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A B S T R A C T  
 

 

In this article, the equations governing the constant ferromagnetic current are investigated. The Lorentz 

force restrains this ferrofluid flow in a semi-porous valve. Analyzes were performed on three sub-particle 
fluids: kerosene and blood, water and magnetite. Modeling in the Cartesian coordinate system using the 

relevant equations was investigated. A slight thinning should be considered in the lower part of this 

channel. This research has used two Akbari-Ganji methods (AGM) and finite element method (FEM) to 
solve the equations. Nonlinear differential equations are solved using the above two methods. In the 

finite element model, the effect of changing the Hartmann number and the Reynolds number on the flow 

velocity and the derivatives of the velocity and shear stress of the fluid were investigated. As the 
Hartmann number increases, the velocity decreases in both directions. The Reynolds number changes in 

different slip parameters, which shows the opposite behavior for the two directions. Also, the 

insignificant effect of volume fraction of nanoparticles on velocity and its derivatives and shear stress 
was investigated. The results of solving the equations with the above two methods were compared with 

HAM. The results obtained using AGM and FEM and their comparison with previous researches have 

led to complete agreement, which shows the efficiency of the techniques used in this research. 

doi: 10.5829/ije.2023.36.11b.13 
 

 

NOMENCLATURE P  dimensionless pressure [= ℎ𝑞 𝜈𝑓⁄ ] 

xL
 characteristic length [m] 

*p  hydrostatic pressure [kgm-1 s-2] 

,u v
 dimensionless velocity components Greek Symbols 

,x y  dimensionless variables   slip parameter [= 𝑙 ℎ⁄ ] 

,U V  dimensionless velocity   kinematic viscosity [m2 s-1] 

* *,u v  
velocity vector components in x* and y* directions, respectively 
[ms-1] 

  density [kgm-3] 

* *,x y
 spatial coordinates [m]   electrical conductivity [s m-1] 

h  channel's width [m]   the ratio of h and Lx 

0u
 

x velocity of plate [ms-1]   nanoparticle volume fraction 

l  slip length [m] 
 dynamic viscosity [kgm-1 s-1] 

B  constant magnetic field [m-1 A] Subscripts  

Re  Reynolds number s  nano-solid particles 

Ha  Hartmann number [= 𝐵ℎ√𝜎 µ𝑓⁄ ] f  base fluid 

q
 transpiration velocity nf  nanofluid 

 

1. INTRODUCTION1 
 
Recently, the wide and abundant use of non-Newtonian 

fluids in industry and engineering sciences has caused 
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them to pay special attention to these materials. The 

characteristic and importance of this type of fluid can be 

seen in polymer compounds and edible substances. 

Ferrofluid is one of the non-Newtonian fluids that has 
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recently been investigated by scientists. The physical 

structure of this fluid is very complex and no model can 

fully show all its features. For these reasons, 

investigation and analysis of the behavior of ferrofluid is 

very important. 

Abbas et al. [1] investigated second-order fluid in the 

presence of a chemical reaction in a semi-porous channel. 

In this research, homotopy method was used to 

approximate analytical solution of the differential 

equations. Abdel Rahim and Rahman [2] analyzed heat 

transfer and fluid mass transfer in a magnetic field, which 

was assumed to be slow flow under electric conduction. 

Abbas and Hasnain [3], Abbas et al. [4, 5] have 

conducted studies on a two-phase fluid flow in an entirely 

porous medium. In this research, magnetite (Fe3O4) fluid 

was selected, and the sliding flow of nanomaterials in an 

inclined channel with thermal radiation was investigated 

and analyzed. 

For the investigation of fluid properties, it can be 

mentioned that the fluid in the semi-porous channel is 

chemically conductive, and the mass transfer of the fluid 

is second-order with chemical reaction, Abbas et al. [6] 

investigated Maxwell fluid flow with radiation in an 

axisymmetric semi-porous channel. The natural 

convection micropolar fluid flow problem developed by 

Ashmawy [7]. According to that study, it was observed 

that the enhancement of the micropolar parameter 

includes the decrease or an increase in the fluid velocity. 

There are various medical mechanisms, such as blood 

circulation in the veins, the presence  of oxygen 

generators in the blood, blood dialysis in the artificial 

kidney, and various types of engineering activities such 

as filter design; all of these mechanisms, despite the 

presence of a fluid flow in a channel semi-porous flows, 

it can be analyzed and investigated. Ayaz [8] used it for 

nonlinear ordinary differential equations. Also, in 

electrical engineering, new problems are presented, 

which are linear and nonlinear. It should also be noted 

that solving the governing equations of medical flow 

using DTM was investigated by Bég et al. [9]. One of the 

most effective analyses of fluid flow inside the channel 

is presented by Berman [10]. This article gives equations 

governing the smooth flow of a rectangular channel with 

semi-porous walls.  

To fully describe a fluid flow in Manal with porous 

walls, solving the Navier-Stokes equations in two-

dimensional laminar flow was necessary. This work was 

done by Brinkman [11], which is clearly shown the 

dependence of pressure and velocity components on fluid 

properties and channel dimensions. Due to the 

development and evolution of components, researchers 

are trying to create a variety of advanced fluids. These 

types of fluids should be closer to the real state in terms 

of heat exchange. For this purpose, they focused their 

studies on nanofluids because nanofluids release nano-

sized particles. Chen and Ho [12] extended DTM to solve 

partial differential equations. Therefore, using these 

materials in liquids can achieve lower thermal 

conductivity. Choi and Eastman [13], Choi et al. [14] 

proposed the first idea for these advanced fluids and 

discussed the extraordinary physical and chemical 

properties of these fluids  that ferrofluids are also 

considered part of these fluids. 

Ghasemian et al. [15] investigated forced 

displacement heat transfer on magnetite and numerically 

compared them with the presence of fluid under constant 

and alternating fields. Analysis of the flow of two fluids 

with the same density and varying viscosity in a 

horizontal channel and an unsteady state was recorded by 

Ghosh et al. [16]. According to this study, when the 

viscous fluid is near the channel, it is unstable for many 

parameters. Koriko et al. [17] conducted studies on the 

importance of partial slip and buoyancy on the boundary 

flow of a nanofluid, where the viscosity was considered 

to be zero. The equations governing nanoparticles were 

solved using the classic Runge-Kutta method; they found 

that it can be concluded that the maximum flow velocity 

occurs in larger values of partial slip and buoyancy 

parameters. We need analytical approximations often 

broken nonlinearly to solve nonlinear problems. Liao 

[18] mentioned the homotopy method in his book and 

solved difficult nonlinear problems with the help of this 

method. Mousavi et al. [19] investigated the 

hydrodynamic behavior of ferrofluid with 3D simulation 

in a wave channel and used the mathematical model with 

matching magnetohydrodynamics and ferro 

hydrodynamics to formulate the problem. Also, this 

research investigated the efficacy of changes in the 

Nusselt number and the amount of magnetic gradient. 

The use of semi-numerical techniques such as the 

homotopy analysis method (HAM) and differential 

transform method (DTM) has been presented by Parsa et 

al. [20]. They solved the governing equations of fluid 

flow in a semi-porous channel and investigated the effect 

of some parameters, such as Reynolds and Hartmann 

numbers in the heat transfer rate. 

With the help of this method in an analytical function 

and using unknown and known boundary conditions, the 

derivative of n can be calculated at a known point. 

Rashidi et al. [21, 22] by using the differential transform 

method (DTM), were able to provide a solution for 

studying a non-Newtonian fluid flow inside a channel 

with semi-porous boundaries. This research was done 

using the parametric perturbation method. Salehpour and 

Ashjaee [23] investigated on the ferrofluid flow in a 

miniature channel under alternating and constant fields in 

a two-dimensional space. They found that the constant 

magnetic field enhancement heat transfer and the heat 

transfer rate decreases with increasing Reynolds number. 

They also calculated the optimal frequency for maximum 

heat transfer at high Reynolds numbers. In addition to 

that, Sanyal and Sanyal [24] studied on the two-
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dimensional steady flow in an inclined rectangular 

channel with the presence of a magnetic field. From the 

outcomes of this research, we can refer to the graphical 

comparison of velocity, temperature, and magnetic field 

numerically. Also, the fluid flow has been investigated as 

a two-dimensional steady Maxwell flow in a symmetric 

semi-porous channel with a heat transfer rate. By using 

DTM and a semi-numerical solution with Taylor series 

expansion, Zhou [25] has formulated such existing 

problems. 

The composition of ferrofluid includes substances 

such as Ferrum (Fe3O4) and suspension liquid of 

nanoparticles in several domains. Due to surface tension 

between solid particles and traditional fluid, a coating 

such as surfactants can be used to reduce it. If there is a 

magnetic field next to these particles, their behavior 

differs from ordinary metals. Also, these particles 

become magnetized inside the magnetic field. The 

location of the fluid under the magnetic force can be 

affected. Insomuch, the response of the ferrofluid to the 

external magnetic field is evident. One of the 

characteristics of sub-fluids is that they have very small 

particles. This makes them maintain their position and 

not settle down despite the magnetic force for a long time. 

In fact, papers and researches on ferrofluid flow in non-

repetitive geometries are very limited. 

Abbas et al. [26] developed a steady ferrofluid flow 

study in a semi-porous channel. In this research, fluids 

such as water, kerosene, blood, and magnetite are 

subjected to the Lorentz force in a semi-porous channel. 

The solution methods in this paper are the homotopy 

analysis method (HAM), differential transformation 

method (DTM), and Runge-Kutta method. The efficacy 

of Hartmann and Reynolds number changes on the flow 

velocity is shown and analyzed. Jalili et al. [27] 

investigated ferrofluid microstructure and inertial 

characteristics using homotopy and Akbari-Ganji 

methods. Also, the efficacy of related parameters on flow 

performance, temperature, and velocity has been 

analyzed. It should be noted that the fluid velocity in the 

vicinity of the sheet and at a distance from the sheet has 

been compared. In a study with a semi-analytical solution 

method on the Lorentz force and the efficacy of viscosity 

on nanofluid, the viscosity is variable, and the 

temperature parameter changes in a linear function. The 

semi-analytical AGM is used in this paper presented by 

Jalili et al. [28]. Changes in fluid velocity have been 

investigated by changing parameters such as Prantel, 

Hartmann, and Nusselt numbers. In another study 

conducted by Jalili et al. [29], the performance of 

magnetohydrodynamic heat transfer in a porous circular 

chamber was analyzed using Darcy's law. Also, by using 

the eddy current function formula and solving it 

numerically, a good comparison has been made with 

FEM. This material is placed in a magnetic field under a 

horizontal magnetic force, and its behavior has been 

investigated with changes in the volume fraction of 

nanoparticles, inclination angle, Lorentz, and buoyancy 

forces. The use of three methods of comparing them to 

investigate the characteristics of a ferrofluid on a 

shrinking plate was demonstrated in a research conducted 

by Jalili et al. [30], which are AGM, FEM, and HPM. The 

base fluid in it is water and Fe3O4. According to this 

paper, it can be seen that the boundary and magnetic 

parameters have the same efficacy on the fluid velocity. 

This is not the case for the micro-rotation parameter. 

Recent studies have investigated the nanofluid flow 

between two parallel plates under magnetic and electric 

fields in a rotating system. According to the research 

conducted by Jalili et al. [31], the velocity profile and 

micro-rotation velocity increased with the magnetic and 

rotation parameters also increased. Also, the efficacy of 

changes in Reynolds, Prantel, and Schmidt numbers, 

thermophoretic parameters, and Brownian motion have 

been analyzed. 

Jalili et al. [32] conducted a study on a two-

dimensional viscous fluid located between two porous 

spaces in a calm and incompressible manner. Based on 

this research, the equations between two discs have been 

solved using the Akbari-Ganji and finite element 

methods. With the help of the findings, the velocity, 

pressure, and temperature parameters have been 

analyzed. Also, sliding in the boundaries and changing 

the Reynolds number causes changes in the fluid 

velocity, which are obvious. 

In the article presented by Jalili et al. [33], all heat 

transfer processes in non-Newtonian fluid flow have 

been investigated. AGM and FEM methods have been 

used to solve this fluid flow's governing equations, 

showing complete agreement. Several values for 

Hartmann number and electromagnetic force affect the 

velocity profiles. Also, an extensie analytical research 

has been done in this field [34-36]. 

As a result, the general approach of this article and 

research is to provide numerical and semi-numerical 

solutions for ferrofluid flow in a semi-porous channel 

under a magnetic field with two basic fluids such as water 

and kerosene. Finally, the fluid velocity is obtained in its 

final form by solving the relevant equations with three 

homotopy methods: the Akbari-Ganji and finite element 

methods. Also, comparing these three different 

techniques and the efficacy of fixed parameters on fluid 

velocity are analyzed. 

The use of other numerical and experimental solution 

methods such as Euler, Taylor, and RK-4 methods can 

also be used to solve the governing equations of fluid 

flow. The very good agreement of the obtained results 

from the used methods is one of the advantages of 

adopting this approach in this article. The error caused by 

the mentioned methods is very small and negligible and 

finally it is acceptable. 
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A comprehensive literature above motivated us to 

investigate and analyze a ferrofluid flow in a transverse 

magnetic field (see Figure 1). In the continuation of this 

research, the effect of changes in Reynolds and Hartmann 

numbers, velocity slip parameter and volume fraction of 

nanoparticles is shown using the finite element method. 

The results help the readers to have a better 

understanding of the effect of the above parameters on 

the velocity profile, velocity derivatives and ferrofluid 

shear stress in two directions. The comparison of the 

values obtained from the present research with other 

researches is presented in order to show the validity of 

the proposed solution methods. 

 

 

2. FORMULATION OF PROBLEM AND BASIC 
EQUATION 
 
According to Figure 1, two infinitely rigid parallel plates 

located at a distance h from each other, where the desired 

fluid enters this range (see Figure 1). The slip condition 

is applied on the plate of length Lx along the x*-axis at 

𝑦∗ = 0. The rate of transpiration in an infinite porous 

plate is equal to q. The physical properties of the flow are 

two-dimensional, steady, and slow flow.  

Water and kerosene-carrying magnetite Fe3O4 are 

two fluids considered nanoparticles in this research. 

Applying a magnetic field with intensity 𝐵 is assumed in 

the desired channel. The magnetic field is transverse to 

the fluid flow. The effects of the induced magnetic field 

are not taken into account. Considering the above 

assumptions, the equations governing the flow are as 

follows [19, 20]. 
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(3) 

Also, the effective dynamic viscosity is calculated as 

follows [11]: 

2.5(1 )

f
nf





=

−  

The nanoparticle volume fraction is represented by 

the symbol 𝜙 (<0.05 for most practical cases). The shape 

of the particles can be considered spherical or non- 
 

 
Figure 1. An overview of the physics of the problem 

 

 

spherical. It should be noted that the effective density has 

been analysed by Mousavi et al. [19] . 

The physical properties of magnetic nanoparticles 

and the base fluid are shown in Table 1 [17-19]. 

(1 )nf f s   = − +
 

In specific situations, the boundary conditions (BCs) are 

as follows: 

0
0 : , 0, : 0, ,

u
h q

y
y yu u v u v

     
= = + = = = = −

  
(4) 

Scientists and researchers are trying to investigate the 

conditions of the sliding velocity of Navier in the walls 

and their use. Some articles and research that have used 

these boundary conditions as well [1, 3, 7, 16, 24]. 

Using the following equation, the average velocity 

𝑈(𝑦) is calculated) 

**

0

h

x
Uh qdyu L= =  (5) 

With the help of the following non-dimensional 

variables, solutions to the problem can be found. 
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By substituting the above variables in Equations (1), (3), 

and (6) is obtained 
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TABLE 1. Physical properties of magnetic nanoparticles 

Physical 

property 
Water Kerosene Blood Fe3O4 

Density(ρ) 997 783 1050 5180 

Viscosity(µ) 0.001003 0.00164 0.003-0.004 - 

 

 

Hartmann and Reynolds numbers in Equations (8) and 

(9) are equal to: 

f

Ha Bh



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f

hq


=

  
The term ɛ, is very tiny because it is the ratio of h and Lx. 

To remove ɛ from Equations (8) and (9), Berman [10] 

similarity transformations are used 

1

0
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According to the above relationships, it can be seen that 

in Equation (9), the quantity 𝜕𝑃𝑦 𝜕𝑦⁄  is independent of 

the 𝑥 variable. According to Equation (8), it can be said 

that 𝜕2𝑃𝑦 𝜕𝑥2⁄  is not a function of the longitudinal 

variable 𝑥. If the asterisks are ignored for ease of work, 

the following relationships will appear after changing the 

variables 
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If Equation 11 is calculated in terms of variable 𝑦, it will 

be as follows: 
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The boundary conditions governing the equations are 

written as follows: 

(0) 0, '(0) ''(0), (0) 1 '(0).V V V U U = = = +  (14) 

(1) 1, '(1) 0, (1) 0.V V U= = =  (15) 

where 𝛽 = 𝑙 ℎ⁄ . 

 

 

3. THE GENERALITIES OF AKBARI GANJI'S 
METHOD (AGM) 
 

Considering the boundary conditions, the differential 

equations are as follows: 

𝑝𝑘: 𝑓(𝑢, 𝑢
′, 𝑢", … , 𝑢(𝑚)) = 0; 𝑢 = 𝑢(𝑥)     (16) 

The 𝑝 function in a nonlinear differential equation is 

assumed as a function of 𝑢. Also, the 𝑢 parameter is 

considered a function of 𝑥 and its derivatives. In this way, 

the boundary conditions of the equations are established 

as follows: 

 

{
𝑢(𝑥) = 𝑢0, 𝑢

′(𝑥) = 𝑢1, … , 𝑢
(𝑚−1)(𝑥) = 𝑢𝑚−1           𝑎𝑡  𝑥 = 0

𝑢(𝑥) = 𝑢𝐿0 , 𝑢
′(𝑥) = 𝑢𝐿1 , … , 𝑢

(𝑚−1)(𝑥) = 𝑢𝐿𝑚−1         𝑎𝑡  𝑥 = 𝐿
        (17) 

 

In Equation (17), a series of order 𝑛 is assumed 

according to the boundary conditions at 𝑥 = 𝐿, where the 

coefficients are considered constant. This series is written 

as the answer to the first differential equation as follows: 

𝑢(𝑥) = ∑ 𝑎𝑖𝑥
𝑖𝑛

𝑖=0 = 𝑎0 + 𝑎1𝑥
1 + 𝑎2𝑥

2 +⋯+
𝑎𝑛𝑥

𝑛   
(18) 

In order to enhance the accuracy in solving Equation 

(16), it is necessary to enhance the series expressions in 

Equation (18). Due to the order of the above series being 

n, there are (𝑛 + 1) unknown coefficients, which we 

usually need (𝑛 + 1) equations to solve. In Equation 

(17), boundary conditions are applied for the (𝑛 + 1) 
equation. 

 

3. 1. Apply BCs with AGM            Boundary conditions 

are used to solve Equation (18) as follows 

When 𝑥 = 0: 

{

𝑢(0) = 𝑎0 = 𝑢0
𝑢′(0) = 𝑎0 = 𝑢0
𝑢"(0) = 𝑎2 = 𝑢2

⋮ ⋮ ⋮

       (19) 

and when 𝑥 = 𝐿: 

 

{
 
 

 
 𝑢(𝐿) = 𝑎0 + 𝑎1𝐿 + 𝑎2𝐿

2 +⋯+ 𝑎𝑛𝐿
𝑛 = 𝑢𝐿0

𝑢′(𝐿) = 𝑎1 + 2𝑎2𝐿 + 2𝑎3𝐿
2 +⋯+ 𝑛𝑎𝑛𝐿

𝑛−1 = 𝑢𝐿1
𝑢"(𝐿) = 2𝑎2 + 6𝑎3𝐿 + 12𝑎4𝐿

2 +⋯+ 𝑛(𝑛 − 1)𝑎𝑛𝐿
𝑛−2 = 𝑢𝐿𝑚−1

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮

      (20) 
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After inserting Equation (20) into Equation (16) and 

applying boundary conditions in differential Equation 

(16), it is obtained based on the following technique: 

𝑝0: 𝑓 (𝑢(0), 𝑢
′(0), 𝑢"(0),… , 𝑢(𝑚)(0)) 

𝑝1: 𝑓(𝑢(𝐿), 𝑢
′(𝐿), 𝑢"(𝐿), … , 𝑢(𝑚)(𝐿)) 

  (21) 

According to the selection of n (𝑛 < 𝑚) terms from 

Equation (18), to create a set of equations consisting of 

(𝑛 + 1) equations and (𝑛 + 1) unknowns, there will be 

additional unknowns. Therefore, to solve this problem, 

due to these additional unknowns in the mentioned 

equations, m times should be derived from Equation (23), 

and then the BCs should be applied to them. The solution 

process in Flowchart 1 has been fully investigated. 

𝑝′𝑘: 𝑓(𝑢
′, 𝑢′′, 𝑢′′′, … , 𝑢(𝑚+1)) 

𝑝′′𝑘: 𝑓(𝑢
′′, 𝑢′′′, 𝑢(𝐼𝑉), … , 𝑢(𝑚+2)) 

⋮           ⋮           ⋮        ⋮            ⋮ 

(22) 

In Equation (22), the boundary conditions are applied to 

the derivatives of the differential equation 𝑝𝑘. 

𝑝′𝑘: {
𝑓(𝑢′(0), 𝑢′′(0), 𝑢′′′(0),… , 𝑢(𝑚+1)(0))

𝑓(𝑢′(𝐿), 𝑢′′(𝐿), 𝑢′′′(𝐿), … , 𝑢(𝑚+1)(𝐿))
   (23) 

 𝑝′′𝑘: {
𝑓(𝑢′′(0), 𝑢′′′(0), 𝑢(𝐼𝑉)(0), … , 𝑢(𝑚+2)(0))

𝑓(𝑢′′(𝐿), 𝑢′′′(𝐿), 𝑢(𝐼𝑉)(𝐿), … , 𝑢(𝑚+2)(𝐿))
   (24) 

(𝑛 + 1) equation is obtained from Equations (19) to (24), 

so (𝑛 + 1) unknown coefficient in Equation (18), 

including 𝑎0, 𝑎1, … , 𝑎𝑛 will be calculated. Solving the 

nonlinear differential Equation (16) is done by 

calculating the coefficients of Equation (18). 

 
3. 2. Solving Equations Governing Fluid Flow with 
AGM         In this method, using appropriate functions, 

polynomial series with constant coefficients can be 

considered: 

5

0

5 4 3 2

5 4 3 2 1 0

i

i

i

U a x

U x a x a x a x a xa a

=

=

= + + + + +



 

(25) 

5

0

5 4 3 2

5 4 3 2 1 0

i

i

i

V b x

V x b x b x b x b xb b

=

=

= + + + + +



 

(26) 

Equations (12) and (13) are written as follows: 

2

2.5

* ( , ) * ( , )

1 1 ( . , )
( )( * )

Re
(1 ( ))

(1 )s

f

U diff V x V diff U x

diff U x x
UHa

 
 


− =

−

− +
−

 

2.5 2
( , , , , ) ( * ( , , )

Re((1 ( )))( ( , )

(1 )

s

f

diff V x x x x diff V x x

diff V x

Ha

 






=

+ − +

−  

* ( , , ) * ( , , , ))).diff V x x V diff V x x x−    

The use of BCs in Equations (14) and (15) is as follows: 

 

 

 
Flowchart 1. Showing the process of solving equations with AGM 
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0(0) 0 0V b= → =
 

(27) 

1 2'(0) * ''(0) 0.4V V b b= → =
 (28) 

0 1(0) 1 * '(0) 1 0.2U U a a= + → = +
 (29) 

5 4 3 2 1 0(1) 1 1V b b b b b b= → + + + + + =
 

(30) 

5 4 3 2 1'(1) 0 5 4 3 2 0V b b b b b= → + + + + =
 

(31) 

5 4 3 2 1 0(1) 0 0U a a a a a a= → + + + + + =
 

(32) 

According to the considered series in Equations (25) and 

(26), there are 12 unknown coefficients. Therefore, 12 

equations are needed. Six equations are obtained by 

applying boundary conditions, and six more equations 

are added as follows: 

0 1 1 0

2 0

7 (0) 7

1.895700084 0.8558895353

S F S a b a b

a a

= → = −

= −

 
(33) 

0 2 2 0

3 1

8 '(0) 8 2 2

5.687100252 0.8558895353

S F S a b a b

a a

= → = −

= −
 

(34) 

0 3 1 2 2 1 3 0

4 2

9 ''(0) 9 6 2 2 6

22.74840102 1.711779071

S F S a b a b a b a b

a a

= → = + − −

= −

 
(35) 

0 4 1 3 3 1 4 0

5 3

10 '''(0) 10 24 12 12 24

113.7420050 5.135337212

S F S a b a b a b a b

a a

= → = + − −

= −

 
(36) 

4

2 1 2 0 3

11 (0) 11 24

1.805959798 2.110038414 6.330115242

S G S b

b b b b b

= → =

= + −

 
(37) 

5

2

3 2 0

12 '(0) 12 120

50417879393 4.220076828 25.32046097

S G S b

b b b b

= → =

= + −
 

(38) 

Finally, the values of 𝑉 and 𝑈 are equal to: 

5 4

3 2

0.03526533002 0.2595824095

1.884935683 1.850062816 0.7400251266

V x x

x x x

= +

− + +  
5 4 3

2

.2981496437 0.5758048195 0.2737060224

0.6157135630 1.343137008 0.7313725984

0 xU x x

x x

− +

+ −

=

+  

 

 

4. RESULTS AND DISCUSSION 
 

Equations (12) and (13) were solved with AGM and FEM 

to obtain velocity fields 𝑉(𝑦), 𝑉′(𝑦), 𝑈(𝑦), 𝑈′(𝑦), 𝜏𝑉  and 

𝜏𝑈 according to Equations (14) and (15). Drawing and 

displaying graphs 𝑉(𝑦), 𝑉′(𝑦), 𝑈(𝑦), 𝑈′(𝑦), 𝜏𝑉 and 𝜏𝑈  

and the efficacy of changes in relevant parameters have 

been done in them. Figure 2 shows 

𝑉(𝑦), 𝑉′(𝑦), 𝑈(𝑦), 𝑈′(𝑦), 𝜏𝑉 and 𝜏𝑈 profiles. Also, the 

comparison of three solution methods AGM, FEM, and 

HAM has been done when 𝑅𝑒 = 𝐻𝑎 = 1.0, 𝛽 = 0.2 and 

𝜙 = 0.04. By comparing the figures, it can be concluded 

that the outcome obtained from all methods are very close 

to each other. This result proves and confirms the validity 

of the methods. 
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Figure 2. Comparison of the conclusion obtained for 

𝑉(𝑦), 𝑉′(𝑦) and 𝑈(𝑦)  with three methods of AGM, FEM, 

HAM, and comparison of 𝑈′(𝑦), 𝜏𝑉 and 𝜏𝑈 with two 

methods of AGM and FEM where 𝑅𝑒 = 𝐻𝑎 = 1.0, 𝜙 =
0.04, 𝛽 = 0.2 

 

 

Changes in 𝑉(𝑦), 𝑉′(𝑦), 𝑈(𝑦), 𝑈′(𝑦), 𝜏𝑉 and 𝜏𝑈 for 

fixed values of 𝜙 = 0.04 and 𝐻𝑎 = 1.0 and several 

values of 𝑅𝑒 with two boundary conditions of slip and 

no-slip are shown in Figure 3. With the enhancement of 

Reynolds number, the flux of the side body on the upper 

plane increases and the fluid flow approaches the upper 

plane as an outcome. Decreasing the velocity in the 𝑥-

direction 𝑈(𝑦) and increasing the velocity in the y-

direction 𝑉(𝑦) is the outcome of the previous movement. 

By increasing the Reynolds number from 1 to 20, the 

velocity enhancement in the 𝑦-direction and the velocity 

decrease in the x-direction are tangible. Also, according 

to Figure 3, it can be seen that with the enhancement of 

the Reynolds number, 𝑉′(𝑦) also increases. But when 

approaching the top page (𝑦 = 0.45), it shows a reverse 
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Figure 3. Comparison of diagrams obtained for 

𝑉(𝑦), 𝑉′(𝑦), 𝑈(𝑦), 𝑈′(𝑦), 𝜏𝑉  and 𝜏𝑈 with FEM for several 

values of 𝛽 and 𝑅𝑒 when 𝜙 = 0.04,𝐻𝑎 = 0.0 
 

 

behavior. But 𝑈′(𝑦) shows the opposite behavior. That 

is, in the range of 0 ≤ 𝑦 ≤ 0.45, with an increase in 

Reynolds number, 𝑈′(𝑦) decreases, and then it takes an 

increasing trend in 0.45 ≤ 𝑦 ≤ 1. Based on this, it can be 

concluded that the values of 𝜏𝑈 and 𝜏𝑉 also behave 

similar to the derivatives of velocity, because the 

constant coefficient (µ) is multiplied in the derivatives 

and shear stresses appear. According to Figure 3, it can 

be seen that there is no difference in the efficacy of 

Reynolds number changes in the boundary conditions of 

sliding and non-slipping. 

According to Figure 4, the distribution of fluid flow 

velocity decreases with the enhancement of the 

Hartmann number. This decrease is much higher in 𝑈(𝑦). 
The Lorentz force enters in the 𝑥-direction because the 

magnetic field is placed in the 𝑦-direction. Thus, the 

magnetohydrodynamic force generated in 𝑉(𝑦) and 

𝑉′(𝑦) can be ignored, although it plays a significant role 

in 𝑈(𝑦) and 𝑈′(𝑦). With an increase in Hartmann's 

number in the range of 0 ≤ 𝑦 ≤ 0.6, a decrease in 𝑉′(𝑦) 
can be seen, and in 0.6 ≤ 𝑦 ≤ 1, the value of 𝑉′(𝑦) 
increases. This behavior is also shown in shear stress 

(𝜏𝑉). The algebraic value of 𝑈′(𝑦) in the range of 0 ≤
𝑦 ≤ 0.4 increases with an increase in Hartmann's 

number, but its value is negative. In the range of 0.4 ≤
𝑦 ≤ 1, its behavior is reversed and the same process is 

repeated for 𝜏𝑈 in a smaller order. 

The efficacy of 𝜙 sub-particle volume fraction and 𝛽 

slip on fluid flow velocity distribution 𝑉(𝑦) and 𝑈(𝑦) 
Likewise 𝑅𝑒 and 𝜙 are shown in Figure 5. Also, in the 

vicinity of the upper and lower plates, for boundary 

conditions with slip and no-slip, the opposite behavior 

can be observed for 𝑉′(𝑦) and 𝑈′(𝑦). If the volume 

fraction of nanoparticles (𝜙) increases, 𝑉(𝑦) decreases 

and 𝑈(𝑦) increases. This behavior is similar for both 

velocity profiles with an increase in slip parameter (𝛽). 
As the value of 𝜙 increases, in the range of 0 ≤ 𝑦 ≤ 0.5, 

the value of 𝑉′(𝑦) and the algebraic value of 𝑈′(𝑦) 
decrease, and then at 0.5 ≤ 𝑦 ≤ 1, the algebraic value of 

𝑈′(𝑦) and 𝑉′(𝑦) increases. A similar behavior is also 

shown for shear stresses (𝜏𝑉 and 𝜏𝑈) in two directions. 

Figures 6 and 7 show the effect of changes in 

Reynolds and Hartmann numbers and the volume 

fraction parameter of nanoparticles. As can be seen, with 

an increase in Reynolds number, 𝑉(𝑦) increases, but if 

the Hartmann number or volume fraction of 

nanoparticles increases, 𝑉(𝑦) decreases. 
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Figure 4. Comparison of  𝑉(𝑦), 𝑉′(𝑦), 𝑈(𝑦), 𝑈′(𝑦), 𝜏𝑉  and 

𝜏𝑈 diagrams using FEM with several values for 𝐻𝑎 when 

𝑅𝑒 = 1.0, 𝛽 = 0.2, 𝜙 = 0.04 

 

 

Based on Figures 8 and 9, it can be concluded that 

𝑈(𝑦) decreases with an increase in Hartman and 

Reynolds numbers. But if the volume fraction of 

nanoparticles is increased, 𝑈(𝑦) increases. 

Convergence for several values of  𝑉(𝑦), 𝑈(𝑦), 𝜏𝑉 

and 𝜏𝑈 in terms of 𝑦 is listed in Table 2 to 5. In Tables 2 

and 3, the results obtained for the values of water velocity 
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Figure 5. Comparison of  𝑉(𝑦), 𝑉′(𝑦), 𝑈(𝑦), 𝑈′(𝑦), 𝜏𝑉  and 

𝜏𝑈  diagrams with FEM for several values of  𝜙 and 𝛽 when  

𝑅𝑒 = 𝐻𝑎 = 1.0 

 
Figure 6. Efficacy of changes in Reynolds number and 

Hartmann number on constant Phi number equal to 0.02 

 

 

 
Figure 7. The efficacy of changes in Reynolds number and 

Phi number on the constant Hartmann number equal to 7.5 

 

 

 
Figure 8. The efficacy of changes in Reynolds number and 

Hartmann number on constant Phi number is equal to 0.02 

 

 

in two directions in the current research with the two 

methods of AGM and FEM and the values obtained with  
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Figure 9. The efficacy of changes in Reynolds number and 

Phi number on Hartmann's constant number equal to 7 

the three methods of HAM, DTM and Numerical are 

presented. The comparison of the present results and their 

correspondence with the results of other researches [26] 

shows the efficiency of the methods used in this article. 

In addition, in Tables 4 and 5, the values obtained from 

the current research with two AGM and FEM methods 

are given. 

The changes related to the three parameters of 𝑅𝑒, 𝐻𝑎 

and 𝜙 in a 3D space in the form of optimization are given 

in Figures 6 and 7 for 𝑉(𝑦). 
The changes related to the three parameters of 𝑅𝑒, 𝐻𝑎 

and 𝜙 in a 3D space in the form of optimization are given 

in Figures 8 and 9 for 𝑈(𝑦). 

 

 

 
TABLE 2. The analogy of the obtained outcome for the velocity of 𝑉(𝑦) when 𝜙 = 0.04,𝑅𝑒 = 1.0,𝐻𝑎 = 1.5, 𝛽 = 0.3 for the Water 

base. 

y AGM FEM HAM [26] DTM [26] Numerical solution [26] 

0 0.000000 0.000000 0.000000 0.000000 0.000000 

0.1 0.098899 0.097758 0.097758 0.097758 0.097758 

0.2 0.220465 0.215312 0.215311 0.215312 0.215311 

0.3 0.365673 0.344513 0.344742 0.344742 0.344742 

0.4 0.498575 0.479145 0.478699 0.478699 0.478699 

0.5 0.644486 0.610354 0.610245 0.610246 0.610245 

0.6 0.754926 0.732942 0.732703 0.732703 0.732703 

0.7 0.851991 0.839491 0.839514 0.839515 0.839514 

0.8 0.932754 0.924120 0.924121 0.924122 0.924121 

0.9 0.981562 0.979879 0.979879 0.979880 0.979879 

1 1.000000 1.000000 1.000000 1.000000 1.000000 

 

 

 
TABLE 3. The analogy of the obtained outcome for the velocity of 𝑈(𝑦) when 𝜙 = 0.04, 𝑅𝑒 = 1.0,𝐻𝑎 = 1.5, 𝛽 = 0.3  for the Water 

base. 

y AGM FEM HAM [26] DTM [26] Numerical solution [26] 

0 0.619974 0.602783 0.620077 0.620077 0.620077 

0.1 0.486728 0.498574 0.502367 0.502367 0.502367 

0.2 0.379256 0.399492 0.401721 0.401721 0.401721 

0.3 0.272567 0.315897 0.316599 0.316599 0.316599 

0.4 0.182456 0.245170 0.245171 0.245171 0.245171 

0.5 0.137496 0.185479 0.185479 0.185479 0.185479 

0.6 0.102891 0.135577 0.135577 0.135577 0.135577 

0.7 0.075286 0.093610 0.093624 0.093624 0.093624 

0.8 0.045872 0.057189 0.057961 0.057961 0.057961 

0.9 0.022378 0.026981 0.027150 0.027150 0.027150 

1 0.000000 0.000000 0.000000 0.000000 0.000000 

 



 

 

TABLE 4. The analogy of the obtained outcome for 𝜏𝑉 when 

𝜙 = 0.04,𝑅𝑒 = 1.0,𝐻𝑎 = 1.5, 𝛽 = 0.3 for the Water base 

y AGM FEM 

0 0.000749 0.000711 

0.1 0.001080 0.001033 

0.2 0.001279 0.001219 

0.3 0.001374 0.001334 

0.4 0.001390 0.001365 

0.5 0.001320 0.001321 

0.6 0.001160 0.001201 

0.7 0.000943 0.000994 

0.8 0.000704 0.000711 

0.9 0.000385 0.000434 

1 0.000000 0.000000 

 

 
TABLE 5. The analogy of the obtained outcome for 𝜏𝑈 when 

𝜙 = 0.04,𝑅𝑒 = 1.0,𝐻𝑎 = 1.5, 𝛽 = 0.3 for the Water base 

y AGM FEM 

0 -0.001400 -0.001255 

0.1 -0.001247 -0.001120 

0.2 -0.001110 -0.001001 

0.3 -0.000971 -0.000889 

0.4 -0.000844 -0.000780 

0.5 -0.000712 -0.000660 

0.6 -0.000575 -0.000571 

0.7 -0.000446 -0.000502 

0.8 -0.000316 -0.000444 

0.9 -0.000179 -0.000390 

1 0.000000 -0.000349 

 
 

5. CONCLUSION 
 

One of the most important goals of this research was to 

investigate and analyze two-dimensional fluid flow in 

relation to sliding efficiency on a nanofluid with a porous 

wall. The equations governing the flow were solved with 

the mentioned simplifications and two methods. Among 

the achievements of this article, the following factors can 

be mentioned: 

➢ The area of convergence in 𝑉′′(0) is larger than that 

of 𝑈′(0). 
➢ The difference in AGM, FEM, and HAM outcomes 

is negligible, and all three methods are acceptable. 

➢ As the Reynolds number enhancement, the velocity 

of the 𝑉(𝑦) fluid increases. This is while it reduces 

with the enhancement of Hartmann's number.   

➢ As the Hartmann and Reynolds numbers increase, 

𝑈(𝑦) decreases. 

➢ As the nanoparticle volume fraction parameter 

increases, 𝑈(𝑦) increases and 𝑉(𝑦) decreases. 

➢ If there are changes for Hartmann, Reynolds 

numbers and volume fraction of nanoparticles, the 

opposite behavior is reported for the derivatives of 

velocity and shear stress in the range of 0 ≤ 𝑦 ≤ 1. 
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Persian Abstract 

 چکیده 
  ی بر رو  زهایکند. آنال یمتخلخل مهار م مهین  چهیدر ک یرا در   الیفروس ان یجر نیلورنتس، ا یرویشده است. ن ی ثابت بررس یسیفرومغناط ان یمعادلات حاکم بر جر ،مقاله ن یدر ا

  ن یا ین ییشده است. در قسمت پا یمعادلات مربوطه بررس زبا استفاده ا یمختصات دکارت ستمیدر س  ی. مدلسازتیو خون، آب و مگنت دیانجام شد: نفت سف یاذره  ر یز الیسه س

  ل ی فرانسیحل معادلات استفاده شده است. معادلات د  یو روش اجزاء محدود  برا   ی گنج  - یاز دو روش اکبر  قی تحق  ن ینازک شدن در نظر گرفته شود. در ا  یکم  دیکانال با

  ی بررس   الیس  ی و مشتقات سرعت و تنش برش  انیبر سرعت جر  نولدزیعدد هارتمن و عدد ر  رییاثر تغ   محدود،شوند. در مدل اجزاء    ی با استفاده از دو روش فوق حل م  ی رخطیغ

دو جهت نشان    یکند که رفتار مخالف را برا  یم  رییلغزش مختلف تغ   یدر پارامترها  نولدزی. عدد رابدی  یعدد هارتمن، سرعت در هر دو جهت کاهش م  شیشده است. با افزا

شده   سهیمقا  یحل معادلات با دو روش فوق با روش هموتوپ  جیشده است. نتا  یبررس  ینانوذرات بر سرعت و مشتقات آن و تنش برش  یکسر حجم  زیناچ  ثرا  نیدهد. همچن  یم

  ک یتکن  ییکه نشان دهنده کارا  تمنجر به مطابقت کامل شده اس  یقبل  قات یآنها با تحق  سهیو روش اجزاء محدود و مقا  یگنج-یبه دست آمده با استفاده از روش اکبر  جیاست. نتا

 . است قیتحق  نیمورد استفاده در ا یها
 
 
 


