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Abstract   The non-orthogonal boundary-fitted coordinate transformation method is applied to the 
solution of steady three-dimensional conservation equations of mass, momentum, energy and species-
continuity to obtain the laminar velocity, temperature and concentration fields for simulation of 
polymerization of styrene in arbitrary cross-sectional duct reactors. Variable physical properties 
(except for specific-heat), viscous heat dissipation and free-convection effects are considered in 
modeling while axial diffusion is ignored. The conservation equations originally written in Cartesian 
coordinates are parabolized in the axial direction and then transformed to the non-orthogonal 
curvilinear coordinates to handle arbitrary duct geometries. The transformed equations are discretized 
by the control-volume finite-difference approach in which the convective and diffusive terms are 
handled by the upwind-difference and central-difference approximation schemes respectively. Results 
are obtained for eight different geometries. The results show that not a specific geometry is in general 
superior to conventional circular duct reactors for the highest conversion of the chemical reaction 
under study, considering also the least pressure-drop in the reactors. 
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  روش غير متعامد انتقال مختصات دربرگيرنده حدود اشكاهندسي براي حل معادلات يكنواخت سه                   چكيدهچكيدهچكيدهچكيده
 بكال ر برده شده تا توزيع سرعت در جريان آرام و نيز توزيع دما و جزاتداوم ا انرژي و بعدي بقاء جرم، مومنتم ،

خواص . يمريزاسيون استايرين در راكتورهاي با سطوح مقطع دلخواه بدست آيد            لغلظت براي مشابه سازي پ     
گرفته وكسيون آزاد در مدل ريزي در نظر         ن، هدر رفتگي انرژي و اثرات ك       )از گرماي ويژه   غير( فيزيكي متغير   

معادلات بقاء كه در ابتدا در مختصات كارتزين نوشته شده          .  محوري صرفنظر شده است    نفوذكه از   ي درحالٍ ؛  شده
مي يابند تا اشكال     خطي انتقال -در جهت محوري پارابليزه شده و سپس به سيستم مختصات غير متعامد منحني            

 عي توزي كنترل حجمي در روش تفاضلات متناهي،     ه  شيومعادلات انتقال يافته با     . هندسي دلخواه را در برگيرند    
نتايج . شود مي  با متدهاي مخصوص بخود برخورد     نفوذكه در آن به جملات كنوكسيون و        بطوريگسسته يافته   

در حالت كلي   صي  هيچ شكل هندسي بخصو   كه  دهد   بدست آمده براي هشت شكل هندسي مختلف نشان مي         
ي مورد مطالعه و حداقل     يدر واكنش شيميا  تبديل  ز نظر بيشترين مقدار      ا ه اي بر راكتورهاي با سطوح مقطع داير     

 . امتياز ندارد،افت فشار در راكتور
 

 
INTRODUCTION 

The purpose of this paper is to provide simultaneous 
heat and mass transfer solution of steady laminar 
flow polymerization of styrene in arbitrary cross-
sectional duct reactors. 
     A review of literature in this area reveals that 
the previous investigations carried-out for 
simulation of polymerization of styrene are only in 
conventional cylindrical reactors. Sala et al. [1] 
analyzed styrene polymerization by solving the 
steady, two dimensional conservation equations 

numerically using the upwind scheme for convective 
terms and the stream-function/vorticity approach. 
The finite difference equations were solved by 
Gauss-Seidel technique. The fluid was assumed to 
be Newtonian. Polystyrene, however, is a non-
Newtonian fluid. Variable (temperature-dependent) 
physical properties were used. The viscous heat 
generation was disregarded. A simple first-order 
kinetics along with a constant molecular weight of 
70,000 was employed. The influence of inlet feed 
concentration, inlet temperature and feed-rate on 
the temperature distribution in adiabatic and 
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isothermal tubular reactors was analyzed. It 
was concluded that adequate control of the 
polymerization can he achieved by maintaining 
the tube wall temperature below the inlet feed 
temperature to inhibit thermal runaway. 
     Wyman et al. [2] introduced an approximate 
model to calculate the number and weight-average 
molecular weights of the polymer being produced 
in a continuous steady-state tubular reactor from 
the zeroth, first and second moments of radical and 
polymer distributions. The partial differential equations 
describing temperature, velocity and composition were 
written considering axial symmetry and incompressible 
laminar flow in a cylindrical tube allowing for 
variable viscosity amid conductivity. The reaction 
rate constant was of Arrhenius type in which the 
so-called gel effect was also taken into account. 
The pressure drop in the tube was obtained from 
the equation of motion. Radial convection, axial 
conduction and viscous heating of polymer in the 
energy balance equation were neglected. The radial 
and angular components of velocity were ignored 
in the equation of motion. The partial differential 
equations were solved numerically using the 
classical explicit finite-difference method. 
     Husain et al. [3] made a computational study of 
bulk thermal polymerization of styrene in a tubular 
reactor in which the fluid rheology was represented 
by a power-law model. They considered the polymer 
to be a non-diffusing specie and neglected radial 
velocities. They also neglected the axial diffusion 
of mass and energy. They took into account the gel 
effect following Hui et al [4]. Finite differencing 
radially and solving the resulting equations using 
a fourth-order Runge-Kutta-Gill routine solved 
the system of differential equations. 
     Valsamis et al. [5,6] used piston flow and 
segregated flow models for the polymerization of 
styrene in tubular reactors. Experiments were 
performed in a helically coiled tube with a length 
of 14.6 m and a diameter of 0.46 cm. Running pure 
thermal styrene polymerization at 160 degrees 
Celsius yielded a conversion of 15% in 5.15 minutes 
residence time. 
     Chen et al [7,8] determined the residence time 
washout function theoretically by means of flow 
models and experimentally by inert tracer techniques. 
Introducing steady mass, momentum and energy 
transport equations for laminar axisymmetric flow 
in cylindrical coordinates using fully developed 

velocity profile in axial direction. The mass 
diffusion and heat conduction in axial direction 
were ignored. The viscous heating effect was also 
ignored. The fluid was assumed Newtonian. The 
polymer was considered to be non-diffusing. The 
kinetic rate constants were obtained from Hui et al. 
[4], while the physical property data were 
obtained from various sources. The partial 
differential equations were solved by the method 
of lines (MOL) in which the equations were 
approximated by a set of initial value problems 
(IVP) in ordinary differential equations that were 
then discretized using finite differences and solved 
by IVP solvers. The model predicted axial and 
radial velocity profiles which were subsequently 
used in a tracer model that consisted of the 
unsteady, two-dimensional convective diffusion 
equation. The solution of this model evaluated at 
the tube outlet provided the residence time washout 
function. Experimental measurements were made to 
verify the theoretical model for residence time 
distribution using toluene as a nonreactive inert 
tracer. The measured washout function confirmed 
the presence of velocity profile elongation. Molecular 
weight of polymer was also calculated using the 
approach based on the zeroth, first and second 
moments of radical and polymer distributions. 
     Kleinstreuer and Agarwal [9,10] solved the 
two-dimensional equations governing the thermal 
polymerization of styrene at steady state in laminar 
flow in a straight circular duct assuming axial-
symmetry and power law model for liquid 
behavior. They neglected the body force term but 
considered variable physical properties and a 
developing flow with parabolic velocity profile at 
inlet. They obtained the kinetic rate constants from 
Hui et al. [4] and the data for physical properties 
from various sources. They employed control 
volume approach for discretization and used a software 
package using the SIMPLE algorithm to obtain 
the results. They analyzed a simple tube as 
a representation of the shell-and-tube type 
configuration. They generated stability plots by 
computer experimentation varying the effective 
system parameters and concluded that a small tube 
up to a radius of 2 cm could be effectively used to 
carry out styrene polymerization. However, as the 
tube radius increases, the problem of thermal 
runaway and flow elongation make the operation 
unfeasible. 
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     The objective of this study is to employ a 
numerical solution method [11] based on non-
orthogonal boundary-fitted coordinate transformation 
and make any developments required to apply to 
the simulation of polymerization of styrene in 
complex geometry cross-sectional duct reactors. 
Results are obtained for eight different geometries 
and for five different sets of operating conditions. 

THE MATHEMAT ICAL MODELLING 

The strongly conservative form [12] of the steady 
overall continuity, momentum energy and species 
continuity equations are expressed as follows: 

The Overall Continuity Equation 
0)v.( =ρ∇                                                           (1) 

The Momentum Equation 
0g).(P)vv.( =ρ+τ∇−∇−ρ∇−                          (2) 

The Energy Equation 
0Q)v:()q.()TvC.( RP =+∇τ−∇−ρ∇−                      (3) 

The Reactant Continuity Equation 
AAAA R)mD.()vm.( −∇ρ∇=ρ∇                        (4) 

     The coordinate axes selected for the Cartesian 
domains are shown in Figure 1. 

The Constitutive Equation   The rheological 
behavior of polystyrene can be adequately 
expressed by power-law non-Newtonian model 
[3,9,10]. For power-law model the stress-tensor is 
related to the rate-of-strain tensor [13] by the 
following relationship: 
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The Parabolized Governing Equations in 
Cartesian Coordinates   The overall continuity 
equation 
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The Energy Equation 
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The Reactant Continuity Equation 
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     The pressure, P in the above equations is 
dynamic-pressure due to the introduction of 

 
Figure 1. Arbitrary cross-sectional duct in Cartesian coordinates. 
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buoyancy term in the �y� momentum equation. In 
cases of negligible buoyancy effect, P would be the 
total pressure defined as hydrostatic plus dynamic 
pressures. The term M is the apparent viscosity for 
the power-law non-Newtonian fluid. 

The Boundary Conditions 

Inlet (@z=0) Axial Velocity   A uniform entrance 
velocity profile is specified at inlet: 

inletww =                                                           (12) 

Transverse Velocities   It is assumed that there is 
no secondary flow at inlet: 
 

0v        ,0u ==                                                  (13) 

Temperature   A uniform temperature-profile is 
specified at inlet: 

inletTT =                                                         (14) 

Reactant Weight Fraction   For an unconverted 
reactant at inlet: 
 

1=m                 (15) 

Walls of the Duct Axial Velocity No slip-
condition is assumed on the walls of the duct: 
 

0=w                (16) 

Transverse Velocities 
0       v          , 0u ==                                         (17) 

Temperature   For a constant wall- temperature: 
wallTT =                                                             (18) 

Reactant Weight-Fraction   The material does 
not, move through the wall: 

0
n
m

=
∂
∂                                                               (19) 

Outflow Condition (©z = L)   For the 
parabolized governing equations used here no 
downstream boundary conditions are required. 

THE BOUNDARY-FITTED METHOD 

The development of the boundary-fitted coordinate 
systems brought about the coordinate transformation 
of the physical domain, such as Cartesian coordinates 

to the curvilinear coordinates so that all the 
boundaries match the coordinate lines in the new 
system and the need to interpolate the boundary 
conditions as practiced before is eliminated 
[14,15]. 
     The curvilinear coordinate system may be 
either orthogonal or non-orthogonal in the sense of 
the mesh generated over the physical-domain. In 
this study the non-orthogonal method is applied to 
obtain solutions of the present three-dimensional 
problem in irregular cross-sectional ducts. 

TRANSFORMATION OF 
GOVERNING PDE’S 

It is necessary to transform the partial-differential 
equations under consideration into the new 
coordinate variables before being discretized. In 
general, the transformation operation generates 
additional terms in the governing equations so 
that these equations become more complicated 
upon transformation. The physical Cartesian 
velocities are retained as the dependent variables 
in transformation. However, the contra-variant 
velocity components also take part in the structure 
of the transformed equations. The transformed 
equations are as follows: 
 

The Overall Continuity Equation 
 

0)w()V()U( =ρ
σ∂
∂

+ρ
η∂
∂

+ρ
ζ∂
∂                    (20) 

The Momentum Equations 

x-Component 
 

]PyPy[

)]�(y)�(x[)]�(x)�(y[

)uW()uV()uU(

xxyxyxxx

ηζζη

ζζηη

−−

τ−τ
η∂
∂

−τ−τ
ζ∂

∂
−

=ρ
σ∂
∂

+ρ
η∂
∂

+ρ
ζ∂
∂

 

y-Component  
 

g)(J]PxPx[

)]�(y)�(x[)]�(x)�(y[

)vW()pvV()vU(

a

xyyyyyxy

ρ−ρ−−−

τ−τ
η∂
∂

−τ−τ
ζ∂
∂

−

=ρ
σ∂
∂

+
η∂
∂

+ρ
ζ∂
∂

ζηηζ

ζζηη  

(21) 

(22) 



International Journal of Engineering             Vol. 14, No. 4, November 2001 - 293 

z-Component  

σ
−

τ−τ
η∂
∂

−τ−τ
ζ∂
∂

−

=
σ∂
∂

+
η∂
∂

+ρ
ζ∂
∂

−

ζζηη

d
PdJ

)]�(y )�([x)]�(x)�(y[

)pwW()pwV()wU(

xzyzyzxz  

The Energy Equation  

Av

PPP

R�)H(J�M�J

kT
J

kT
J

kT
J

kT
J

)TWC()TVC()TUC(

∆−+Φ

+



 β

−
γ

η∂
∂

+



 β

−
α

ζ∂
∂

=ρ
σ∂
∂

+ρ
η∂
∂

+ρ
ζ∂
∂

ζηηζ  

The Reactant Continuity Equation  

A

^
AA

AA

AAA

RJm
J
Dm

J
D

m
J
Dm

J
D

)Wm()Vm()Um(

−



 β

ρ
−γ

ρ
η∂
∂

+





 β

ρ
−α

ρ
ζ∂
∂

=ρ
σ∂
∂

+ρ
η∂
∂

+ρ
ζ∂
∂

ζη

ηζ   

where Amm =  for derivatives. 

Boundary Conditions 

Inlet (@σ =0) 
(i) Axial Velocity   inletw),(w =ηζ          (26) 
(ii) Transverse Velocities   

0),(v      ,0),(u =ηζηζ              (27) 
 

(iii) Temperature 
inletT),(T =ηζ              (28) 

(iv) Reactant Weight-Fraction 
0.1),(m =ηζ              (29) 

Walls of the Duct   (i) Axial Velocity 

1
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(ii) Transverse Velocities 
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(iii) Temperature 
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(iv) Reactant Weight-Fraction 

Note that the transformation parameters are as follows 
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DISCRETIZATION OF TRANSFORMED 
EQUATIONS 

For a non-orthogonal grid system, the best grid 
configuration is a modified classical staggered-grid 
(Figure 2) in which both components of u and v 
velocities are used coincidentally at the same 
location with the contra-variant velocities normal 
and parallel to the faces of the cell [16]. 
     The transformed governing equations are 
discretized using the method known as the control-
volume approach [17,18]. The upwind difference 
scheme is used for discretization of convective 
terms and the central difference scheme is used for 
discretization of diffusion terms. The discretization 
equations are algebraic equations and are solved by a 
line-by-line tridiagonal matrix (TDMA) algorithm. 
For the proper location of the control-volume 
faces, the B-type grid is employed here [18]. The 
SIMPLER algorithm handles the pressure-velocity 
coupling in the transverse direction after being 
modified for the orthogonal coordinate system and 
non-Newtonian fluids. The method adopted in this 
work to handle the pressure-velocity coupling in 

(23) 

  (24) 

 (25) 

 

Figure 2. Grid arrangement adopted in Cartesian coordinates 
(transformed plane). 
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TABLE 1. Fluid Properties Data. 

Properties Correlation Units 
Density 
Viscosity 
 
 
Thermal 
Conductivities 
 
 
Specific Heat 
Mass Diffusivity 
Heat of Reaction 

Power Law Index 
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the axial direction is that of Raithby and Schneider 
[19]. 

RESULTS AND DISCUSSION 

In this study the thermal polymerization of styrene 
is analyzed in noncircular cross-sectional duct 
reactors. The rate equation for this reaction [7-10], 
considering third-order thermal initiation is expressed 
by: 
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     The physical properties of the system are shown 
in Table1. The system model and computer codes 
are validated in the following section (i) to (iii). 
There exists a close agreement between the 
simulation results of the previous investigators and 
the present simulation study. 
     The effect of free convection in this study is 
ignored for the results to he comparable with 
literature data in which this effect is not 
considered. Further investigations, which are 
presented in the following pages, show that 
conversion results are only negligibly affected if 
free convection is considered. The effect of 
variation of number of stations in the axial 
direction is in indicated for two cases, which show 
a. satisfactorily close agreement in the results of 
conversion. 

Section (i) Husain and Hamielec [3]: 
� length of tube: 500 cm 
� tube radius: 2.0 cm 
� inlet velocity: 0.0695 cm/sec 
� inlet/wall temperature: 1000C /1000C 
� conversion: 1.26 wt % (for 100 cm tube length)  
� conversion: 3.95 wt % (for 300 cm tube length). 
� conversion: 6.62 wt % (for 500 cm tube length). 

(38) 
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     The results obtained in the present analysis are 
as follows: 
 (for 5 stations selected in axial direction) 
• conversion: 1.38 wt % (for 100 cm tube length) 
• conversion: 4.14 wt % (for 300 cm tube length) 
• conversion: 6.74 wt % (for 500 cm tube length) 
     (for 10 stations selected in axial direction) 
• conversion: 1.37 wt % (for 100 cm tube length) 
• conversion: 3.95 wt % (for 300 cm tube length) 
• conversion: 6.43 wt % (for 500 cm tube length) 
     These results are in good agreement with the 
results of Husain and Hamielec [3] who validated 
their analysis by experimental data of Wallis [3], 
which included both chemically and thermally, 
initiated polymerization of styrene. 

Section (ii) Chi-Chi Chen [7]: 
• length of tube: 6.4 cm 
• tube radius: 0.55 cm 
• mass flow: 1.345x1O-4 kg/sec 
• inlet/wall temperature: 1400C / 1350C 
• conversion: 26.49 wt%. 
     The result obtained in the present study is 26.6 
wt % conversion which is close to the result 
obtained above. 

Section (iii) Kleinstreuer and Agarwal [9]: 
• length of tube: 5.0 m 
• tube radius: 2 cm 
• mass flow: 0.00002 kg/sec 
• inlet /wall temperature: 1300C/1000C 
 

• conversion: 54.8 wt % 
• velocity profile: parabolic 
     The results obtained in the present study are 
55.35 wt % and 55.22 wt % for parabolic and 
uniform velocity profiles respectively. 
     Following to the validation of the system 
modeling and computer code, the simultaneous 
flow, heat and mass transfer problem was solved 
for thermal polymerization reactors with different 
cross-sectional geometries, employing 5 sets of 
operating conditions indicated in Table 2. 
     The selection of duct geometries of interest 
and even the angles and side-lengths of some of 
them is a matter with infinite choices. However, 
some standard geometries were selected as there 
was no preference to choose a specific one. These 
configurations are as follows: 
• circular duct, 
• square duct, 
• equilateral triangular duct, 
• trapezoidal duct (acute angle =600, one side 
     twice the other), 
• pentagonal duct (each angle = 1080) 
• hexagonal duct (each angle = 1200) 
• rectangular duct (aspect ratio 1.5) 
• rectangular duct (aspect ratio: 2.0)  
These geometries are shown in Figure 3. 
     For the sake of numerical accuracy and 
computational economy a 21x21 grid was 
selected in transverse direction. The CPU time 
was about 10 minutes for one run on IBM 
ESA9000 machine. About 5 iterations were required 

TABLE 2. Operating Conditions. 

Case 
Winlet 
(m/s) 

Tinlet 
(0C) 

Twall 
(0C) 

Mass-flow 
(kg/s) 

Reactor 
Length (m) 

# 1 0.000695 100 100 0.7267 x 1O-3 5.0 

# 2 0.000695 130 100 0.7027 x 1O-3 5.0 

# 3 0.001780 140 135 0.1345 x 1O-3 6.4 

# 4 0.000020 130 100 0.2000 x 1O-4 5.0 

# 5 0.047250 160 160 0.6095 x 1O-3 14.6 
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Figure 3. The selected geometries in physical domain (a, b, c, d, e, f, g). 

 

on each transformed-plane for convergence. 
The convergence criteria were set on the residual 
values defined as follows: 
(i) The residual of species continuity equation, that 
is, the remainder of this equation when the result is 
substituted for mass-fraction into this equation. In 
general ∑ φ−+φ= Pnbnb apbaR  and �R� will be 
zero when the discretization equation is satisfied. 
(ii) The residual of mass-fractions is the difference 
in mass-fraction values between two successive 
iterations. 
     The residual values obtained at convergence in 
this study were as follows: 
• species continuity equation residual: 0.2x10-7 
• mass fraction residual: 0.2 x10-2 
     The basis for computations in all the reactors 
bearing different geometries in their cross- 
sections and the same length is the same 
residence-time in the reactors or the same cross- 
sectional area, while the same uniform velocity 
is maintained at the inlet of each reactor. The 
diameter of circular duct corresponding to the 
cases under study is shown in Table 3. 
 
 

      The results obtained in this analysis are 
indicated in Tables 4 to 8 for the five cases under 
consideration. In these tables the results of average 
polymer weight fraction (WPA) in wt % molecular 

weights (
−
Mn and 

−
M w), polydispersity (

−
M w/

−
Mn) 

and bulk-temperature (°C) are indicated which are 
corresponding to the conditions at the exit of the 
reactors. The total pressure-drop results of the 
reactors are also indicated. It is observed from 
these tables that there are only slight differences in 
the results of conversion obtained for different 
geometries corresponding to each case. Also the 
following geometries are observed to provide the 
maximum conversion for each case: 
Case # 1: circular duct (WPA=6.74 wt%; DP = 1.46 Pa). 
 hexagonal duct (WPA=6.74 wt%; DP = 1.69Pa). 
Case # 2: circular duct (WPA=14.2 wt%) 
Case # 3: circular duct (WPA=26.6 wt%) 
Case # 4: square duct (WPA=57.2 wt%, DP=9078 Pa) 
 circular duct (WPA=55.2 wt %; DP=2617Pa). 
Case # 5: 2/1 aspect ratio rectangular (WPA=10.70 
 wt%; DP=106.6 Pa) 
 circular duct (WPA=10.10 wt%; DP=50.8 Pa).

TABLE 3. Diameter of Circular-Ducts Corresponding to Non-Circular Geometries. 

Cases #1 #2 #3 #4 #5 

Diameter (m) 0.0400 0.0400 0.0110 0.0400 0.00460 
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TABLE 4. Simulation Results of Styrene Polymerization at Reactor Exit: 
Case # 1. 

No Geometry WPA 
(wt %) 

nM
−

 

)(
molkg

kg
⋅

 
wM

−

 

)(
molkg

kg
⋅

 

Polydispersity 

n

w

M

M
−

−

 
Bulk-
Temp. 

(°°°°C) 
Total DP 

(Pa) 

1 Circular 6.74 452460 819590 1.81 102.3 1.46 
2 Square 6.74 452910 820240 1.81 102.2 1.88 
3 Triangular 6.38 453450 820660 1.81 101.9 2.70 
4 Trapezoidal 6.33 454100 822100 1.81 101.9 2.57 
5 Pentagonal 6.63 453810 822110 1.81 102.1 2.28 
6 Hexagonal 6.74 452940 820450 1.81 102.3 1.69 

7 Rectangular 
(AR = 1.5) 6.70 453784 821697 1.81 102.0 1.91 

8 Rectangular 
(AR = 2.0) 6.63 455120 823870 1.81 101.8 1.97 

TABLE 5. Simulation Results of Styrene Polymerization at Reactor Exit: 
Case # 2. 

No Geometry WPA 
(wt %) 

nM
−

 

)(
molkg

kg
⋅

 

wM
−

 

)(
molkg

kg
⋅

 

Polydispersity 

n

w

M

M
−

−

 

Bulk-
Temp. 

(°°°°C) 

Total DP 
(Pa) 

1 Circular 14.2 338740 610770 1.8 106.0 1.05 
2 Square 12.7 348550 628480 1.8 104.7 2.52 
3 Triangular 11.0 351450 634420 1.8 103.7 6.11 
4 Trapezoidal 11.3 352080 635670 1.8 103.7 6.36 
5 Pentagonal 12.8 347180 625660 1.8 105.0 2.87 
6 Hexagonal 13.6 343910 620230 1.8 105.4 2.76 

7 Rectangular 
(AR = 1.5) 12.2 351620 634550 1.8 104.1 2.80 

8 Rectangular 
(AR = 2.0) 11.5 356170 643600 1.8 103.3 3.26 

TABLE 6. Simulation Results of Styrene Polymerization at Reactor Exit: 
Case # 3. 

No Geometry WPA 
(wt %) 

nM
−

 

)(
molkg

kg
⋅

 

wM
−

 

)(
molkg

kg
⋅

 

Polydispersity 

n

w

M

M
−

−

 

Bulk-
Temp. 

(°°°°C) 

Total DP 
(Pa) 

1 Circular 26.6 220716 392673 1.78 136.3 243 
2 Square 26.2 221160 393250 1.78 136.1 244 
3 Triangular 24.8 220210 391120 1.78 136.0 347 
4 Trapezoidal 25.4 220880 392530 1.78 136.0 347 
5 Pentagonal 25.8 220420 391860 1.78 136.2 286 
6 Hexagonal 26.5 220910 392960 1.78 136.2 254 

7 Rectangular 
(AR = 1.5) 25.9 221278 393410 1.78 136.0 242 

8 Rectangular 
(AR = 2.0) 25.8 221610 393980 1.78 135.9 261 
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TABLE 7. Simulation Results of Styrene Polymerization at Reactor Exit: 
Case # 4. 

No Geometry WPA 
(wt %) 

nM
−

 

)(
molkg

kg
⋅

 

wM
−

 

)(
molkg

kg
⋅

 

Polydispersity 

n

w

M

M
−

−

 
Bulk-temp 

(°°°°C) 
Total DP 

(Pa) 

1 Circular 55.2 481130 966680 2.00 101.4 2617 
2 Square 57.2 499470 998160 2.00 101.2 9078 
3 Triangular 47.4 486550 940300 1.93 101.1 11540 
4 Trapezoidal 50.0 489210 953850 1.95 101.2 3625 
5 Pentagonal 54.8 492120 979150 1.99 101.2 41568 
6 Hexagonal 55.7 487320 976770 2.00 101.4 7574 

7 Rectangular 
(AR = 1.5) 54.1 495730 979780 1.98 101.2 4937 

8 Rectangular 
(AR = 2.0) 48.9 488230 947800 1.94 101.1 1910 

TABLE 8 . Simulation Results of Styrene Polymerization at Reactor Exit: 
Case # 5. 

No Geometry WPA 
(wt %) 

nM
−

 

)(
molkg

kg
⋅

 

wM
−

 

)(
molkg

kg
⋅

 

Polydispersity 

n

w

M

M
−

−

 
Bulk-temp 

(°°°°C) 
Total DP 

(Pa) 

1 Circular 10.10 129960 225290 1.73 161.0 50.8 
2 Square 9.97 130040 225440 1.73 160.9 67.2 
3 Triangular 10.56 130330 225810 1.73 160.8 106.1 
4 Trapezoidal 10.30 130380 226000 1.73 160.8 117.0 
5 Pentagonal 10.20 130132 225600 1.73 160.9 67.8 
6 Hexagonal 10.40 130100 225570 1.73 161.0 64.1 

7 Rectangular 
(AR = 1.5) 10.20 130250 225810 1.73 160.8 73.9 

8 Rectangular 
(AR = 2.0) 10.70 130430 226000 1.73 160.7 106.6 

 
 
     Therefore, not a specific geometry is recognized 
to be generally superior to circular duct reactor for 
the highest conversion of the chemical reaction 
under study, considering the least pressure-drop 
results also. The higher pressure-drop of noncircular 
duct reactors is due to the effect of corners at 
which the viscosity is tremendously high as 
observed from the viscosity profile results. 
     Referring to Tables 4-8, the following relative 
classification is possible from the conversion point 
of view based on the circular duct (wt %) results: 
Case # 1:  6.74 wt %. low conversion 
Case # 2:  14.20 wt %. low conversion 
Case # 3:  26.60 wt % intermediate conversion. 
Case # 4:  55.20 wt % high conversion. 
Case # 5: 10.10 wt % low conversion. 
     The reason for the low DP results of cases # 1 

and # 2 is due to the low level of conversion 
involved. The relatively higher values of DP of 
case #5, which is even at low conversion level, is 
due to the smaller tube I.D. (0.0046 m) practiced in 
this case. Typical simulation results for molecular-
weights distribution, velocity, temperature, 
concentration, density and viscosity profiles are 
presented in Figures 4 to 15 in this section. 
     An analysis of these figures reveals the 
following major points: 
 
(i) Mol. wt. Distribution   All cases except case 
# 4 (high conversion case) exhibit a peak at a point 
closer to the reactor inlet. In case # 4, there is a. 
gradual increase in mol wt. distribution from inlet 
to the end of the reactor. The results are not 
conclusive to a generalization. The peak is due to 
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Figure 4. Case#1 mol. wt distribution (triangle). 

 
Figure 5. Case#1 mol. wt distribution (trapezoid). 

 
Figure 6. Case#1 axial-velocity profile (triangle). 

 
Figure 7. Case#1 axial-velocity profile (trapezoid). 

 
Figure 8. Case#1 temperature profile (triangle). 

 
Figure 9. Case#1 temperature profile (trapezoid). 

 
Figure 10. Case#1 polymer-concentration profile (triangle). 

 
Figure 11. Case#1 polymer-concentration profile (trapezoid). 
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Figure 12. Case#1 density-profile (triangle). 

 
Figure 13. Case#1 density-profile (trapezoid). 

 
Figure 14. Case#1 viscosity-profile (triangle). 

 
Figure 15. Case#1 viscosity -profile (trapezoid). 

 
the fact that temperature is more uniform transversally 
at locations closer to the inlet of the reactor due to 
which the finest quality of polymer is obtained. At 
downstream locations, however, due to the 
accumulation of exothermic heat of reaction 
around the center of the ducts, a non-uniform 
temperature distribution is generated in 
transversal-direction, which deteriorates the quality 
of the polymer product. This is observed by a 
thereafter-streamwise reduction in the molecular 
weight results. Typical mol. wt. distributions are 
shown in Figures 4 and 5 for triangular and 
trapezoidal duct reactors. 
 
(ii) Axial Velocity Profile   All cases exhibit 
plug flow behavior which is in close agreement with 
the prediction of Husain and Hamielec [3]. Some 
velocity distortion is observed due to the effect of angles 
as revealed in triangular and pentagonal ducts. This effect 
is to induce higher rates of generation of polymers 
at corners rather than at sides due to which the 
viscosity increases around locations closer to 
angles. The effect on velocity is a retardation of 

velocity profile in the vicinity of the angles. 
Typical axial-velocity profiles are shown in 
Figures 7 and 8 for triangular and trapezoidal duct 
reactors. 

(iii) Temperature Profiles 
Case # 1: Isothermal reactor exothermic reaction 
proceeds and the temperature profile is developing 
to higher values. 
Case # 2: Cooled-wall reactor, heat removal is 
observed from the temperature profile, which is 
developing to lower values. 
Case # 3: Mildly cooled-wall reactor, temperature 
profile is mildly developing to lower values. 
Case # 4: Cooled-wall reactor, temperature profile 
is developing to lower values.  
Case # 5:  Isothermal reactor, temperature profile 
is developing to higher values. 
Typical temperature profiles are shown in Figures 
8 and 9 for triangular and trapezoidal duct reactors. 
 
(iv) Concentration Profile   The profiles are 
developing. Referring to angle effect, such as for 
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triangular and pentagonal ducts, an increase in 
concentration is observed at these locations. Typical 
concentration profiles are shown in Figures 10 and 11 
for triangular and trapezoidal duct reactors. 

(v) Density and viscosity profiles   The effect of 
angles, is plainly observed in viscosity profiles such 
that there is a drastic increase in viscosity close to the 
angles. This is observed in viscosity profiles for the 
triangular and pentagonal ducts of all cases. The 
density profiles are also affected to some extent close 
to these points. The angle effect is the reason for the 
higher pressure-drop of noncircular duct reactors 
relative to the circular ones. Typical density and 
viscosity profiles are shown in Figures 12 to 15 for 
triangular and trapezoidal duct reactors. 

Effect of Free-Convection   Due to the narrow 
temperature range involved in the transverse direction, 
the effect of free- convection (buoyancy effect) in this 
study is found to he negligible. This is observed 
from the following results, which were obtained, 
considering free-convection effect for circular ducts 
corresponding to the results in Tables 4-8. 
Case # 1: 6.75 wt % conversion. 
Case # 2: 14.50 wt % conversion. 
Case # 3: 26.70 wt % conversion. 
Case # 4: 55.24 wt % conversion. 
Case # 5: 10.30 wt % conversion. 

SUMMARY AND CONCLUSIONS 

This paper shows the suitability of a non-orthogonal 
boundary-fitted coordinate transformation method in 
the solution of 3D parabolized mass, momentum, 
energy and species continuity equations in laminar 
flow and in reacting media in arbitrary cross-sectional 
duct reactors. The favorable agreement obtained 
between this numerical solution procedure with the 
results of other investigators for circular ducts and the 
absence of convergence difficulties prove the elegant 
feature of the above-mentioned method. As a novel 
idea in reaction engineering, the above solution 
technique is employed to analyze the simulation of 
styrene polymerization in arbitrary cross-sectional duct 
reactors. It is observed that not a specific geometry is 
in general superior than the conventional circular duct 
reactors considering also the least pressure-drop in 
the reactors. 

NOMENCLATURE 

a coefficient in the discretization equation 
b constant term in the discretization 

equations 
Cp. specific heat 
D.L. dimensionless 
D A mass diffusivity of �A� 
Dh,DE hydraulic diameter (or equivalent 

diameter) 
F.D. fully developed 
g acceleration due to gravity 
I index of �ζ� axis in the transformed plane 
J index of ��η�� axis in the transformed 

plane 
J Jacobian of transformation 
k thermal conductivity 
k i.  rate constant for thermal initiation 
k p rate constant for propagation 
k t r,m rate constant for chain transfer to 

monomer 
kt rate constant for termination 
[M] monomer concentration 
M apparent viscosity for power-law fluid  
m, mA monomer (A) weight�fraction 

nMNM ,  cup average number averaged molecular 
weight 

wMWM ,  cup average weight averaged molecular 
weight 

n Power-law index 
n unit normal vector 
P total pressure (dynamic + hydrostatic) 
P dynamic pressure 
−
P  mean viscous pressure 
q heat flux 
QR heat of reaction 
R residual of discretization equation 
RA mass rate of consumption of reactant �A�� 

due to chemical reaction 
Rp rate of polymerization 
T temperature 

wvu ,.,  velocity components in the Cartesian 
system  

U,V,W contra variant velocity components 
v velocity field 
WPA average polymer weight fraction 
wi inlet velocity 
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−

W  mean axial velocity 
x, y, z Cartesian coordinate system 
X m  monomer conversion 
z reactor length 
 
Greek Letters 
 
∆H heat of reaction  
α,β,γ  coordinate transformation coefficients 

σηε ,,  axes of curvilinear coordinate 
µ  consistency index (for power-law fluids) 
ρ  density 

aρ  arithmetic mean density for duct cross�
section 

ij∆  rate of deformation tensor 
ijτ  stress-tensor 

vΦ  viscous dissipation function 
oη  viscosity 

φ  a general dependent variable 
 
Subscripts 
 
nb General neighbor grid point 
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