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Piezoelectric beams are widely used in micro-electromechanical systems. At the microscale, the
influence of the size effect on a piezoelectric beam cannot be ignored. In this paper, higher-order
elasticity theories are considered to predict the behaviors of piezoelectric micro-structures and a size-
dependent dynamic model of a laminated piezoelectric microbeam is established. The governing
equations for the laminated piezoelectric microbeam are derived using the variational principle. The
natural frequencies of piezoelectric microbeams are obtained by size-dependent dynamic models. The
results reveal that the size effect can enhance the structural stiffness at the microscale. The natural
frequency obtained by using the classical model is smaller than that obtained using the size-dependent
model. Compared with the modified couple stress model, the modified couple stress model
underestimates the size-dependent response. Thus, the modified couple stress model is a simplification
of the modified strain gradient model. The influence of beam thickness on the natural frequency is also
discussed. With increasing the thickness, the natural frequency of the size-dependent models gradually
approaches the result of the classical model. If the value of h/l is greater than 15, the influence of the
size effect can be neglected. Additionally, the relative thickness can influence the natural frequency, and
if the relative thickness is greater than 5 or less than —5, the bilayer beam can be simplified to a single-
layer beam.

doi: 10.5829/ije.2023.36.06c.13

NOMENCLATURE

L Beam length (m) D; Vector of electrical displacement
h Thickness(mm) €31 Piezoelectric coefficient N/ (V m)
M Bending moment (N-m) In Material length-scale parameters
b Width (m) Greek Symbols

w Deflection(m) p Density (kg/m°)

q(x) Uniformly distributed load(N/mm) w Natural frequency (Hz)

F Shear force (N) K Dielectric constant

G Material elastic modulus (GPa) c Stress tensor (Pa)

A=bh Cross-sectional area of the beam(m?) & Strain tensor

S=bh’/2 Static moment(m?®) y Dilatation gradient tensor

I =bh*/3 Second moment of cross-sectional area(m?) % Rotation gradient tensor

w(Xx, t) Amplitude (m) n Strain gradient tensor

E; Electric field T Higher stress

t Relative thickness A Lame constants

H Electric enthalpy density(J) u Lame constants

U Strain energy (J) & The permittivity of vacuum

P The polarization vector (C/m?) ) Electric potential(V)

w Work done by the external forces(J) [ Rotation vectors

T Kinetic energy(J) Subscripts

Ui Displacement vector 1 Piezoelectric layer

d Distance from the neutral layer to the bottom layer(mm) 2 Elastic layer
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1. INTRODUCTION

Several piezoelectric structures are used in MEMS, such
as micro-actuators [1] and micro-sensors [2]. Recently,
people have been concerned about the energy crisis [3].
Thus, micro-energy harvesters [4], which are related to
energy recovery, have attracted great research attention.
The performance of the MEMS depends on the
electromechanical control system [5] and the
piezoelectric component’s mechanical properties [6].
However, on the microscale, the performance of
piezoelectric structures is size-dependent. Multani et al.
[7] experimentally found that the piezoelectric effect of
piezoelectric structures is proportional to the thickness.
Biihlmann et al. [8] observed that the bending deflection
of the PZT thin film decreases with decreasing thin film
thickness at the microscale. Additionally, Shaw et al. [9]
reported that the responses of a piezoelectric beam
decrease when the thickness approaches to nanometer.

According to experiment reports, the size effect can
influence the mechanical properties of piezoelectric
microstructures. However, the classical piezoelectric
theory [10] neglects the size effect phenomenon. Thus,
the theoretical results obtained by this theory will have
deviation from the experimental results. Because of the
economic downturn caused by the COVID-19 pandemic
[11], scholars want to establish more accurate theoretical
calculation models to reduce the cost of trial and error. At
micro scale, the constitutive relation of a microbeam
model not only contains the classical material
parameters, but also contains the material scale
parameters In [1, 2]. However, the simple beam model
doesn’t consider the material scale parameters In, it
ignores the influence of size effect. Therefore, higher-
order elasticity effects have been introduced into the
classical piezoelectric theory to establish a modified
piezoelectric theory. Higher-order elasticity effects
comprising two branches have been proposed. They are
the couple stress effects [12] and the strain gradient
effects [13].

Yang et al. [14] used the modified couple stress
(MCS) theory [15] to establish the laminated
piezoelectric microcantilever model. Subsequently,
Noori and Jomehzadeh [16] derived a functionally
graded plate model. Bakhshi Khaniki and Hosseini
Hashemi [17] found that the size effect can increase the
natural frequency of a microbeam under free vibration.
Additionally, based on the strain gradient elasticity
theory [18], Nikpourian et al. [19] derived a size-
dependent model for a piezoelectric microbeam. They
found that considering the size effect, the amplitude of
the microbeam is reduced, but the natural frequency has
increased. Radgolchin and Moeenfard [20] applied the
modified strain gradient (MSG) theory [21] to derive a
mathematical model for a micro-bridge energy harvester.

To provide a theoretical basis for the researching of a
micro beam piezoelectric energy harvester. This paper
establisded a size-dependent dynamic model of a
laminated piezoelectric microbeam. This piezoelectric
microbeam model is able to reflect size effects more
appropriately. And it has higher precision and wider
universality than other types of microbeams.
Furthermore, this piezoelectric microbeam model can
provide the theoretical basis for designing of a micro
beam piezoelectric energy harvester.

The structure of this paper is as follows: In section 2,
higher-order elasticity effects are discussed to establish
the modified piezoelectric theory. In section 3, a size-
dependent dynamic model of a laminated piezoelectric
microbeam is derived. Further, the natural frequency of
piezoelectric microbeams is analyzed in section 4.
Finally, section 5 gives the conclusion of this article.

2. THE MODIFIED PIEZOELECTRIC THEORY

Based on the MSG effect [21], the modified piezoelectric
theory can be given as:

H= %(Gijé‘ij + Py + rf]:)nfji) My — DiEi) (1)

where, D; denotes the vector of electrical displacement, it
is shown in Equation (2). E; denotes the electric field, as
shown in Equation (3).

D, =—&FE +P, )

E=-¢ 3)

&y is strain tensor, ; is dilatation gradient tensor, %; is

rotation gradient tensor, #;x represent strain gradient
tensor, as shown:

1
Eij ZE(ULJ +uj,i) 4
yi = gmm.i (5)
1 1
Ui(jlk) zg(‘gjk,i + & +gij,k)7g[é‘ij (gmm,k + zgmk.m) ©
+5jk (gmm,i + 2‘c"rni,m ) + 5ki (8mrn,j + 2gmj,m ):|
s 1
Xij ZE(QI] +91,i) @)
where, @ is the rotation vector defined as:
6, =%(curl(u))‘i ®)
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The Cauchy stress gy, higher stress p;, ri(jlk’ and mfj can
be written as:

oH
Oy = g = Ciju & — Cijx E,
ij
oH
=—=2ul?
o7, Hlg
w_ M 5,0
T 877( Hu,, 9

ik

s _OH

m = —
ii 6;{:

=247 x;
D, = — =eusq + 5.E

where A and p are the Lame constants, I (n=0, 1, 2) are
three material length-scale parameters.

3. MODELLING OF A PIEZOELECTRIC MICROBEAM

The laminated piezoelectric beam is shown in Figure 1.
If a beam length is much larger than beam width i.e.,
L >> h, the Euler-Bernoulli beam hypothesis model can
be taken. The hypothesis model neglects the shear
deformation of the beam. The electric field direction is
assumed in the normal direction Z-axis. The
displacement components are defined as follows [22]:

dw(x)

u:—(d+z)T v=0 w=w(x) (10)

Substituting the Equation (10) into Equations (4) - (7),
and ignored the strain gradient #ux [23]. the non-zero
terms can be written as follows:

d3w

g, =—(d+z 11
XX ( ) dxz ( )
d?w
, == 12
7 dXZ ( )
o_.w_n__4dw
TIXXZ nXZX UZXX 15 dX
o_w_o__1dw
Mz =My = My __EW (13)
o _ 1 dZW
5 dx?

Substituting Equations (11-13) into Equation (1), the
electric enthalpy density is given as follows:

. . i l
piezoelectric luyer elastic layer
- 2
~ =
~
Na.d - T x y
o ] |
______ Niz2~ =T L —
L f =
o
2 -2

Figure 1. Schematic diagram of a laminated piezoelectric
beam

1 2
H1 = E[E + 2e31(pz w T 21“’1'02(1)712 + G‘Lllllz(l) (’7&)
(14)

624l (m) )2 +2ul?, (nl) )2 vaply (7)) - x0t]

The strain energy density of the elastic layer is given
as follows:

U, = ;[Ezgxx+2ﬂzlo V2 +8uly, (ﬂiil)z
. 09
462612, (1) + 20tz (1) + 402, (zxy)}

The summation of the electric enthalpy is shown as
follows:

Leh Lph L0
0= bjo J'hz Howdzdx =b jo jo H,dzdx + bL J:hz U,dzdx (16)
The virtual work done can be defined as follows:
W, :joLq(x)mX+[Fw]g+[Mw-]; +[M"w]; (17)
3. 1. Modelling for a Microbeam The schematic
diagram of the piezoelectric cantilever is shown in Figure

2.
The Hamilton’s principle is shown as follows:

§J.:2(T—®+Wext)dt:0 (18)

Under the free vibration, Wex=0. The kinetic energy T
is defined as follows:

1t owY
ELA&(ajdx (19)

Inserting Equations (16-17) and Equation (19) into t
Equation (18), yields:

5}“ (T-©+W,, )t

= [ (2 + )W +eya,p,, +a(x) [owdx
—jo jo b(e,W"+ K00, ) Spdlzelx

[~(a + )W +eyap, — F |owl;

_[—bJ.OLeal(d +2) W'+ K0, dXSp I[}}

(20

q L
~[(a +a,)w"-eya,0, —M Jow'[;=0
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Figure 2. Schematic diagram of a piezoelectric cantilever
microbeam under free vibration
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where,
a,=E(Ad®+2dS, +1,)+E,(Ad*+2dS, +1,)
a,=Ad+S,
8
8 = Ai(z/'l'llg(l) "’Eleu) + ﬂllzzu)j @1
2 8 2 2
+A, 2#2'0(2) + Eﬂzli(z) + :”2'2(1)
Solving Equation (20), the mechanical and electrical

governing equations can be expressed as Equations (22)
and (23), respectively.

o*w(x,t
(o o) Y o o agp, =0 @)
K, +e,W'(x,1)=0 (23)

Inserting Equation (23) into electrical boundary
conditions Equation (24), the electrical potential ¢ can be
derived as Equation (25).

(d + Z)e3lW"+ KZQZ |z:rh: 0 (0 |z:0: 0 (24)
e, (z+d
q):_&ZzWH_MZWH, P =~ 31( )W(4) (25)
2k, K, K,

Taking Equation (25) into Equation (22), leads to:
2 2
(p1A&+p2A2)a\;v+(a1+a3+aze31(z-'_d)]W(4) =0 (206)
ot K,
where the w (x, £) can be assumed as:
w(xt) =W, (x)e Q@7

Then substituting Equation (27) into Equation (26)
gives:

WL — (pA), Wyeo’e™ =0 (28)
where,
g2 (z+d
J:a1+a3+az¥a(pA)e:p1A1+pzAz (29)

2
Solving Equation (28) then gives amplitude equation:
W (x) =C;sin(8x)+C,cos( Bx)

+C,sinh(Bx) +C, cosh( Sx) (30)
where,
2 \(1/4)
A
ﬁ—[(p J)”] (1)

The first order natural frequency can be written as
Equation (32):

(32)

3. 2. Analytical Flowchart The size-dependent
dynamic model is solved using MATLAB. The design of
the analytical flowchart is presented in Figure 3. First, the
modified piezoelectric theory is established, and a size-
dependent model of the microbeam based on this theory
is developed. Second, the governing Equation (22) is
solved using Hamilton’s principle. Taking the amplitude,
Equation (30), into the boundary condition, the natural
frequency, Equation (32), can be obtained.

4. RESULTS AND DISCUSSION

The natural frequencies obtained using different size-
dependent models are discussed in this section. The
material parameters are shown in Table 1 [24]. The length
scale parameters of the material can be assumed as /y; =
l11= 121= l1 and 102= 112= 122= lz, where lg= 2 x 11 =2 x|

Establish the modificd piczocleetric theory

'

Establish the size-dependent dynamic
models of piezoelectric microbeams

T
¥

Solve the governing Equation (22) by
Hamiltonian variational principle

l

Take the amplitude Equation (30) into
boundary condition Equation

!

Obtain natural frequency by Equation (32)

End and output data file

Figure 3. Analytical flowchart of the dynamic model

TABLE 1. Material parameters

Parameters Value Parameters Value
G 126 GPa h 1.2 pm
G: 160 GPa h; 0.2um
pi 7.5 x 10°kg/m? h2 1 um
p2 2.7 x 10°kg/m? L 20um
. 8.85x 1072 b | um
C/V-m
K2 13 x 10°C/V'm es1 -6.5N/ (V m)
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4. 1. Model Validation To validate the accuracy
of the present model, the natural frequencies were
compared with those reported data in previous research
[25]; results are shown in Figure 4. The obtained results
proved the accuracy of the model.

4. 2. Mechanical-electrical Coupling Responses
under Free Vibration Figure 5 compares the
dimensionless natural frequency of a piezoelectric
microbeam predicted using the present and MCS models.
o is the natural frequency obtained using the size-
dependent model, and @y is the natural frequency that
obtained using the classical model. o is larger than e, it
means that the size effect can enhance the structural
stiffness when A/l is smaller than 15. The results obtained
using the MCS model are less than those obtained using
the present model. This difference is due to the fact that
the MCS model is a simplification of the present model.
Furthermore, with an increase in the thickness, the
influence of the size effect gradually decreases. When h/l
is much greater than 15, the size effect can be neglected.
Figure 6 shows the effect of the relative thickness # on
the natural frequency @ under free vibration. The ¢ can be
calculated using Equation (33). When ¢ is greater than 5

500

:
Il -
\ Present model}
S 400 | ) - - - - Reference |25]|
jany
3
P
2 300 -
<
=
=
o
&
= 200}
-
2
=
-4
100 -
0
0
L (mm)
Figure 4. Model validation
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L S
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Figure 5. Influence of the /// value on the natural frequency
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Figure 6. Influence of relative thickness ¢ on the natural
frequency

(the thickness of A2 is 27 times greater than that of hi),
the o is approximately equal to the @ of the single elastic
layer no. 2 beam (122.06 MHz). When ¢ is less than —5
(h11s 27 times greater than h2), the @ of the piezoelectric
microbeam is approximately equal to that of the single
piezoelectric layer no. 1 beam (56.54 MHz).
=l (33)
hh,

5. CONCLUSIONS

In this article, a size-dependent dynamic model of a
laminated piezoelectric microbeam is presented to
predict the behaviour of a piezoelectric microbeam. The
natural frequencies of microbeams are obtained under
free vibration. Numerical results reveal that when the size
effect is considered, the natural frequency of the
piezoelectric microbeam increases, meaning that the size
effect can strengthen the beam’s structural stiffness.
When h/l is larger than 15, the size effect can be
neglected. Compared with the present model, the MCS
model underestimates the size-dependent response. Thus,
the MCS theory is a simplification of the MSG theory. In
addition, the relative thickness can obviously influence
the natural frequency. When the relative thickness is
greater than 5 or less than —5, the laminated beam can be
simplified to a single-layer beam. The influence of
working conditions on the natural frequency will be
considered in future research to study the design method
of the MEMS.
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