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In this paper we present a robust hybrid motion/force controller for rigid robotAbstract
manipulators. The main contribution of this paper is that the proposed hybrid control system is
able to accomplish motion object ives in free direct ions and force object ives in constrained
directions under parametric uncertainty both in robot dynamics and stiffness constraint constant.
Also, the given scheme is proved globally stable in the sense that the control object ives are
achieved asymptotically, when a signum function is used in the control law, though giving rise to
chattering effects. To avoid this problem a saturation function is used. In this case the motion
and force errors are proved to be bounded functions. U sing the proposed control structure
there is no need to measure the derivative of the interaction forces. Some simulation results are
given to illustrate the control system performance.
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²AkµA j°n nB½ ³M ¤oT®½ éMBU nj ¨±®¢¼w éMBU ð½ ³½ »«B¢®µ SwA ²k{ SMBY ³½ B\¯C pA Ë¼®`ªµ /jpBw ²jn°C oM
éMBU ð½ pA ³¦Ãv« Ë½A pA ºo¼£±¦]ºAoM /j±{»« nAk½BQÂ½ ©Tv¼w k¯A²k{ ¥æBeK¯B\« S§Be ³M ¬k¼wn BM ¤oT®½@
BM /k¯±{»« ¥½kLU nAk¯Ao½ éMA±U ³M °o¼¯ ° S½oe ºBµB¤i S§Be Ë½A nj ³½ j±{»« SMBY /j±{»« ²jB´TwA ªBL{A
©Tv¼w jo½nB½y½Bª¯ ºAoM /Sv¼¯ yz½ ©µoM ºBµ°o¼¯ ·Tz« ºo¼£@²pAk¯A ³M ºpB¼¯ ,¤oT®½ nBTiBw Ë½A pA ²jB´TwA

/SwA ²k{ ³ÄAnA ºpBw ³¼L{ jn±« k®a [½BT¯ ¤oT®½@

INTRODUCTION

Con t r o l o f ro bo t ic man ipu la t o r s can be
classified into two different approaches: motion
control and constrained motion control. Motion
Control is used when the robot arm moves in a
fr e e sp ace wit ho u t in t e r a ct ing wit h t he
environment.Motion control specifications are
given in te rms of a desired mot ion trajectory.
O n the o t he r hand, Const r a in e d Mo t ion
Control of robots is concerned with the control
o f ro bo t s who se e nd -e ffe ct o r in t e r act s
mechanically with the environment, which leads
to control schemes that regulate the interaction

fo rce s be twe en t he e nd-e ffe cto r and t he
environment [1]. Most assembly operations and
manu fact u r in g t a sk s r e qu ir e mechan ica l
interactions with the environment or with the
object be ing manipu la te d, a long wit h fa st
motion in free and unconstrained space. Several
controller schemes have been proposed in the
lit e rature and can basically be classified as
compliant motion control, pure force control,
and hybrid motion-force control [2,3].
The dynamic behaviour of rigid manipulators

can be modelled by a set of complex nonlinear
differential equations. Most high performance
model-based control schemes rely on the exact
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cance llat ion of the nonlinear dynamics. The
uncertainty in some robot parameters, as link
ine t r ia and payload, normally degrades the
control performance. In this context, there exist
two basic approaches to reduce the effects of
uncertainties: adaptive robot control and robust
robot control [15,16]. Adaptive controllers for
mot ion and const rained mot ion robots have
bee n proposed in the lit e r at u re [4,5,6,7].
Regarding the robust control approach, there
e xist some scheme s wit h globa l st ab il it y
demonstrat ions to solve the mot ion contro l
problem [8,9], and a robust adaptive motion -
force controller [10].
In th is pape r, we present a robust hybrid

motion-force controller for robot manipulators
as an extension of the robust motion controller
in [9], using the hybrid cont ro lle r st ructure
described in a previous work [7]. The controller
has a simple structure as a result of being based
upon robot model parameterization and the use
of switching functions. The controller is robust
t o unce r ta in t ie s bo t h in t h e man ipula t o r
dynamics and the environment stiffness. This
approach does not require measurement of the
join t acce le rat ion or the force der ivative. A
global stability demonstration is given based on
Lyapunov analysis, without any linearization
assumpt ions. Also , boundedness of cont ro l
errors is proved when a saturation function is
used to avoid chattering.
The paper is organized as follows. In section

I I we summar ize the man ipula t o r mode l.
Section III presents the problem formulation.
The proposed robust hybrid controller is given
in section IV. In sect ion V we descr ibe some
simulation results, and finally in section VI the
concluding remarks are given.

ROBOT MODEL

I n t h e a b se n ce o f fr ic t io n a n d o t h e r
disturbances, the Cartesian-space dynamics of

an n-link constrained rigid robot manipulator
can be written as,

. ...
(2.1)H(x)x + C(x,x)x + G(x) + F = J-Tt

where x is the nxl vector of Cartesian posit ion
a n d E u le r a n gle s o f t h e ma n ip u la t o r
end-effector, in a reference frame R0 fixed to
the robot base; t is the nxl vector of torques (or
force s) applied to the robot jo in t s by the
actuators; H(x) is the nxn symmetric posit ive

. .
definite manipulator inertia matrix, C(x,x)x is
the nxl vector of centripetal and Coriolis forces,
G(x) is the nxl vector of gravitat ional forces;
J(q) is the nxn manipulator Jacobian mat rix,
assumed to be nonsingular, q is the nxl vector of
jo int displacements and F is the nxl vector of
interaction force/moments at the end-effector.
In case J be singular due to arm singularities or
J be non-square due to arm redundancy, it is
necessary to apply the generalized inverse based
on the singular value decomposit ion theorem,
so that the null space existing in Cartesian space
o r jo in t sp a ce ca n b e se p a r a t e d . T h e
man ipu lat or de scr ibed by Equat ion 2.1 is
assumed non-redundant. It is assumed that the
robot is e qu ipped wit h jo in t posit ion and
ve locit y se n sor s and a force se nso r a t it s
end-effector. Although the motion Equation 2.1
is comp le x, i t h as se ve r a l fu ndame n t a l
p rope r t ie s which can be u sed t o e ase the
control system. The properties are as follows:

(See[4]) . By using a proper definitionProperty 1
. ..

o f mat r ix C(x,x) (only the vector C(x,x)x is
.

uniquely defined), matrices H(x) and C(x,x) in
Equation 2.1 satisfy

.
"zûRnZT [dH(x)/dt - 2C(x,x)] z = O

(See [4]) . A pa rt of t he dynamicProperty 2
st ructure 2.1 is linear in te rms of a suitable
selected set of robot and load parametes, i.e.

. ... ...
(2.2)H(x)x + C(x,x)x + G(x) = W(x,x,x)q
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. ..
Where W(x,x,x) is an nxm matrix and q is an mxl
ve ct o r co n t a in in g t h e r o bo t a n d lo a d
parameters.

(See [6]). H(x) is an nxn symmetricProperty 3
posit ive definite matrix and there is a constant
a>0 such that

"xûRnaI ÀH(x)
For revolute joint robots if, in addition, J-1(q) is
a bo un de d nxn ma t r ix, t h e n t h e re is a
b(a<b<È) such that,
aI À H(x) À bI " x û Rn

PROBLEM FORMULATION

Following Raibert and Craig [3] and Slotine and
Li [4] two coordinate systems are defined. The
first one-already defined in section II- is a frame
of reference R0 fixed on the robot base, which
de fines a Carte sian space called ope rational
sp a ce . I n t h is sp a ce , t h e e n d -e ffe c t o r
configuration is represented by using a vector x,
composed of the Cartesian position and Euler
angle s of the end-effector . The second is the
compliance frame R c (also called const rain t
frame), which is used to describe the compliant
motion task. I t is naturally defined by the so
ca lle d n a t u r a l co n st r a in t s, so t h a t t h e
coordinates be associated to the unconstrained
and the constrained directions in the task space.
Without loss of generality, we assume that both
coordinate frames R0 and R c have the same
o r igin . I n ge ne ra l, t h e R c fr ame may be
time-varying. Task specificat ions can now be
give n in t h e comp lia n ce fr ame : mo t io n
specifications in the free directions and force
specifications in the constrained directions.
We digress momentar ily to establish some

. ..
nomenclature used henceforth. Vectors x, x, x
are re spect ive ly the posit ion , ve locity and
acceleration of the end-effector specified in the
frame R0. F is the interaction force between the

environment and the end-effector specified in
the same frame R0. Note that he re "position"
means bot h posit ion and o rien ta t ion , and
"force" implies both force and torque. In the
compliance frame R c, posit ion, ve locity and. ..
a cce le r a t ion a re e xp re sse d by xc , xc , xc
respectively and force by Fc . Position and force
refe rence t rajector ies specified in the same. ... ..
frame are given by xcd, xcd, xcd, Fcd, Fcd, Fcd. The
forthcoming analysis needs a transformation
mat r ix R û R nxn be twe en compliance and
operational coordinates. Thismatrix, a rotation
matrix, is defined by the interaction task surface
and is given by the task planne r . In general

.
R = R ( t ) is t ime -va r ying, R and R a re
assumed bounded and R has it s minimum
singular value bounded away from zero ( thus
imp lyin g t h a t R - 1 = R T is bo u n d e d ) .

...
Be sides, R T and R T exist and are assumed
bounded, too. Conditions on the derivatives are
naturally sat isfied for smooth task surfaces.
Therefore, the following relations hold:

xc = RT(t)x. ..
xc = RT(t)x + RT(t)x

... ..... (3.1)xc = RT(t)x + 2RT(t)x + RT(t)x
Fc = RT(t)F

...
Fc = RT(t)F + RT(t)F

Fo r t h e p r oblem fo rmu la t io n , R ( t ) is
assumed to be known. A constant compliance
selection matrix S=diag (nxn) {si} specifies which
coordinat e s in R c are unde r force con t ro l
(indicated by si = O), and which ones are under
mot ion control ( indicated by si = l). Matrix S
p remu lt ip lie d by a ve ct o r in comp liance
coo rdinat e s, pr e se rve s t h e unconst ra ine d
coordinate components and zeroes the others.
A complementary e ffect is obtained with the
mat r ix S' = (In - S) , where In represents the
identity nxn matrix.
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Figure 1. Control structure.

The manipulator is assumed to be equipped
with a force sensor at its end-effector. Now it is
necessary to conside r the inte raction mode l
wh ich ge n e r a t e s r e a c t io n fo r ce s. T h e
environment is modelled by a stiffness matrix Ke
as,

(3.2)Fc = Ke [x - xe]c = Ke [xc - xec]
with xec( t) the position of the constraint point
which is current ly interact ing with the end -
e ffector . In t h is pape r we conside r a stat ic

.
environment, so xec = 0. Ke is assumed to be
uncer tain but constant . Likewise , we could
also consider a rigid environment, for instance,
the par t s assembly and polish applicat ions.
Here, a compliance model with stiffness matrix
is then associated with the force sensor.
We are now ready to formulate the robust

motion/force control problem. Let us consider
the manipulator described by Equation 2.1. The
parameter vector q -from properties of [4]- of
the manipulator, payload and environment is
constan t but unknown. The robot Jacobian

matrix J(q) is assumed to be non-singular and
known. Knowledge of J (q) is not re st rict ive
because it does not depend on the dynamic
paramete rs. The hybrid motion/force cont rol
specificat ions are given in terms of a desired
mot ion trajectory xcd( t) in the unconstrained
directions and a desired force trajectory Fcd(t)
in the constrained directions.
The robust hybrid contro l problem can be

stated as that of designing a cont ro l law to
compute the joint applied torques t, so that the
following objectives be verified:
a) S(xcd(t) - xc(t)) Ø 0 as t Ø È
in the unconstrained directions, and
b) S'(Fcd(t) - Fc(t)) Ø 0 as t Ø È
in the constrained directions.

ROBUST HYBRID CONTROLLER

Let us consider the controlRobust Controller.
structure of Figure 1 [7]. There, we recognize
two independen t fe edback loops: one fo r
con t r o lling mo t ion in t he unconst r a in e d
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coordinates of the compliance frame Rc , and
t h e o t h e r fo r co n t r o ll in g fo r ce in t h e
constrained coordinates.
A mot ion/force cont ro lle r based on t he

structure given in [7] with estimated values of
the robot dynamic model is,

.... .J-Tt = H0 [u - RR
Tx - 2RR Tx - RR Tv] +

. (4.1)C0[x-n] + G0 + F
where H0 , C0 , G 0 have the same functional
forms as H(x), C (x) and G(x) respectively, with
est imate d dynamic parame t e rs. The signal
vectors u and v are related to the corresponding
vectors expressed in the compliance frame Rc
by the transformation R as,

(4.2)u = R(t) uc ; n = R(t) nc
where uc and nc are obtained from the motion
and force control loop components (see Figure
1) as,

(4.3)uc = umc + ufc ; nc = nmc + nfc.
where nmc and nfc , umc and ufc are orthogonal,
respectively.
Vectors umc , nmc are defined as,.-1..

(4.4)nmc = xcd + Mm [Bmexc + Kmexc]
...-1nmc = -[l/(r + l)] Mm [Mmexc + Bmexc +

(4.5)Kmexc]

Likewise, vectors ufc , nfc are calculated as,...
(4.6)ufc = S'Ke

-1 [Fcd + Mf
-1 (Bfefc + Kf efc)] ...

nfc = -[l/(r + l)] S'Ke
-1Mf

-1 [Mfe fc + Bf efc +
(4.7)Kfefc]

In  E  qu  at  io  n  s  4.3-4.7,  exc = S(xcd - xc ) and
e fc = S' ( Fcd - F c )  a re  t he  posit  ion  and  fo rce
erro  rs  respectively  expr  essed  in  t  he  complian  ce
frame. Also, S' = In - S, r=d(.)/dt, l is a positive
design scalar and Mm , Bm , Km , Mf, Bf, Kfn are
n  xn  p  o  sit  ive  d  e  fin  it  e  a  n  d  d  i  a  go  n  a  l  d  e  sign

..
matrice  s.  Note  t  hat  xc , xc , Fc , Fc are  o  bt  ain  e  d.
from measured values of q , q and F by using the
r e la t io n  x =  f( q )  be twe en  x an d  q ,  a nd
Equations 3.1 and 3.2.

Vectors nmc and nfc in Equat ionsRemark 1.
4.5 and 4.7 can be written as,

..
nmc = -[r/(r+ l] exc - [l/(r + l)] M-1

m (Bmexc
+ Kmexc) .

nfc = - [r/(r + l)]S'Ke
-1 e fc-[l/(r + l) ]S'Ke

-1

.
(4.8)Me

-1 (Bfefc + Kfefc)

The above expressions and Equat ion 4.1
clearly show that the computation of t requires
k n o w l e d g e

.
of end-effector posit ion x, ve locity x, force F and

.
i t s d e r iva t ive F ( n o me a su r e me n t o f
a c c e l e r a t i o n

....
x and second derivative of force F is required).

. .
T o a vo id me a su r in g F , F c inRemark 2.

Equations 4.6 and 4.8 can be computed as
...

(4.9)Fc= Ke(xc - xec).

Ve ct ors nmc and nmc de fin ed inRemark 3.
E qu a t io n s 4.4 and 4.5 have compone n t s
corresponding only to the unconstrained task
space coordinate s and vectors ufc and nfc in
Equations 4.6 and 4.7 have components only in
the constrained coordinates. This comes from
using selection matrice s S and S' which select
t h e component s o f t h e mot ion and fo rce
controlled directions respectively. Consequently,
umc, ufc as well as nmc, nfc represent a partition
of uc and vc respectively in Equation 4.3.
Now, considering Equation 4.6 and Remark

2, we can write
....

ufc = S
'K-1e Fcd + S

'K-1e M
-1
f BfS

'Ke (xcd - xc) +

S'Ke
-1 M-1

fKfefc ....
(4.10)ufc = KelFcd + Ke2 (xcd - xc) + Ke3 efc

where
Ke1 = S'Ke

-1

Ke2 = S'Ke
-1 Mf

-1 Bf S
' Ke

Ke3 = S'Ke
-1 Mf

-1 Kf
Likewise, considering Equation 4.7, Remark 1
and Remark 2 yield,

..
nfc = -[l/(r+ l)] S

' Ke
-1 e fc + [-1/(r+ l)] S

' Ke
-1
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.Mf
-1 (Bfefc + Kfefc)

. ..
nfc = [r/(r+ l)] S

'Ke
-1 S'Ke (xcd - xc) - [r/(r+ l)]

S' Ke
-1 Mf

-1 Bf efc
- [l/(r+ l)] S' Ke

-1 Mf
-1 Kf efc
..

vfc = -[r/(r + l)]Ke4 (xcd - xc) -

(4.11)[r/(r+ l)]Ke5efc - [l/(r+ l)]Ke6efc
where:
Ke4 = S'Ke

-1 S'Ke
Ke5 = S'Ke

-1 Mf
-1 Bf

Ke6 = S'Ke
-1 Mf

-1 Kf
Now, based on cont ro l law Equation 4.1,

properties of [4] and Equations 4.10 and 4.11
with parame te r izat ion of u and v signals in
t e rms o f Ke , we p r o po se t he fo llowin g
motion/force control law .......J -Tt = f(x , x , xcd , xcd , xcd , F , Fcd , Fcd , Fcd , R ,...

(4.12)RT ,RT )q0 + F

where f û Rnxm is a signal matrix and q0 û Rm
is the uncertain robot and stiffness parameters
ve cto r . In E quat ion 4.12, t r epre se nts t he
control actions, i.e . the torques/forces to be
applied to the robot joints.
Now, based on control law Equation 4.12, we

propose the fo llowing robust mot ion /force
control law,

..... ...
J-Tt = f(x ,x,xcd ,xcd ,xcd ,F ,Fcd ,Fcd ,Fcd ,R , R

T ,
..

(4.13)RT) q0 -f(.) K sign(f
T(.) n) + F

where K is a constant nxm matrix to be defined
in IV.3. This control law has a similar structure
to that of [9] for pure motion robot control.

Before carrying out the stabilityError Model
analysis, it is necessary to obtain the so called
error model [11], which relates dynamically the
signal vector v and the parameter error vector
¬q = q0 - q. By e qua t in g ro bo t mode l o fE q u a t i o n

2.1  an  d  t  he  con  t r  ol  la  w  of  E  qua  t ion  4.13,  we
obtain ...
H x + CX + G + F = fq0 - f K sign(f

Tn)
(4.14)+ F

. ¬Now, by substituting q0 = q + q into Equation
4.14 and observing from Equations 4.12 and 4.1
that,

.. ....
fq = H[u-RR T x-2RRT x-Rnc] + C[x - n] + G
the closed loop Equation 4.14 results

... ¬H(x-u ') + HR nc + Cn = f q - f K
(4.15)sign(fTn)

with
... .u' = u - RR Tx- 2RR Tx.
..The evaluation of (x-u') now follows,

....(x - u') = RR T (x - u')
where

........
RT (x-u') = RT x - RT u + RT x + 2RT x.
But, from Equations 3.1 and 4.2,

....
RT(x - u') = xc - uc.
Now consider the following partit ions in free
and constrained directions

......
xc = xmc + xfc ; uc = umc + ufc
with

........
xmc = Sxc ; xfc = S'xc.
Then,

........
RT(x - u') = xc - uc = (xmc - umc) + (xfc -

(4.16)ufc).

Manipulating Equations 4.4 - 4.5, 4.6 - 4.7 and
the stiffness model of Equation 3.3, yields

......
xmc - umc = nmc + lnmc ; xfc - ufc = nfc + lnfc
Then, Equation 4.16 can be written as

....
RT(x - u') = (nmc + nfc) + l(nmc + nfc)
and considering vector partition of Equation 4.3

...
RT(x - u') = nc + lnc.
Now, from Equation 4.2 and

...
n = R(t) nc ; n = R(t) nc + R(t) nc
it results, .......
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(x-u')=RR T(x-u')=R( nc+ lnc) = n+ l n-Rnc.
Going back to Equation 4.15, we obtain

(4.17)H(n + ln) + Cn = fq - fK sign (fTn)
E quation 4.17 descr ibes the so called e rror
model equation.

N o w we s t a t e t h e ma i nMain Results
properties of the proposed robust controller in
the following proposition.

Proposition 1. Conside r ing the cont ro l law
E qu a t io n 4.13 in clo se d lo o p wit h t h e
manipulator Equation 2.1, the following holds,

nn
a) n û L2 ú LÈ

nn
b) nmc, nfc û L2 ú LÈ

nn.
c) exc , exc û L2 ú LÈ , exc Ø 0 as t Ø È

nn.
êêêd) efc , efcû L2 ú LÈ , efc Ø 0 as t ØÈ.

We note that c) and d) in proposition 1 ensure
that the control objectives of Equations 3.4 and
3.5 are verified.
Proof. Consider the error model of Equation

4.17, and the following non negative function of
time (remember property 3),

(4.18)V(t) = 1/2[nT H n]
whose time derivative along the trajectories of
Equation 4.17 is,
.
V = -lnT H n + nT f q - nT f K sign (fTn)

(4.19)
Where we have used the property 1 to eliminate
the term nT (1/2H-c) n.

.¬
Taking K = diag (ki) with Ki Â ´q i´ , then V
in E qua t ion 4.19 sa t isfie s V( t ) Â 0. This

n
implies that n û LÈ. Also H is lower bounded
as established by property 3. Then integrating
Equation 4.19 from 0 to T and considering T in

n
the limit, it verifies that n û L2. This establishes
a).
Now, from Equation 4.3 and Remark 3, we

can write the following vector partition,
RT(t) n = nc = nmc + nfc
and re ca lling t ha t R wa s assume d t o be

bounded, from a) we immediately conclude b).
nn

F ina lly, a s nmc, nf c û L2 ú LÈ , fr om
Equations 4.5, 4.7 and lemma shown in Desoer
and Vidyasagar (1975), pp. 59 [13], we derive c)

êêêand d).
The cont ro l law of Equat ion 4.1Remark 4

contains the signum funct ion. As a result we
might expect ``chattering'' to occur. In order to
alleviate th is situat ion , we can re place the
signum funct ion by the mxl ve ct o r o f th e
saturation function sat h= (sat(1), ..., sat(hi), ...,
sat(hm))

T, defined as,
hi>1æ1

(4.20)-1<h i<1sat(h i)Û å
hi<-1¦-1

where hi are the components of the mxl vector
h= fTn/e, with i= 1, ..., m and e> O , and h i
con ta in ing the bounds for t he commut ing
switching planes [12]. By using the saturation
function, the convergence of the control errors
can not be concluded towards zero but to their
bounds.
Proposition 2. Consider the control law

.......
J-Tt = f(x,x,xcd,xcd,xcd,F,Fcd,Fcd,Fcd,...

(4.21)R,R T,RT)q0 - f(.) K sat[(f
T(.)n)/e] + F

where sat(.) is defined in Equation 4.20. Then,
the control errors are ultimately bounded.
Proof. Consider the error model of E quat ion
4.17, where sign( .) is substituted by sat( .), and
t he fo llowing non nega t ive t ime funct ion
(remember property 3),
.

(4.22)V(t) = 1/2[nTHn]
whose time derivative along the trajectories of
the error equation is

~.
V = -l nT H n = nT f q - nT f K sat(____)fTn

e
(4.23)

When sat(h i) = hi we can rewirte Equation 4.23
as

~.
(4.24)V = -aV + nT f (q + u)

where a = 2l and u = - _______.K fTn
e
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By inspecting the second term of Equation 4.24
~

and recalling K= diag(Ki) with Ki Â ¼qi¼, it
follows

~
nTf[q + u] À nT f[K sign(fT n) - _______] = nTK fT n

e
(4.25)f K [sign(fT n) - ______]fT n

e~
nTf[q + u] À nT f[K sign(fT n) - _______] ÀK fT n

e
´n T f´ lmax(K)[¡(m) -

___________]´ (fT n)´
eThe funct ion de fined in Equation 4.25 has a

maximum for:

´f T n´ = (¡m __)e
2

Whose value is

(4.26)[m lmax(K)
__].e
4

By subst ituting Equat ion 4.26 into Equation
4.24 we obtain
.

(4.27)V À - aV + r
where r = [mlmax(K)

__].e
4

Considering Equation 4.27 it is clear that , V(t)
(4.28)is ultimately bounded by r/a.

From Equation 4.22 it holds

(4.29)V Â __ g(H) ´ v´ 21
2

where g(H) = infq(lmin(H)).

From Equations 4.27 and 4.28 we conclude
that ´ v´ 2 is ultimately bounded by 2r/ag (H).
Remembering that v= Rvmc + Rvfc, then the
bounds of vmc and vfc are established from the
bounds on v. Now, considering the ´ .´ È of the
filtering operators given by Equations 4.5 and
4.7, we obtain the bounds of motion and force
errors, i.e.,

´ emc´ È À b1 ´n mc´ È

with b1 =
_______ + ________4e-1

mm
-1 bm

l
mm

-1 km.
´ emc´ È À b2´ vmc´ È

with b2 = 1+ _______ (4.30)4le-1

mm
-1 bm

´ efc´ È À b3 ´ Ke nfc´ È

with b3=
_____ + ______4e-1

mf
-1bf

l
mf

-1 Kf

Figure 2. Two link manipulator and its environment.

For the case Ke = diag (ke) is verified that
´ efc´ È À b3ke ´n fc´ È .

SIMULATION  RESULTS
Computer simulations have been carried out to
show the performance of the proposed robust
con t ro lle r . The man ipu lat o r u sed fo r th e
simulations is a two degree of freedom arm in a
vertical plane, in contact with its environment as
shown in Figure 2.
In this particular case R is a constant matrix

given by,
sin a íæcos a

¤; with a = 0Ü.R = ¤
cos a ã¦-sin a

Selection matrix is specified as S = diag [0, 1].
The manipulator is mode led as two rigid

links of unitary length with masses m1 and m2
at the distal ends of the links. F rict ion is not
considered in the model.
Sca la r g i s t h e gr a vit y a cce le r a t io n

magnitude. Numerical values of the parameters
are m1=4 kg, m2=2 kg and Ke=1000 N/m. It is
assumed that m1, m2, and Ke are uncer tain ly
known.
From Equat ion 4.1, the vector cont rol law

can be written as,
t = JT f q0 + J

T f K sign (fTv) + JTF = fq0 +
(5.1)f K sign (fT J-T n) + JT F
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where the uncertain parameter vector, taken as
q0 = [q10 q20 q30 q40]

T =
0.00125]T10.00375[3

is an estimation of:
q = [m1 m1/ke m2 m2/ke]

T. We must note that in
Equat ion 5.1, f = JT f, and K = diag [k1, k2,
k3, k4].
Mot ion t ra ject ory along t he const r a in t

surface is specified as,
xcd(t)=(x cd1,xcd2)

T= [0,0.5+0.2 cos(__t)]T [m]p
2

and force normal to the const raint surface is
specified as
fcd(t) = (fcd1, fcd2)

T = [1 + 0.5 cos (__t),0]T [N]p
2

Simulation is carried out using the following
design parameters (see Equations 4.5 and 4.7):
Mm= diag [1], Bm= diag [10], Km= diag [25],
Mf= diag [1], Bf= diag [10], Kf= diag[250],l=30.
In t h e fir st simu la t ion we conside r th e

signum funct ion in the cont ro l law. F igure 3
shows the evolut ion of force error efcl in the
const rained direct ion and the evolu t ion of
mo t io n e r r o r e xc2 in t h e u nco nst r a in e d
direction. For this case, torques t1, t2 are shown
in Figure 4. Note that motion and force errors
converge to zero, but there is chattering in the
torques applied to the joints.
In the second simulation, we conside r the

saturation function in the control law in order
to avo id t he cha t te r ing problem using t he
signum function, which is observed in Figure 4.
For this case, torques t1, t2 are shown in Figure
5. Note that the chattering effect is eliminated
using the saturation function, but the mot ion
and force e rrors do no t conve rge t o ze ro ,
however they remain bounded. In Figure 6 we
represent the module of force e r ror in the
constrained direction §efc1§ versus the module
of motion error in the unconstrained direction
§exc2§. We observe in this last figure that this
trajectory, according to Equations 4.30 and pp.
11  o f  [14],  r ema ins  u lt imat e ly  bounde  d  by

Fi gu r e 3 .  F  o  r  ce  and  m  ot  ion  e  r  r  or  e  volu  t  io  ns  u  sing  t  he
signum function.

Figure 4. Control actions (applied torques) when using the
signum function.

Figure 5. Control actions (applied torques) when using the
saturation function.
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Figure 6. Force error module vs motion er ror module
when saturation function is used.

´ emc´ È Àb1´n mc´ ÈÀb1´n mc´ 2 = 0.028 m
and by
´ efc´ È Àb3ke´n fc´ ÈÀb3ke´n fc´ 2 = 0.56N.

CONCLUSIONS
In this pape r , a robust hybrid motion/force
controller for rigid link manipulators has been
presented. Dynamic parameters and stiffness
constan t ar e assumed t o be unknown bu t
constant. The robust controller was shown to be
globally stable in the sense that the contro l
object ives are achieved asymptotically when
signum funct ion is used, occurring chatte ring
effects. When we replace the signum function
for a saturation funct ion we avoid chat tering
problems and bounded motion and force errors
are verified. The controller is based on a hybrid
mot ion/force st ructure , including nonlinear
feedback of joint position and velocities as well
a s th e in t e ract ive force . Fo rce de r iva t ive
me a su r eme n t is n o t n e ce ssa r y fo r t h is
controlle r. Some simulation results for a two
degree of freedom manipulator illustrate the
controller performance.
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