical
response may ideally be described on the basis of
micromechanica behavior of grains interconnections.
Naturally, this requires the description of overall
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stress, characterization of cohesion and fabric,
representation of kinematics, development of local
rate constitutive relations and evaluation of the
overall differential constitutive relations in terms
of the local quantities.

Properly prediction of soil behavior under cyclic
loading isamgor practical problem in geo-mechanics.
In reality, stress/strain relation for soil under cyclic
loading depends on many objects. Therefore, without
using this task mathematical models will be
impossible. Prof. K. Hashigushi proposed the first
sub-loading model in 1989 [6]. Many progress and
development implemented on this model later [7-
9]. Capahility of thismode encouraged the author to
build up a new mode based on multi-laminate
framework adding all advantages of both.

In this paper, a multi-laminate based model
capable of predicting the behavior of soils on the
basis of dliding mechanisms and el astic behavior of
particles has been presented. The capability of the
model is to predict the behavior of soil under
arbitrary stress paths. The influences of rotation of
the direction of principal stress axes and induced
anisotropy are included in a rational way without
any additional hypotheses.

2. BASIC ASSUMPTIONSAND
DISCUSSIONS

Multi-laminate framework defined by small continuum
gructura units formed as an assemblage of particles
and voids filling infinite spaces between the sampling
planes, has appropriately justified the contribution
of interconnection forces in overal macro-mechanics.
Plastic deformations are assumed to occur due to
sliding as shearing, separation/closing of the
boundaries as volume change. Elastic deformations
are the overall responses of structural unit bodies.
Therefore, the overall deformation of any small
part of the medium is composed of total elastic
response and an appropriate summation of dliding,
separation/closing phenomenon under the current
effective norma and shear stresses on sampling
planes.

3. THE CONSTITUTIVE EQUATIONS

The classical decomposition of strain increments
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under the concept of elastic-plasticity in elastic and
plastic parts are schematically written as follows:

de = de® +deP (1)

The increment of elastic strain (de®) is related to
the increments of effective stress (do') by:

de® =[D®]Ldo 2)

Where, [D®] is elastic compliance matrix, usually
assumed as linear and is obtained as follows:

. 2
Dijkl=(K —56)5”51« +G(&d;) +8;9jk) 3

Where, K and G are bulk modulus and the shear
modulus, respectively.

To obtain plastic strain increments (deP), for the
soil mass, the stress-strain increments relation, is
expressed as:

deP =CP.do’ (4)

Where, C is plastic compliance matrix.

Clearly, it is expected that all the effects of
plastic behavior be included in C". To find out C,
the constitutive equations for a typical dip plane
must be considered in calculations. Consequently,
the gppropriate summetion of al provided compliance
matrices corresponding to considered dlip planes
yields overall CP, therefore, strain increment at
each stressincrement is calculated as follows:

n
p_1 TLelT.CP '
de n{ZIW,[La] CP [Lol}.do (5)

Where, Le and Lo are transformation matrices for
strain and stresses, respectively and n is number of
planes.

To satisfy conditions of applicability of the theory
from the engineering viewpoint and also to reduce the
extremey high computationd cogts, a limited number
of necessary and sufficient sampling planes are
considered.

The choice of 13 independent planes for the
solution of any three dimensional problem based
on getting agood distribution of plastic deformation
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TABLE 1. Direction Cosines and Weight Coefficients of
Intear ation Points.

Direction cosines of integration points Weights
£i mi ni Wi
/173 Y173 /173 27/840
/1/3 1/3 1/3 27/840
/173 Y173 Y1/3 27/840
/173 /173 173 27/840
/172 /172 0.0 32/840
/172 172 0.0 32/840
/172 0.0 /172 32/840
/172 0.0 172 327840
0.0 Y172 172 32/840
00 /172 172 32/840
1.0 0.0 0.0 40/840
0.0 1.0 0.0 40/840
0.0 0.0 1.0 40/9840
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Figure 1. The orientation of 13 planes, real grains and assumed
blocks

through the media and avoiding huge computing
time is a fair number. The orientation of the
sampling planes as given by their direction
cosines and the weight coefficients for numerical
integration rule are given in first three and the last
columns of Table 1.
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Figure 2. Subloading and normal yield surfaces of one plane.

The coefficients Wi are ssmply calculated based on
Gauss Quadrature numerical integration rule.

A coordinate system has been employed for
each plane in such manner that one axis is
perpendicular to the plane and the other two are on
the plane. Plastic shear strain increments on each
plane is consdered as two component vectors on
defined coordinate axes of plane. Thirteen sats of
direction cosines of coordinate axes are presented
inTable 1.

One of the important features of multi-laminate
framework is that it enables identification of the
active planes as a matter of routine. The application
of any stress path is accompanied by the activities
of some of the 13 defined planes in three-
dimensional media. The values of plastic strain on
all the active planes are not necessarily the same.
Some of these planes initiate plastic deformations
earlier than the others. These priorities and certain
active planes can change due to any change of
direction of stress path, a number of active planes
may stop activity and some inactive ones become
active and some planes may take over others with
respect to the value of plastic shear strain. The first
set of planes, indicating %10 shear strain can be
identified together as the first mode of failure.
Thus, the framework is able to predict the
mechanism of failure. Figure 2 shows the orientation
of dl 13 planes in similar cubes. In order to clarify
their positions, they have been presented in four
cubes.
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4. CONSTITUTIVE EQUATIONSFOR A
SAMPLING PLANE

A sampling plane is defined as a boundary surface,
which is a contacting surface between two structural
units of polyhedral blocks. These structural units
are parts of an inheterogeneous continuum and for
simplicity they are defined as a full homogeneous
and isotropic materid. Therefore, dl inheterogeneities
behavior is supposed to appear inindagtic behavior of
corresponding dlip planes. Figure 1 shows these
defined planes (say 13). The number of planes may
be chosen as any number, however, based of some
numerical experiences, 13 is found to fit a rationally
justified and got enough power to show any
distribution through the material.

5. SUBLOADING AND NORMAL
YIELD SURFACES

The norma yield surface is defined here as a
limiting boundary surface which separate possible
and impossible cases in stress domains. This boundary
isaso afunction of hardening parameters.

The sub-loading surface is a similar boundary
except that, it is smaller and positioned any where
inside normal yield surface. This boundary always
passes through stress position and its size may
change. The mobility of this surface is controlled
by a center of similarity. The center of similarity
moves when plastic strains take place. For an
isotropic and homogeneous material sub-loading
surfaces for all planes are the same. However,
different plastic strains of planes, induced
anisotropy provided in material and also different
shape and position of sub-loading surfaces is
obtained. Every plane has its normal yield surface,
which is usually defined as effective stress

0, , 0,0, space which are effective stress

components on ith plane. Figure 2 shows sub-
loading and normal yield surfaces of one plane.

Normal yield surface for ith plane is defined as
follows:

Xi

f(6")-F(H;)=0 (6)
0/ =0/ -a, (7)
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where

F(6))=\6:2+ (6] /m) ®
6;[=(6 ~6)2+(6'y —675)7 +(6'5 —65)’

9
6ﬁzéﬁ+6;+6; (10)

Where, f(G")is normal yield function, 07 stress

vector comprising &', ,0,,andG; for ith plane,
aso scalar Hi and @, stand for isotropic hardening
parameter and kinematics hardening vector
respectably. &, and ||6i'*|| are the effective
normal and shear stresses on ith plane respectably.
m is defined as a constant materia property. f (0))
is a homogeneous elliptical function in
G~ ||6i' || plane, and the ratio of two diameters of
the dlipse remains constant while plasticity is in
progress.

6. HARDENING RULE

An isotropic shear-hardening rule is employed to
carry any change of normal yield surface size
during plasticity on ith plane. F(H;) introduced as
hardening function for ith plane, is defined as
follows:

F(H) = Fy[1+b,1-e™")] (1

where,

o devi o devi L devi
H, =|/(dexi —T)2+(dgyi _T)Z +(de zi _T)Z

(12)

de{ is plastic volumetric strain, Fq; is initial
value of F, and both d; and b; are two isotropic
hardening parameters, all corresponding to ith
plane.
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A kinematics hardening is also employed to
obtain only the changes of position of nhormal yield
surface center. The following functions represent
thisrule:

a'=A1+B 1 (13)

ol

Where, | is unity matrix, A, and B are parameters
of plastic deformations which in this model are as
follows:

A=0 (14)
B=K, H" . H, (15)

Ki and M; are constant parameters of hardening for
ith plane.
It can be concluded that @; and Hi are two first

order homogeneous functions of plastic strain
increment. However, they can beformed asfollows:

ai=Aa (16)
H =Ah, (17)

Where, vector g, and scalar h;, are related to stress
and plastic strain variations. g is calculated as
follows:

a =K HM h on

ol

(18)

7. FLOW RULE AND CONSISTENCY
CONDITION

Flow rule is expressed as follows:
de? =A,.n (19)

Where n; is the vector for orientation of plastic
strain increment. The equation of loading surface
for ith plane is written as follows:

Q =Q(g;,H,,d)) (20)
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However, the consistency condition is obtained as:

tr( o)+ dQ' H, +—- dQ =0 (21
o oH, dal
tr(d& o,)
A = 99, (22)
_(dQi hi + in i
OH, oJa,
Therefore, parameter D; is defined as follows:
_(zgi hi + ZQI ai)
D, = = (23)
0Q,
20,

The plastic strain increment is obtained by the
following equation:

_tr(n.T)
A= D (24)
where
0Q;
Jo .
S - 25
n 79 (25
2o .

From Equations 25, 20, and 19 the characteristic
eguation is obtained.

aQ, r
92y ¢ '>
dep = [-2% ] do, (26)
DiéQL
20,

Generalizing the rule for normal yield surface and
loading surface, it is adopted that:

(0f
dep =[-22 991 40, (27)
o |2
0o
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which is based on:

Q(o, ,H,,d,)=1(6))-F(H,) (28)
then,
2Q;\ (9Qi v
() ()
Cr o= 00, daiz ] (29)
b, |92
20

CP as a whole, represent the plastic resistance

corresponding to the ith plane and must be
summed up as the contribution of this plane with
the others. The scalar value of D; for the ith plane
is calculated asfollows:

D; =tr[n;{ FH ) hi.G; +a; +
I’lF(Hi)
o (30)
Oi Siy, Vi,
ci(l—Ri)(R—i » )+ R, 0i}l
where
F'(H)=F,.b.d.e"" (31)

h; in general, h; isafunction of plastic deformation.
For simplicity, it is taken constant for all planes

and equal to (2/3)°°. As dready stated, the normal

yidd surface is a homogeneous function. Therefore, n
isequal to one. n; is a3x1 vector asfollows:

_ T _
ni ={ny.nyi.nz} =

(Of Of | Ofi os Ofi | Ofi | Ofi s
0o Xi 0o yi 0o Zi 0o Xi 0o yi 0o Zi
(32)
g, :{6-xi '6-w ’6zi} (33)
S = {Sxi ! Syi ! Szi} (34)

where, S, S;i, and S,; are components of center of
similarity vector for theith plane.

S =S -4, (35)
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6,=0,-q, (36)
I N )

ai:{axi7ayi azi} (37)
Where, d, ,0,and @, are components of the

center of normal yield surface vector for the ith
plane.
R iscalculated for when n=1 as follows:

_[B+(B* + AD)*"]

R A (38)
where
A=nmP[F2(H,) - F2($)] (39)

B=m26mi -émi + (O _6mi)(éxi _émi)"'

(Gyi =Omi) (Syi =Smi) + Gz ~Omi)(Szi —Smi)
and D=[mf(G;)]? (40)
The value of U; is calculated as follows:

1.sR
U =u(5)% = (41)
Ry R

where § and u; are two constant parameters which
must be known by calibrating the model. Also, R
isfound asfollows:

f(o,)
F(H))

Q»

R = (42)

T

8. IDENTIFICATION OF PARAMETERS

In a general case, for the most anisotropic,
non-homogeneous material, 13 sets of material
parameters corresponding to plastic sliding of each
sampling planes are required. However, any
knowledge about the similarity of the diding behavior
of different sampling planes reduces the number of
required parameters.

The number of parameters required to be used
in the proposed model to obtain the behavior of an
isotropic homogeneous soil is eleven. Two of these
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TABLE 2. Parameter Values.

parameter value/unit
E 229.667 MPa.
v 0.337
m 5
b 0.1
d 70
M 0.45
K 30000
X 0.65
c 100
8 1
u 200

(i.e. E and v) correspond to elastic behavior of soil
skeleton. The value of m is obtained through
calibration of drained test corresponding to
&volumetric strain) versus €;(major axial strain).
The values of b, d, k, and M are obtained through
the variation of deviatoric stress versus axial strain.
The parameters u and s are obtained through
calibration of additive deformations in cyclic
response of materid. The dimension of hysteresisloop
depends on parameters ¢ and X.

Theinitial conditions which are to be define for
the model are:
O, (initial stresses), &, (initial strains) F,, (initial
vaue of normal yield surface), @, (initial position
of normal yield surface center), s, (initial position
of the center of similarity). g, and &, are normally
defined through initial and boundary conditions.
The initial value of F, depends on g, (initia
norma stress on plane) and loading type. The
vaues of 0, depend on inherent anisotropy condition
of each plane. This parameter can define the
orientation of normal to plane regarding the fabric
orientation of material at corresponding point.
However, for the isotropic material it is as follows:

A

an = C’iOy = dOz = qo (43)

The parameter C, depends on the degree of pre-
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Figure 3. Calibration Results.

consolidation in material. It increases with the
higher degree of pre-consolidation.

9.RESULTS

To present the capabilities of the proposed model the
experimental results [10], which were obtained from,
hollow cylindrical and true triaxia cube tests on
Hostun sand are considered with the model results.

The eleven modd parameters for this comparison
were obtained through cdibration and are show in
Table2.

Figures 3 and 4 are the results of calibrating the
model with experiments. Figure 3 is the variation
of Q (Q = g, - g, versus ¢, for extension,
compression and cyclic loading. Figure 4 is the
variation of & (&= &t+&t&) versus g, which
corresponds to the previously mentioned tests.

Threeinvariant SD2, S1, and ID2 are defined as
follows:

D2 = \/;[(01 _02)2 +(02 _03)2 +(03 _01)2] (44)

S =0,+0,+0, (45)

ID2 :\/%[(51 —£,)2 +(g,-&,)" +(g,—¢€,)%]  (40)
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Figures 5 to 9 show comparison of model
results with tests CH1.TST, CH2.TST, CH3.TST,
CHA4.TST, and CH5.TST respectively. Figures 10
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and 11 are results corresponding to PHH3B.TST
and PHH3C.TST, which were required to be predicted
and presented at the conferencein Cleveland [11].
The variations of 1 versus y and &, versus y are
presented and compared with experimental results.
The foregoing prediction of test results is
encouraging and shows the validity of the model.

10. CONCLUSIONS

From this study a model capable of predicting the
behavior of granular material on the basis of diding
mechanisms and dadtic behavior of particles has
been presented. The concept of multi-laminate
framework has been applied successfully on a high
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Figure 8. Test CH4.

level sub-loading surface model for granular materials.
The predicted numerica results show good agreement
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with the observed behavior of sand specimens
tested in hollow cylindrical, true tri-axial test, and
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also complex stress path cyclic loading conditions.
The influence of rotation of the directions of
principal stress axes is included in a rational way
without any additional hypotheses. The behavior
of sand has been modeled based on a semi-
microscopic concept, which is very close to the
reality of particle movement in soils. Accordingly,
the sampling plane constitutive formulations
provide convenient means to classify loading event,
generate history rules and formulate independent
evolution rules for local variables. This is an
advantage of the model including induced
anisotropy in plastic behavior of materials.
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