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This invest igation deals with transient analysis of cold standby system with n units.Abstract
Chapman-Kolmogorov equations are developed for repair facility with two repairmen and
solved by using matrix technique. Availability and reliability factors have been obtained with
probability of the system. A particular case has also been discussed.
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INTRODUCTION

In the modern age of technology, a system is of
no use if it is no t r e liable . H oweve r , t h e
importance and effect of reliability could not be
realized without mathematical modelling. The
mathematical theory of reliability has grown out
of t he demands o f modern te chno logy. In
general, the re liability can be defined as the
freedom from failure of a component or system
while maintaining a specific problem such as
inventory, industrial or machine repair problem.
Reliability technique is of immense importance
fo r pe rfo rmance e va lua t ion and accu ra t e
measurement of compute r , communicat ion ,
manufacturing systems, planning and designing
of the components in electronic equipments etc.
Stochast ic mode ls are becoming increasingly
impo r tan t for unde r st anding o r making a

performance evaluation of queueing problems
of real life situations. The redundant system
inre liability has been deve loped by seve ral
researchers. Some of them are Harvill and Pipes
[1] and G opa lan and Na t e san [2]. The se
researchers have developed the techniques for
stochastic behavior of one server with n units in
the system.
In th is paper , we consider cost analysis for

such system with one additional repairman. The
a rr iva l ( fa ilu re ) r at e and se rvice ra t e ar e
in d e p e n d e n t ly n e ga t ive e xp o n e n t ia l ly
distributed with FCFS discipline. We find the
expression s for steady state characte r ist ics
including stationary availability and interval
reliability.

THE MATHEMATICALMODEL

In this pape r , we conside r the system with n
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dissimila r unit s; in which one channe l is in
operating condit ion and others are as standby
Multi serve r facility always available with the
system if more than one failed machine enter in
the service system. The life t imes and repair
t ime s o f a ll t h e un it s a r e in de pende n t ly
distributed negative exponential variates.
The main notations used in the investigation

are as follows:
Life time rate of units, i=1,2..., nli
Repair time rate of units, i=1,2..., nmi
Number of the operating units at time t.X(t)
P[X(t) = i/X(0) = n]pi(t)
P[X(t) = i/X(0) = n] X(u) Ú 0 , u > 0qi(t)
P[X(t ) = i/X(0) = j]; probability that ithpij(t)
unit is operating, given that initially unit j
was operative.
= lim pi(t)Pi t Ø È
Laplace transform of the function f(t)fÅ(s)
M + SN

1 À i À ræ mråmi r + 1 À i À N¦ 2m

THE BALANCEEQUATIONS AND THE
SOLUTION METHOD

We consider [X(t), t Â 0] as a birth and death
Markov process with state space. The balance
equa t ion s in se t of Chapman-Ka lmogorov
processes for pi(t) and qi(t) are as follows

(1.1)__. p0(t) = - m1p0(t) + l1p1(t)
d
dt
__. pi(t) = -(li+ mr+1 ) pi(t) + mrpi-1(t) +
d
dt

(1.2)1 À i À rli+1 pi+1 (t)
__. pi(t) = -(li+2 m)pi(t) + 2mpi-1(t) +
d
dt

(1.3)r < i < nli+1p i+1 (t)

(1.4)__. pn(t) = -lnpn(t) + 2mpn-1(t)
d
dt
and

(2.1)__. qi(t) = -(l1 + m2)q1(t) + l2q2(r)
d
dt

__. qi(t) = -(li+ mr+1 )qi(t) + mrqi-1(t) +
d
dt

(2.2)2 À i À rli+1 qi+1 (t)
__. qi(t) = -(li+2 m)qi(t) + 2mqi-1(t) + li+1 qi+1 (t)
d
dt

(2.3)r À i À n

(2.4)__. qn(t) = -lnqn(t) + 2mqn-1(t)
d
dt
with

i = npi(0) = qi(0) = sin = 1
(3)i Ú n0

For st ochast ic p rocess {X( t ) , t Â 0}, th e
st at iona ry dist r ibu t ion {p i} is th e limit ing
solut ion of (1) as tØÈ with de rivatives being
replaced by zero.

(4.1)m1P0 + l1P1 = 0

(l1 + m r + 1) P1 + m rP i -1 + li + 1 P i + 1 = 0
(4.2)1À i À n

(l1 + 2m) Pi + 2m Pi-1 + li+1 Pi+1 = 0
(4.3)1À i À n
(4.4)lnPn + 2m Pn-1 = 0

i = 0, 1, 2, ... nliPi = mi-1
i

(5)Pi = P0 P (mj/lj)Thus
j=1

where
1n

P0 = [1+õ (P mj / lj)]
-1

i=1 j=1

We consider pointwise system availability to be
(6)A(t) = 1-p0 (t) with A(È) = 1-P0

and Reliability of the system would be
n

(7)R(t) = õ qi (t)
i=1

Mean time to system failure is
nn ÈÈ

(8)E(T) = ß R(x)dx =õ ß qi(x)dx = õ qÅi(0)i=1i=1 00

The probability of busy repairman at t, is
(9)B(t) = 1 - pn(t)

The expected fraction of time for under repair
system is

(10)lim B(t) = 1 - Pn
tØÈ
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Afte r taking Laplace t ransformat ion of
Equations 1 and 2 with matrix notation, we get
A(s) P = [n+1 with PÅÅ = {PÅ0 (s) . PÅ1(s) ..., PÅn(s)}

(11)
and
B( s) Q = I n wit h Q ÅÅ= {Q Å1( s) . Q Å2( s)} ...,

(12)QÅn(s)}
and

(13)IÅn+1 = (0, 0, ..., 1)
where

s+ m1 -l1 0 0................................
-m1 (s+ l1+ m2) -l2 0................................
........................................................................
.......................mr-1 (s+ lr-1+ mr) -lr...............

A(s)= ..............................mr (s+ lr+2 m) -lr+1 ...
..................................2m (s+ lr+1 +2 m) -lr+2
........................................................................
......................................................-2m (s+ ln)

0 ......................................-l2(s+ l1+ m2)
-m2 (s+ l2+ m3) -l3......................................
........................................................................

B(s)= ............................-mr-1 (s+ lr+2 m) -lr+1 ......
.................................-mr (s+ lr+1 +2 m) - lr+2 .
.......................................................................

s+ ln........................................................-2m

Using Cramer' s rule , equations (11) and (12)
give

(14.1)0 À i À np.i(s) = ¤Ai(s)¤/¤A(s)¤
and

(14.2)1 À i À nq.i(s) = ¤Bi(s)¤/¤B(s)¤
We can find Ai(s) and Bi(s) from A(s) and B(s)
by replacing ith column by unit vector in R IIS
of 11 and 12.
Now we apply elementary row and column

transformations on ¤A(s)¤ and ¤B(s)¤ we get
(15.1)¤A(s)¤ = s¤f(s)¤

and
(15.2)¤B(s)¤ = ¤y(s)¤

with

0.............................-¡l1m2(s+ l1+ m2)
(s+ l2+ m2)-¡l2m3...........................

.......................................................................
f(s)= ...............-¡lr-1mr (s+ lr+ mr) -¡2lrm..........

..................-¡2lrm (s+ lr+1 +2 m) -¡2lr+1 m...
.......................................................................
.....................................-¡ln-12m (s+ ln+2 m)

0...........................................-¡l1m2s+ l1
-¡l1m2 (s+ l2+ m2).........................................

y(s)= ........................................................................
(s+ lr+ mr)........................................-¡lr-1mr

..............................-¡lr2m (s+ lr+1 +2 m).......

.........................................................................

....................................-¡ln-12m (s+ ln+2 m)

By using t he e igen values of t r idiagonal
posit ive de fin ite mat r ice s from the me thod
developed by Gregory and Young [5] where the
zeros of polynomials ¤f (s)¤ and ¤y (s)¤ are
the negatives of eigen values of matrices a(0)
and b(0).
¤f (n)¤ and ¤y (n)¤ at f1, f2, ..., fn and y1,
y2, ... yn are the zeros of ¤f(n)¤ and ¤y(n)¤.

n
(16.1)¤A (s)¤ = s P (s - fk )k=1and

n
(16.2)¤B (s)¤ = s P (s - yk )k=1

with
n

(17.1)PÅi(s) = ¤Ai (s)¤s P (s - fk) 0 ÀiÀ n
k=1
n

(17.2)qÅi (s) = ¤Bi(s)¤/ P (s - yk) 1ÀiÀn
k=1

The partial fractions of 17.1 and 17.2 give
n

(18.1)pÅi (s)=s -1 a0i + S aki/(s - fk) 0À i À n
k=1

n
(18.2)qÅi (s) = S bki/(s - y) 1 À i À n

k=1
n

(19.1)a0i = ¤Ai(0)¤/ P fkj=1
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n
(19.2)aki = ¤Ai (fk)¤/ fk P (fk - fj)

j=1 Úk
n

(19.3)bki = ¤Bi (yk)¤/ P (yk - yj)j=1 Úk

Inverse Laplace transforms of 18.1 and 18.2 give
n

(20.1)0 À i À nPi (t) = a0i + S aki e
fkt

k=1
and

n
(20.2)1À i À nqi(t) = S bki e

y
k=1

With the help of these terms we can find steady
state characterist ics and other desired transient
indices of the system.

A SPECIAL CASE

For n = 3, the system becomes
s+ m1 -l1 0 0

-l2 0¤A(s)¤ = -m1 s+ l1+ m2
-l3-m2 l2+2 m0
l3-2m00
(21.2)

and
0-l2s+ l1+ m2

(21.2)-l3s+ l2+2 m¤B(s)¤ = -m2
s+ l3-2m0

with
0-¡l1m2s+ l1+ m1

¡l2m3s+ l2+ m2-¡l1m2¤f(s)¤ =
s+ l3+2 m-¡l32m0

(22.1)
and

0-¡l1m2s+ l1
(22.2)-¡l2m3s+ l2+ m2¤y(s)¤= -¡l1m2

s+ l3+2 m-¡l32m0

We can calculate the factors of 22.1 and 22.2 as
fm and ym (m= 1,2,3) with suitable techniques.
These factors will be helpful to find

f1tp0(t) =
______ + ______________ e +l1l2l2
f1f2f3

l1l2l3
f1(f1-f2)(f1-f3)

f3tf2t_______________ e + ______________ el1l2l3
f2(f2-f3)(f2-f1)

l1l2l3
f3(f3-f1)(f3-f2) (23)

f1tp1(t) =
______ + ______________ e +m1l2l3
f1f2f3

(f1+ m1)l2l3
f1(f1-f2)(f1-f3)

f3tf2t (24)______________ e + ______________ e(f2 + m1)(l2l3)
f2(f2-f3)(f2-f1)

(f3+ m1)l2l3
f3(f3-f1)(f3-F2)

f1tp2(t)=
______ - _______________________ em1m2l3
f1f2f3

[(f1+ m1)(f1+ m2) + f2l1]l3
f1(f1-f2)(f1-f3)

f2t- ______________________ e[(f2+ m1)(f2+ m2)+ f2l1]l3
f2(f2-f3)(f2-f1)

f3t (25)- ____________________ e[(f3+ m1)(f3+ m2)+ f3l1]
f3(f3-f1)(f3-f2)

p3(t) =
______ -2m1m2m
f1f1f3

f1t____________________________ e(f1+ m1)[(f1+ m2)(f1+2m)+ f1l2]
f1(f1-f2)(f1-f3)

f2t- ___________________________ e(f2+ m1)[(f2+ m2)(f2+2 m)+ f2l2]
f2(f2-f3)(f2-f1)

f3t (26)- ____________________________ e(f3+ m1)[(f3+ m2)(f3+2 m)+f3l2]
f3(f3-f1)(f3-f2)

y2ty1t+ _____________ el2l3
(y2-y1)(y2-y3)

q1(t)=
_____________ el2l3
(y1-y2)(y1-y3)

y3t (27)+ _____________ el2l3
(y3-y1)(y3-y2)

y2ty1tq2(t)=
_____________ e + _____________ el3(y1+ l1+ m2)
(y1-y2)(y1-y3)

l3(y2+ l1+ m2)
(y2-y1)(y2-y3)

y3t (28)+ _____________ el3(y3+ l1+ m2)
(y3-y1)(y3-y2)

y1tq3(t) =
____________________________ e(y1+ l1)(y1+2 m+ l2)+ m2(y1+2 m)

(y1-y2)(y1-y3)
y2t____________________________ e(y2+ l1)(y2+2 m+ l2)+ m2(y2+2 m)

(y2-y1)(y2-y3)
y3t (29)+ ____________________________ e(y3+ l1)(y3+2 m+ l2)+ m2(y3+2 m)

(y3-y1)(y3-y2)
This method can be applied for all multiple unit
redundant syst em with n Â 3. We can find
various characteristics given in Equations 6-10
by using Equations 23-29.

ILLUSTRATION

For numerical illustration purpose, we consider
n=2. In this case, we have
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f1 = -1/2 [(l1+ l2+ m1+ m2) - {(l1+ l2+ m1+ m2)
2

(30.1)-4(l1l2+ m1 (l2+ m2))}
1/2]

f2 = -1/2[(l1+ l2+ m1+ m2) + {(l1+ l2+ m1+ m2)
2 -

(30.2)4(l1l2+ m1(l2+ m2))}
1/2]

y 1 = -1 /2 [( l1+ l2+ m 2 ) - { ( l1+ l2+ m 2 )
2

(30.3)4l1l2}
1/2]-

y2 = -1/2[(l1+ l2+ m2) - {(l1+ l2+ m2)
2 -

(30.4)4l1l2}
1/2]

which gives
f2tf1t

p0(t)= ____ + __________ e + __________ el1l2
f1f2

l1l2
f1(f1 - f2)

l1l2
f2(f2 - f1)

(31)

f2tf1t
p1(t)= ____ + __________ e + __________em1l2

f1f2
l1l2

f1(f1 - f2)
l2(m1+ f2)
f2(f2 - f1)

(32)
f1t

p2 (t) = ____ + _______________________ em1m2
f1f2

{(m+ f1)(m2 + f1)+ l1f1}
f1(f1 - f2)

f2t
(33)+ _________________________ e{(m1 + f2)(m2 + f2) + l1f2}

f2(f2 - f1)

(34)q1(t)= l2 [
________________ ]{(ey1)(ey2)}
(y1 - y2) + y2 - y1

y2ty1t
q2(t)=

_____________ e +[ __________ ] e(l1 + m2 + y1)
y1 - y2

(l1+ m2+ y2)
y2-y1

(35)
Choosing
l1 = 1/80, l2 = 1/60, m1 = 1/ 70, M2 = 1/50
we have
f1 = -0.01443, f2 = -0.04905, y1 = -0.00448,
f2 = 0.04472
so that
p0(t) = 0.2857 - 0.4e-0.01443t + 0.1176e-0.04905t

p1(t) = 0.3412 + 0.00435e-0.01443t -
0.3418e-0.04905t

p2(t) = 0.40857 + 0.36072e-0.01443t -
0.2343e-0.04905t

q1(t) = 0.415 (e -0.00448t - e-0.04472t)
q2(t) = 0.6963 e-0.00448t + 0.3037 e-0.04472t

Hence the system characteristics are

A(t) = 0.7143 + 0.4 e-0.01443t - 0.1176e-0.04905t

R(t) = 1.1113 e-0.00448t - 0.1113 e-0.04472t

B(t) = 0.59143 - 0.36072 e-0.01443t

- 0.2343e-0.04905t

For similar units case we take
l1 = l2 = 1/80 and m1 = m2 = 1/50
Now we have
f1 = -0.0167, f2 = -0.0483, y1 = -0.00389,
y2 = -0.0411
So that
p0(t) = 0.1975 - 0.3019 e

-0.0167t + 0.1046 e-0.0483t

p1(t) = 0.3086 - 0.0779 e
-0.0167t + 0.2288 e-0.0483t

p2(t) = 0.4938 - 0.3757 e-0.0167t + 1287 e-0.0483t

q1(t) = 0.3359 (e -0.00389t - e-0.0411t)
q2(t) = 0.7689 e-0.00389t + 0.2318 e-0.0411t

Hence the system characteristics are
A(t) = 0.8025 + 0.3019 e-0.0167t - 0.1046 e-0.0483t

R(t) = 1.1048 e-0.00389t - 0.1041 e-0.0411t

B(t) = 0.5062 - 0.3757 e-0.0167t - 0.1287 e-0.0483t

The reliability and availability curves for the
similar and dissimilar units system are shown in
Figures 1 and 2 respectively. It can we noticed
that reliability and availability derease as time
increases. The transient state probabilit ies by
varying t ime for the case of dissimilar and
similar units are summarized in Tables 1 and 2
respectively.

CONCLUSION

In th is pape r , the t ransien t analysis of cold
st andby syst em wit h n dissimila r un it s is
discussed. The reliability and availability indices
for redundant system are obtained by solving
balance equations. We have also illust rated
numerically the tactability of the approach by
taking n = 2 for similar as well as dissimilar
units.
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