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An approximate analytical solut ion is obtained for hypersonic flow past a slenderAbstract
elliptic cone using second-order perturbation techniques in spherical coordinate systems. The
analysis is based on perturbations of hypersonic flow past a circular cone aligned with the free
stream, the pertu rbations stemming from the small cross-sect ion eccentricity. By means of
hypersonic approximations for the basic cone problem, closed-form second-order approximate
solu t ions for the pertu rbation equations are obtained within the framework of hypersonic
small-distu rbance theory. R esu lts for the shock shape, shock-layer structure, and surface
pressure are presented for a ll ranges of Mach numbers, toge ther with comparisons with
experimental data. Also a complete vortical layer analysis is presented to prove the suitability of
the surface boundary conditions.
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INTRODUCTION

A curious singularity appears at the surface of a
circular cone inclined at a small angle to an
inviscid supersonic stream. This phenomenon
was unknown to Stone [1] who expanded the
flow quantities formally in ascending powers of
the angle of inclination and found the first and
second-order perturbations. H is results served
a s t h e b a s i s fo r e xt e n s ive n ume r ica l
computation byKopal [2]. The singularity was
discove red by Ferr i [3] who gave a physical
descr ipt ion of the flow near the surface . H e
deduced that streamlines crossing the shock
wave at anycircumferential location eventually

curve around the body toward t he le eward
plane of symmetry. Though the entire flow field
is rotational, a thin layer of intense vorticity lies
near the surface. Ferri called this the vortical
layer. All streamlines approach the top ray, and
consequently the entropyin that neighborhood
is many-valued. Fe rr i called th is the vortical
singularity. Munson [4] solved the problem of
flow over a circular cone inclined slight ly to a
uniform stream using the technique of matched
asymptotic expansions. He found that the outer
expansion is equivalent to Stone ' s solution of
the problem and the inner expansion, valid in a
th in layer near the body, repre sents Ferr i' s
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vor t ica l laye r . They a lso showed t hat th e
solu t ion to first orde r in angle of at tack so
obtained is uniformly valid everywhere in the
flow field, but in the second-order expansion an
addit ional non-uniformity appears near the
leeward ray. They showed that this defect can
be removed by inspect ion and that density,
radial component of velocity and entropy are
onlysecond-order quantit ies which are singular
on the surface of the cone.
The problem of supersonic flow over circular

cone is only one of the occurrences of vortical
singular it ies. Indeed, they are pre sent in any
conica l flow wit hou t axia l symme t ry. Fo r
supe rsonic flows past bodie s wit hout axial
symmet ry, the e llip t ic cone is a basic body
shape. Although numerous papers have been
directed towards supersonic flows past elliptic
cones, their goals have been specific, and no
general or comprehensive flow field calculations
h a ve be e n se t fo r t h . Wo r k o f D o t y &
Rasmussen [5] was to par t ia lly remedy th is
sit u a t ion and to p re se n t an app roxima t e
analytical so lution that illustrates the general
flow fie ld features of hype rsonic flow past a
slender elliptic cone with small eccentricity. The
analyses were cast in the form of hype rsonic
similarity theory and the first-order results were
presented in appropriate similarity form. There
is also the study by Jischke [6], but it does not
deal with the vortical layer and the study by Lin
et al.[7] is only an inne r solution for circular
cone case.
In t h is unde r t ak ing, we st a r t wit h t h e

small-perturbation equations for perturbed flow
past an e llip t ic cone with eccent r icity e and
e xamin e t h e qu an t i t ie s e xp an sio n s fo r
second-order approximation. Using hypersonic
similar ity theory, an analyt ic so lu t ion up to
second-order approximat ions are pre sented.
H e re the shape and loca t ion o f shock and
coe fficient of pressure on the surface of the

Figure 1. Spherical coordinate system.

cone for all Mach number s are ca lculat ed.
These re sults are compared with the existing
numerical and experimental results of Z akkay
and Visich [8] and Martellucci [9]. Also it is
shown that the outer expansion of pressure for
any orde r of e is uniformly valid and is not
singular on the surface of the cone.

FORMULATIONOF THE PROBLEM

A spherical coordinateGoverning Equations
system is chosen as shown in F igure 1. The
velocity components u*, v*, and w* are in the
directions of increasing r, q, and f, respectively.
The pressure and density are P* and r*. The
cone half-angle is d. Dimensionless variables are
defined as

w = ____w
*

VÈ
v= ___ ,v*

VÈ
u= ___ ,u*

VÈ

s = ________
(s* - sÈ)
Cv

p = _____ , r = ___ ,
p*

rÈVÈ2
r*
rÈ (1)

where VÈ is the velocity at infinity.
The p re ssure , de nsit y, and ve locit y are

governed by the equations of change for mass,
moment um, and ene rgy, p lus appropr iat e
equations of state . Here we assume the flow is
inviscid, nonconducting, steady, and behaves as
a t he rma lly a nd ca lo r ica lly p e r fe ct gas.
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Substituting the dimensionless var iables into
these equations yields:

2 r u + __ (rv) + cot q rvÌ
Ìq

(2)+ _____ ___ (rw) = 01
sin q

Ì
Ìf

(3)v ___ + _____ ___ - v2 - w2 = 0Ìu
Ìq

w
sin q

Ìu
Ìf

v __ + _____ ___ + uv - w2 cot qÌv
Ìq

w
sin q

Ìv
Ìf

(4)+ __ ___ = 01
r
Ìp
Ìq

v ___ + _____ ___ + uw + vw cot qÌw
Ìq

w
sin q

Ìw
Ìf

(5)+ ______ ___ = 01
rsin q

Ìp
Ìf

(6)v __ + _____ ___ = 0Ìs
Ìq

w
sin q

Ìs
Ìf

(7)s = ln ( g MÈ
2 p ) - g lnr

__ ( u2 + v2 + w2 ) +  ____ __ = __1
2

g
g - 1

p
r

1
2

(8)+ ____ ___g
g - 1

1
MÈ
2

The se equa t ions are no t a ll inde pendent .
Indeed, any one except (2) can be eliminated. It
is conven ien t , howeve r , in th e subsequent
analysis, to consider all of them, and at certain
points to particularize to a given set of five.

C o n s i d e r i n gBody And Shock Geometry
Figure 2, the equation for perturbed cone and
it s conical shock wave at tached to it for no
angle of attack is assumed to have the form:

(9)qc = d  - e cos 2f+ e 2 ( __ + __ cos 4f)1
2

1
2

qs = b - eg1 cos 2f+ __ (g 10 + g12 cos 4f)
e2
d

(10)+ O (e3 )

in which d specifies the semivertex angle of the
b a sic cir c u la r c o n e a b o u t wh ic h a p e r t u r b a t io n
analysis is to be performed, b is the semivertex
angle of the basic circular shock corresponding
to the basic body with semivertex angle d, and

Figure 2. Perturbed cone and shock.

the g factors repre sent the deviation of the
shock eccentricity from the body eccentricity
and t h e y a re t o be de t e rmine d from the
pe r turbat ion analysis. The paramete r e is a
measure of the eccentricity and is the
appropriate perturbation parameter to be used
in the subsequent analysis.

T h eExpansions For The Flow Variables
velocity vector for conical flow is presented in
spherical coordinates by

^^^ (11)
Ø
= u(q,f) er + v(q,f) eq + w(q,f) efV

The Fourier repre sentation for the body and
shock shapes suggest that any quantit ies of the
ve locity components, pre ssure , and density
represented here as q(q,f,e) can be expanded
in the following forms, valid outside the vortical
layer adjacent to the body surface, for no angle
of attack:

q(q,f,e) = q0 (q) + eq 1 (q) cos 2f +

(12)e2 [q10(q)+ q 12(q) cos 4f]+ O(e
3 )

The lowest -orde r te rms, with the subscr ip t
naught , p e r ta in to the basic circu la r-cone
solution, which is persumed known.

Su bst i t u t in g ( 12)Perturbation Equations
in t o ( 2) -( 8) fo r any re la t e d quant it y and
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equating coefficients of like powers of e gives
the following systems of ordinary different ial
equations:

e0:
(13-a)2 r0 u0 + (r0 v0) ¨ + r0 v0 cot q = 0
(13-b)u0¨ = v0
(13-c)r0v0v0¨ + r0u0 v0 + P0¨ = 0
(13-d)S0¨ = 0
(13-d)S0 = ln (g MÈ

2 P0) - g ln r0
__ (u02 + v02) + ____ __ - __
1
2

g
g - 1

P0
r0

1
2

(13-f)- _________ = 01
(g - 1) MÈ

2

e1:

2( r0 u1 + u0 r1 ) + ( r0 v1 + v0 r1 ) ¨ +

(14-a)+( r0v1 + v0 r1 ) cot q + ______ = 0
2r0 w1
sin q

(14-b)u1¨ =v 1

r0(v0v1)̈ + r1v0v̈ 0+ r0u0v1 + v0 ( r0u1+ +u 0

(14-c)r1 ) + P̈ 1 = 0

(14-d)ẅ 1+ __w1+ w1 cot q -_____ ____ = 0
u0
v0

2
sin q

p1
r0v0

(14-e)S1¨ = 0

(14-f)S1 = __ - g ___
P1
P0

r1
r0

__(u02 + v02) + ___(u0u1 + v0v1) + ____ __ -
1
2

r0
r1

g
g - 1

P1
r1

(14-g)- __ _________ = 01
2

1
(g - 1)MÈ

2

e2:

2(r0 u1m + _ r1 u1 + u0 r1m) + (r0 v1m+
1

2

+ _ r1 v1 + v0 r1m) ¨ + (r0 v1m + _ r1 v1+
1

2

1

2

+v 0 r1m ) cot q + __ (________________)
m
2
4 r0 w1m+2 r1 w1

sin q
(15-a)= 0

(15-b)v1m = u1m̈+(m - 1)________________
w1 (2u1+w 1 sin q)

2v0 sin q
r0 v0 v1m̈ +__( r0v1 + v0 r1 ) v̈ 1 + ( r0v1m+

1
2

+ __ r1v1 + v0 r1m )v0¨ + (m - 1) ______+1
2

r0w1v1
sin q

+ r0u0v1m + __(r0u1+u 0 r1)v1 + (r0u1m+
1
2

+ _ r1u1 + u0 r1m)v0 + _______ r0w12 cot q+
1

2

(m - 1)
2

(15-c)+ p1m̈ = 0

__[w1m̈+ __ (__+ __) w1¨ + _______ + __ w1m
m
2

1
2

v1
v0

r1
r0

w12

v0 sin q
u0
v0

+ __ (__ + __ __) w1 + w1m cot q + __ (__+
1
2
u1
v0

u0
v0

r1
r0

1
2
v1
v0

(15-d)+ ___) w1 cot q - ________ ] = 0
r1
r0

4P1m
r0v0 sin q

(15-e)s1m̈ = (1 - m) ______
w1 s1
v0 sinq

S1m= ____ - g ____ - _[(__)2-g(___)2]
P1m
P0

r1m
r0

1

4

P1
P0

r1
r0

(15-f)

_(u02 + v02) + ___[u0u1m + _ (u12 + v12+
1

2

r0
r1m

1

4

(1 - m) w12) + v0v1m ] + ____ (u0u1 + v0v1)
r1
2r1m

(15-g)+ ____ ___ - __ - _________ =0g
g - 1

P1m
r1m

1
2

1
(g - 1) MÈ

2

with m = 0,2 in each case.
In each of the systems of equations above all
the variable s are calculated in terms of the
ra dia l ve lo cit y compon en t ( u ) an d t h e n
substituted into the continuity equation of the
co rr e sponding syst ems o f e quat ion s. The
following differential equations are obtained:

(16)u0
¯ + u0' cot q + 2u0 = ___ (u0

¯ + u0)
v02

a02

u1
¯ + cot q u1' + (2 - _____) u1 =

4
sin2q

(17)- ____ ______ +
-
H1(q)

4F1
g

H0(q)
sin2q
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u1m¯ +u 1m'cot q+ (2 - _____) u1m = H1m(q)
8m
sin2q

+
-
H1m(q)- _______ + _______ *

2m D12
I sin 2q

2m
I sin 2q

(18)ßb
q
[__ I(q) Q12(q)] dq
2
v0

where I(q), H0(q), A(q), B(q), C(q), Q12(q),
H(q), H1m(q), are known functions of q and
D12 is a constant. The functions

-
H1(q) and-

H1m(q) are in terms of the variable
coefficients including u1 and u1m which cab
be negle ct e d with no t much of loss o f
accuracy.

BOUNDARYCONDITIONS

T h eBoundary Conditions At The Shock
shock jump conditions for flow properties across
the shock are we ll-known Rankine-Hugoniot
re lat ions. The dimensionle ss form of these
relations are:

__ = _____________ ,
1
rs

(g-1) Mn2 + 2
(g+1)M n2

g MÈ
2Ps = 1 + _____(Mn

2 - 1)2g
g + 1

Ss =ln (g MÈ
2 Ps) + g ln (__)1

rs

___ . ns = __ (___ .
Ø
ns)

Ø
Vs
VÈ

1
rs

Ø
VÈ
VÈ

(19)___ * Øns = (___ *
Ø
ns )

Ø
Vs
VÈ

Ø
VÈ
VÈ

where
Ø
ns is the unit outward normal on the

shock given as:

Ø
ns = [1 - e2 g12_________]êq + ____ [-2 e g*1 - Cos4f

sin2b
1
sinb

(20)sin2 f+ e2(__g12 - g12_____) sin 4f]êf
4
d

Cosb
sinb

Since the location of the shock is unknown,
using boundary conditions at the shock becomes
very complicated. To circumvent this situation
the shock angle is expanded in terms of powers
of e and by using of a Taylor se rie s the flow

va r ia b le s a r e t r a n sfe r r e d t o t h e ba s ic
unperturbed shock (e = 0).
The boundary condit ions a t the shock a re
obtained from these relations.

A t t h e bo dySurface Boundary Conditions
su rface , q = qc , t he no rma l ve locity must
vanish:

(21)
Ø
Vc /

Ø
nc = 0

Bysubstituting the unit outward normal vector
on the e llip t ic cone surface and the ve locity
e xpan sions in t o ( 21) and t ransfe r r ing th e
boundary condit ions to the basic circular cone
su r fa ce le a d s t o t h e su r fa ce b o u n da r y
conditions:

(22)v0(d) = v1(d) = v10(d) = v12(d) = 0

R igorously, we should have obtained (22) by
matching the oute r expansion with an inne r
expansion for the vortical layer adjacent to the
cone surface . Late r we will show that (22) is
indeed proper.

APPROXIMATESOLUTION

F o rBasic Cone Flow Approximations
hypersonic flow in the limit MÈØÈ and sin qØ
0 such t ha t t h e comb ina t ion KÛMÈsinq
remains fin it e , the basic cone flow can be
approximated accurately by:

u0(q) = ______ = 1 , v0(q) = _____ =
u0*(q)
vÈ

v0*(q)
vÈ

(23)- q(1 - __) , s = __ ¡ ____ + ___d2

q2
b
d

g+1
2

1
kd2

where Kd = MÈd is the hypersonic similar ity
pa rame te r . A lso from basic cone solu t ion ,
following relations are obtained:

(24)N = s2/a02(b) , J = a02(d)/a02(b)

AFirst-Order Approximate Solution
solution to Equation 17 is u1(q) = x1(q)/Sin2 q
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and by subst it u t ing th is so lu t ion in to th e
diffe rent ia l equat ion and in tegrat ing twice
yields:

x1(q) = x1(b) + _____ ßb
q
q3 dq - ___ *x1'(b)

b3
4F1
g

ßb
q
{ q3 ßb

q
[_____] dq}dqH0(q)
q3

with the assumpt ion of q and b be ing small,
x1(q) can be calculated and by the definition of
z= q/d, first -order components of velocity are
obtained.
The shock eccentr icity factor, g1 , can now be
determined from condition (22), as follows:

g1 = 6s3/{__________ + __________ +
3Cos-1(1/s)
(¡s2 - 1)

6(s6 + s2)
(g + 1)

(25)+ 3 s4 - s2 - 5}

T h eSecond-Order Approximate Solution
second-order solution not only provides a better
approximations with respect to the first-order
solution, it also shows the singularity in flow and
vort ical laye r near the body surface. Clearly,
from ( 15-b) and ( 15-e ) th e se cond-orde r
co  r r  e  ct ion  t  o  bo t  h  t  h  e  ra  dia l  ve  lo  city  a  nd
e  n t ropy  is  singular  a t  t he  su rface  .  I t  can  be
shown that the singularity in expressions for v1m
& P1m are  n  ot  re  a l  an  d  th  e  se  qu  an  t  it  ies  a re
finite on the body surface. To show this and to
get rid of the singularity in v1m and P 1m , Stone
suggested the following change of variables

(26)U1m (q)=u 1m (q)+(m - 1) ßbq H(q)dq

Subst itu t ing  th is  ne  w  var iable  in t  o  (  18)  we
obtain:

U1m¯ +cot q U1m ' +(2- _____) U1m =T 1m (q)
8m
sin 2 q (27)

where T1m (q) is a known function of q.
Following the same discussion as in the case of
the first-order solution, we assume:

U 10(q)  = x10(q)  Cos q fo r m = 0 a n d U 12(q ) =

x12 ( q) ( 6 /5s in 4q - 1 / sin 2q ) fo r m= 2.

Substituting these solutions into (27), yields:

x10(q) = x10(b) + sin b cos2b x10
¨ (b)*

ßb
q
(_________) dq + ßb

q
{__________ *1

sin q cs2q
1

sin q cos2q

ßb
q
[T10(q) sin q cos q]dq } dq

x12(q)= x12(b) + x12
¨ (q) / sin2bßb

q
sin 3q dq

-ßb
q
{sin 3q[T12(q) /sin q]dq }dq

To assume small angles in above relations, the
following results yield:

U10(z) /d2 = ______+ __ x10
¨ (b)Ln (z/s)+x 10(b)

d2
s
d

Lnzßs

Z

[zT10(z)]dz-ßs

Z

[zLnzT10(z)]dz

U12(z)/d2 =-x 12(b) /(d4z2)- x12¨ (b) (z4-s4) /

(4b3z22) +1/(4z 2){z4ßs

Z

[T12(z)/z]dz -

(28)-ßs

Z

[z3T12(z)]dz}
and therefore it can be written:

v10(z)/d = s/z. _____ + 1/zßs

Z

[zT10(z)]dz
x12¨ (b)
d

v12(z)/d = _______ - _____ (z + __) + __ {
2 x12(b)
d4 z3

x12¨ (b)
2 b3

s4

z3
1
2

(29)zßs

Z

[______]dz+ __ ßs

Z

[z3 T12(z)]dz}
T12(z)
z

1
z3

The quantit ies x10̈(b) and x12̈(b) are calculated
using boundary conditions at the shock and then
g10 & g12 are obtained using (22).

KnowingPressure Calculation On The Body
the extent of pre ssure on the body surface is
necessary for calculation of lift and drag forces
for design and manufacture of flying object s.
From the perturbation equations, expressions of
pressure perturbations are obtained as follows:

(30)P1 = F1P0 - r0(u0u1 + v0v1)
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P1m = ____ (u0u1 + v0v1)2 - ___ F1 (u0u1 +
r0
4a02

r0
2

v0v1) - r0 [u0u1m + v0v1m+ __ (u12+ v12 -
1
4

(31)w12)] + ___ P0 -______
F12

4
P0S1m
g-1

The pressure coefficient, Cp , is defined by:

(32)Cp = (P*-PÈ)/((1/2) rÈvÈ2)

Thus we can write:

Cp = Cp0 + À Cp1 Cos 2F + À2 (Cp10 +

(33)Cp12 Cos 4F) + o(À3)

where

Cp0 = 2 [P0(d) - ______], Cp1 = 2 P1(d),
1

gMÈ
2

(34)Cp12 =2 P12(d)

using the basic cone solution, we have:

(35)___ = 1 + ________Cp0
d2

s2 Ln s2

(s2 - 1)

(36)Cp1/d2 = 2gN _____ [__ - _____]
p0(d)
d2

g1
s3

u1(1)
Jd2

(37)Cp1m /d2 = _____ ______ ________
2 gN
J

p0 (d)
d2

p1m (d)
d2 r0 (d)

As mentioned earlie r since v0(d)= 0 then S1m
and U1m are singular on the surface. From (31)
it seems that P1m is also singular on the surface.
But noting the change of variable (26) it can be
shown that th e singular ity in S1m and U 1m
cancel each other out in (31) in a way that P1m
is finite on the surface . Paying at ten tion to
(15-e) , the expressionßb

q
w1s1/v0sin q dq is

t he cause of singu la r ity in e nt ropy. Afte r
simp lif ica t io n it ca n be sh own t ha t t h e
coefficient of this expression in S1m is 4(m-1)*
F1 a02(q) /gd2 and in U 1m is 4(1-m) F1J/N g.
Calculating these two coefficients by using (24),
it is seen that on the surface they are equal with
different signs. Therefore, P1m is finite on the
body and Cp1m can be calculated from (37).

VORTICALLAYERANALYSIS

Here through asymptotic matching, it will be
demonstrated that the boundary conditions on
the body as were derived in sect ion (3-2) are
indeed correct. New independent variables that
are of orde r unity in t he vor t ical laye r are
defined according to

(38)Q = (q - d)À , F = f

To exhibit the zero in the velocity we define:

(39)V = v / (q - d)

This makes V of O(1) in the region of interest.
The other independent var iables are defined
according to:

(40)U = u , W = w , P = p , R = r

The expansion o f t h e inne r va r iab le s in
ascending powers of e are according to

q (Q,F,À) = q 0 + À q 1 (Q,F) + À2

(41)q2(Q,F)

where q(Q,F,À) represents U(Q,F,À) and

V(Q,F,À) and W(Q,F,À) and P(Q,F,À) and

R(Q,F,À).

The zeroth-order variables simply express the
fact that these quantit ie s are not functions of
Q,meaning that they do not change across the
layer.
The inner expansion is valid only in a thin layer
near the body and cannot be expected to satisfy
the shock condit ions. Therefore, the boundary
condit ions are obtained bymatching them with
the oute r expansion . We apply the fo llowing
matching principle:
m-t e rm inne r e xpansion of ( p -t e rm ou te r
e xpan sion ) = p -t e rm ou t e r expan sion o f

(42)(m-term inner expansion)
Here the application of the matching principle
con side rs t he t hre e -t e rm ou t e r and inne r
expansions for the normal velocity component.
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Three-term outer expansion of v is:

v(q) = v0(q) + Àv1(q) cos 2f + À2[v10(q) +

v12(q) cos 4f]

We write the functions in inner variables:

v(q)=v 0(d+Q(1/À))+ Àv1(d+Q(1/À))cos 2F

+ À2[v10(d+Q(1/À))+v 12(d+Q(1/À))cos 4F]

E xpanding th is function in powers of À up to

three terms gives

v(q)=v 0(d)+ Àv1(d) cos 2F + À2[v10(d)+

(43)+ v12(d) cos 4F ]

Three-term inner expansion of v is :

v(q) = Q(1/À)[V0 + ÀV1(Q,F) +

+ À2V2(Q,F)]

writing the functions in outer variables:

v(q) = (q-d) {V0 + ÀV1[(q-d)À,F] +

+ À2V2[(q-d)À,F]}

Expanding this function in powers of À gives:

(44)v(q) = [Q(1/À)]V0 + 0 = 0

Equating (43) and (44) follows

v0(d) = v1(d) = v10(d) = v12(d) = 0

which is indeed the same as (22).

PRESENTATION OF RESULTS

The shock eccentricity factors, g's , are plotted
in F igu re s 3 - 5 a s a fu nct ion o f kd fo r
g = 7/5. For dØ0, which corre sponds to the
limit of linearized theory, the eccentricity factor
tends to zero, gØ0, that is, the shock tends to a
circular Mach cone. For the limiting hypersonic
flow, dØÈ, g app roa che s t he asymp to t e
g= 0.955, and the shock tends to embrace the
elliptic cone body. When kdØÈ and gØ1, then
t h e bo dy, in agre emen t wit h hype r son ic

Figure 3. Shock eccentricity factor.

Figure 4. Shock eccentricity factor.

Figure 5. Shock eccentricity factor.
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Figure 6. Radial perturbation velocity components.

Newtonian theory [10].
The radial velocity component is plotted in

Figure 6. The hypersonic similarity form gives u
as a funct ion o f z, kd, and g. Be cause t he
thickness of the shock layer varies as a function
of kd, the shock layer is normalized by means of
the variable

-
q = (z-1)/(s-1). The body surface

corresponds to
-
q = 0 and the shock surface to

-
q

= 1. At the body surface u is insensit ive to
variations in kd, having approximately the value
unity. At the shock surface, it is quite sensitive
to var iat ions in kd. I n the hype r sonic limit
kd=È, u increases only slightly from the shock
to the body.
The polar velocity component v is shown in

Figure 7 as a function of
-
q and various values of

kd.The variation of v across the shock laye r is
analogous to the variation of u.
The azimu tha l ve locity component w is

shown in Figure 8 as a function of
-
q, g=7/5,

and various values of kd. At the shock, w1
increases as kd increases. For kd= 2, variation
of w across the shock layer is very slight. At the
body surface it decreases as kd increases. The
factor u(c)(d)/u(0)(d) is shown in Figure 9 as a
function of kd and g = 7/5. This is the ratio of
the radial component of ve locity when the

Figure 7. Polar perturbation velocity components.

Figure 8. Azimuthal perturbation velocity components.

Figure 9. Correction velocity ratio.
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Figure 10. Perturbation pressure coefficient on the body
surface.

variable coe fficien ts in Equat ions 16-18 have
not been neglected to when they have been
neglected. In the hypersonic flow range, we can
e xp e c t t h e a p p r o xima t io n o b t a in e d by
neglecting u(c), to be very accurate. In fact, this
is true for kdÂ1. For kd=1, the approximation
is le ss accurate . We note,however , that the
co r r e ct limit ing re su lt s fo r kd= 0, wh ich
correspond to the limiting case of linear ized
theory, are recovered.
Figures 10, 11, and 12 show cp1/d2, cp10/d2,

and cp12/d2 plo t ted as a funct ion of kd for
g=7/5. Surface pressure were measured on two
diffe rent e llip tic cone models, at free stream
Mach number 3.09,by Z akkay and Visich [8].
The geometric properties of these models are as
follows:

Model IIModel I
e/d=0.266e/d =0.155
d=16.28 o=0.2841 radd=16.64 o=0.2904 rad /

The se two mode ls have the same cross
sectional areas for the same stat ion along the
ellip tic-cone axis. The expe rimental data are
compare d wit h t h e re su lt s o f t h e p re sen t
analysis and also with the analysis of Martellucci
[9]. Figure 13 shows the pressure-distribution

Figure 11. Perturbation pressure coefficient on the body
surface.

data on model I for Mach number MÈ=3.09 for
which d= 0.900. The present results give good
agreement with the data on the semi-major ray,
but the data are lower otherwise. The results of
Martellucci give a lit t le better agreement with
the data between the major and minor rays.
Figure 14 shows the pressure -distr ibution

da ta on mode l II fo r MÈ= 3.09, fo r which
d= 0.888. The agre ement wit h the prese nt
analysis is fairly good near the major and minor
rays, but poor in between. For this large value
of eccentricity, higher-order perturbation terms
are probably requ ired. Marte llucci' s r e su lt
shows somewhat better agreement with the data
between the major and minor rays.

CONCLUSIONS

General flow field re sults for the hypersonic
flow past an elliptic cone have been obtained.
The results are valid for large Mach numbers
and small st ream deflect ions such tha t the
hypersonic similarity parameter, Kd= MÈd, is
fixed in the limit ing process. The resu lt s are
more accurate for large kd, bu t the prope r
lin ear ized the ory re sult is recove red when
kdØ0. Se cond-orde r pe r turbat ion analysis
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Figure 12. Perturbation pressure coefficient on the body
surface.

p roves t he e xist ence o f vo rt ical laye r and
singularity of entropy and radial component of
velocity and density on the body surface . This
layer does not show itself in the zeroth-order
and first-order perturbation analysis, since the
integration of Equations 13-d and 14-e produces
finite and constant values of entropy. It is the
second-order entropy that shows the singularity
of this quantity on the body and that is because
of the term v0(d) = 0 at the denominator of
Equation 15-e. It is proved here that in spite of
the existence of the vortical layer on the body,
t h e se con d-o r de r p r e ssu re is fin it e a nd
therefore, the pressure expansion would not be
dive rge n t . By p roving t he va lid ity o f t h e
bounda ry condit ion s on t he sur face in t he
process of vortical layer analysis, our solution
procedure he re renders the fact that an inner
and outer expansions of the quantit ies are not
needed and can be avo ided. This is a great
simp lifica t io n and cir cumven t io n t o t he
ma thema t ica lly r igo rou s inne r and ou t e r
solutions of the same problem.

LIST OF SYMBOLS

zeroth-order isentropica0
speed of sound

Figure 13. Pressure coefficient on body surface Model I ,
M = 3.09 and d = 0.900.

functionA(q), B(q), C(q)
constant density specific heatcv
surface pressure coefficientcp
functionD12(q)

^^^ unit vectors in sphericalfq , er, ee

coordinate system
constantF1
shock eccentricity factorg
associated with elliptic cone

functionsG11,G12,G13
functionH(q)
function of integrationI(q)
hypersonic similarityK(d)
parameter
Much numberM
unit normal vectorn̂
pressure in outer regionp
pressure in inner regionP
functionQ(q)
spherical coordinater
density in inner regionR
entropyS
functionT(q)
spherical velocityu, v, w
components in outer region
velocity components in innerU, V, W
region
functionx(q)
q/dz
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Figure 14. Pressure coefficient on body surface Model II,
M = 3.09 and d = 0.888.

GREEKS

unperturbed shock angleb
ratio of specific heatsg
semivertex angle of basic circular coned
measure of eccentricitye
density ratio across the shockx
spherical coordinates in outer regionq,f
spherical coordinates in inner regionQ,F
densityr
b/ds

SUBSCRIPTS

free stream conditionÈ
condition just downstream of shocks
zeroth-order0
first-order1

second-order10
second-order12
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