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Developing the infrastructures for preventing non-communicable diseases is one of the most important
goals of healthcare context in recent years. In this regard, the number and capacity of preventive
healthcare facilities as well as assignment of customers to facilities should be determined for each
region. Besides the accessibility, the utility of customers is a determinative factor in participation of
people in the offered programs. In this paper, a service network design problem is studied such that the
utility function is incorporated in the objective function, and the constraints set. The travel distance is
deterministic and demand elasticity results in congestion delays. After simplifying the nonlinear
model, a bi-level optimization algorithm is proposed to obtain the optimal solution. Computational

Utility results assure the efficiency of the developed algorithm. Finally, the capability of the model is

Elastic Demand
Congestion

represented by discussing a case study of locating preventive healthcare facilities in Yazd, Iran.
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1. INTRODUCTION

According to the Iran's 20-year vision plan® , preparing
the necessary plans to take care of causing factors of
non-communicable diseases is one of the important
topics in healthcare management context. Some of the
national goals in the event of mentioned plans consist of
developing the required infrastructures in order to
control the causing factors of non-communicable
diseases, assessment of the plans, and improving the
knowledge level of the public. In some regions,
preventive medical clinics, that offer the preventive care
services, including blood pressure tests, diabetic tests,
and cardiovascular tests are not sufficient. This results
in increasing the number of people suffering from such
diseases as well as imposing high expenses on the
families and government. In order to resolve the
shortage of preventive care centers, initially, the
required number and the capacity level of
aforementioned centers should be determined in each
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region. This problem is analogous to the covering
problem which has been studied for a long time. The
review papers of schilling et al. [1] and Farahani et al.
[2] summarized them as well. However, the problems
that studied the accessibility of customers to facilities
are different from the covering problems. Since, the
accessibility of the customers to the facilities is
decreased when the distance between customers and
facilities is increased, and no fixed coverage radius is
given.

In the healthcare environment, Berman and krass [3]
and Marianov and serra [4] studied the network design
of healthcare facilities. Also, Daskin and Dean [5]
reviewed the healthcare facility location problems.
Shishebori [6] studied a facility location-network design
problem by discussing a healthcare-related case study.
To the best of our knowledge, Verter and lapierre [7]
was the first paper that studied the preventive healthcare
network. After that, Zhang et al. [8, 9] investigated the
location model with elastic demand and congestion
delays in preventive healthcare environment. Aboolian
et al. [10] developed a profit-maximizing network
design model and illustrated it with a case study of
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preventive healthcare facilities. Recently, Aboolian et
al. [11] discussed a network design problem with the
objective of maximizing the accessibility of customers
to facilities.

So far, several demand functions are introduced to

the literature and the most prevalent ones can be
mentioned as below. Linear functions can be seen in
Parker and Srinivasan [12] and Verter and Lapierre [7].
Berman and Parkan [13, 14], and Berman and Drezner
[15] utilized the exponential functions and Berman and
Krass [16] and Berman et al. [17] worked with step
functions.

From demand elasticity and congestion delay’s point
of view, besides the mentioned studies in healthcare
environment, the proposed models by Marianov and
serra [18] and Marianov and Rios [19], explicitly
restricted the waiting time in facilities. This point is
considered implicitly in Wang et al. [20], and Berman
and Drezner [15, 21] by assigning penalties to
congestion delays. Jafari and Arkat [22] studied the
network location problem for single-server facilities that
are subjected to congestion. Zabihi and Sahraeian [23]
presented an example of applying the bi-level
optimization algorithm.

In addition to the shortage of preventive care centers,
having more difficulty in receiving the services (such as
time-related expenses) rather than the value of service to
customers, results in not participating in the programs.
Therefore, beyond the accessibility of customers, the
level of utility of people should be considered as a
determinant factor.

In this paper, a network design problem of
preventive healthcare facilities is studied. The
accessibility of customers is maximized, while the cost
of locating the facilities is controlled, and the level of
corresponding utilities is incorporated in the objective
function. In this problem, the optimal number, the
locations and capacity level of the facilities are
determined. Also, the utility-related constrains are
incorporated in the model. The travel distance is
assumed to be deterministic, and the customer demand
has been considered to be elastic. Initially, by applying
a simple innovative method, the problem is simplified
and a bi-level optimization algorithm is proposed to find
the optional solution.

The most relevant paper to ours is Aboolian et al.
[11]. The maximal covering-related constraints are
considered in their paper. However, the level of utility
of customers is incorporated in our objective function as
a weight for accessibility of customers, which is not
considered in Aboolian’s work. Furthermore, the total
capacity of facilities is controlled in our objective
function, but they restricted it by a constraint. In
addition, the utility-related constraints are not
incorporated in their model.

2. PROBLEM DEFINITION

Apreventive healthcare facility network design problem
is represented in this paper. This problem is about to
find out the optimal location and capacity of facilities as
well as the optimal assignment of customers to
facilities.

A network of single-server preventive healthcare
facilities is considered and indicated as a set M={1,..,m}.
Also, a set N={1,...,n} of customer nodes is assumed,
such that each of the node represents one of the regions
on which a group of customers residing. Each node’s
demand follows a poisson process with homogeneous
rate ;> 0, and the maximum demand rate of node i €N,
A" =0 The travel distance between nodes i,j € M

UN is shown by t;;.

It is assumed that a facility is chosen by a customer
if it has a positive utility. Generally, a user-equilibrium
problem is considered, where at equilibrium, no
customer wants to change his/her choice.

Besides, the fraction of the population of node i €N that
requests service from facility j € M is denoted by y;;

2. 1. Assumptions The assumptions and

characteristics for the model are summarized as follows.

o All customers are distributed on a network of nodes.

o Without less of generality, M cN.

e The demand rate of all customers from a special
population nodei €N is 4;> 0.

e The travel distances are deterministic and
predetermined.

e Each facility is considered as a single-server
markovian queue (M/M/1 queue).

e Maximum waiting time in the facilities is
considered.

e A maximum total capacity level for all the facilities
is given.

e All customers are homogeneous in valuation of
offered services (V is predetermined).

3. MODEL FORMULATION

According to the definitions presented in the prior
section, the list of the utilized notations is provided
here. Then, the mathematical problem formulation is

presented.

3. 1. Input Parameters

set of customers’ nodes
set of facilities’ nodes
TC maximum total capacity
travel distance matrix
maximum demand rate of node i EN

Valuation of offered services

£Zz

<s
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w™ Maximum waiting time in facilities

h The cost per unit of capacity

3. 2. Variables
Binary variables taking the value 1 if the facility at

X node j is open and O otherwise.
Continious variables in [0,1] which is the fraction of
yij the population of node i €N who request service from
facilityj eM
U, Nonnegative continuous capacity allocation variables

3. 3. Mathematical Formulation Some
mathematical relations are required in order to organize
the objective function and constraints. In this section,
the necessary utilized relations are concluded from the
descriptions that are mentioned in the preventive
sections.Then, the whole mathematical formulation is
presented.

The demand rate of node i,4;:
A= Ay, )

And the aggregate demand arrival rate at facility j,
denoted by A :

A=ZATY, )
The expected waiting time, W j is:

L . __ 1 Aj<u;
W j =W (Aj.uj)= iy JSHj ®)

Hj=Aj

It is assumed that, in each facility, the maximum
waiting time, w ™ ,is considered:

W W e 4)
So:
U ZATY g0 )

The utility of customers at node i,when receiving

service from facility j, is denoted by Uj.V is the
willingness to pay (participate) which represents the
customers’ valuation of service and assumed to be
homogeneous for all of them. In other words, it can be
considered as the perceived value of service in
customer’s mind. This value can be estimated via the
comparison between being protected from catching a
special preventable disease,as a result of participating in
preventive medical care services, and suffering from
that disease as a result of not benefiting from that
services. This comparison may be discussed from
various points of view such as medical expenses,
psychological problems, social challenges, etc.In this
study, medical expenses’ viewpoint is considered, for

simplicity. Similarly, the concept of utility can be
quantitatively explained as the surplus of the perceived
value of preventive services (for instance, from medical
expenses’ viewpoint) over the travel and waiting costs
of the customers (It should be noted that, the preventive
services assumed to be free of charge for public, and
performed via the subsidized plans of the government.
However, the price of service can also be considered in
the mathematical relation of the utility as another cost
that reduces the value of V). Then, due to the definition
presented by Hotelling [24]:

1 ieN,jeM
Hj=Aj

Uij =V —tij - ©)
The objective function of the problem aims at
maximizing the total weighted participation of
customers who would benefit from the service. A cost h
per unit of capacity is assumed.

Now, the problem can be formulated as follows:

maxz (x,y,u) =
1
D) /hmaxyi,-Q/ _tij_i)_h x H; ™
ieN jeM ,uj—AJ- jeM
Subject to
ieN
Sy, ®
eNiemy <, ©)
X ieN,j
u-2A y;VWEO N JeM (10)
v 1 O| eN jeM
Tty = 11
ij /jj—z limaxyij ( )
ieN
y,Uij 20 ieN,jeM (12)
XX jUi=X X ju Ty i Yy (13)
Ui 2U f y, >0y, =0 (14)
yrzorxje{o,l}r/u >0:ieN:jeM (15)
ij i©

Objective function (7) maximizes the total weighted
participation of customers, while the total cost of
locating the facilities is controlled. Constraints (8)
ensure that the total demand from customers at node i to
all facilities cannot exceed one. Constraints (9) stipulate
that service can be received from only open facilities.
Constraints (10) limits the waiting time at each facility
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to W™, Constraints (11) guarantee that customer's
utility is nonnegative in case of assigning a customer to
a facility. Actually, they are not necessary in the current
formulation but will be useful later. Constraints (12)
ensure that no assignment from customer at node i to
facility j will be occurred in case of negative utilities.
Constraints (13) guarantee that, at equilibrium, a
customer can be assigned to more than one facility just
if all the corresponding utilities are identical.
Constraints (14) ensure that the assignment with
greatest utility is chosen.

3. 4. Transformation of the Proposed Model As
it can be seen from the mathematical formulation
presented in the previous section, the objective function
(7) and constraints (12) to (14) are nonlinear. Also, the
location decision variables are binary. So, the problem
is very difficult to solve.

The purpose of this section is to transform the
nonlinear model. At first, it is done by simplifying the
primary formulation of the problem, by using the lemma
1, which is stated as follows.

Lemma 1. In the problem of jointly finding optimal
location X*, optimal server allocation p* and optimal
customer allocation Y*, Z* (X*, p*, Y *), there exists an
optimal solution such that y;*>0, for all i €N,j €M, at
most for one j.

The proof appears in the appendix 1.

By applying lemma 1, constraints (12) and (13) can be
ignored. The resulted model is called secondary
formulation as follows.

maxz (x,y, u) =
1
L ¥ APyt T g (16)
ieN jeM ,uj—Aj jeM
Subject to:
ieEN
=1, 17
2, 7)
yij <xj, i€N,jEM (18)
X ieENjeEM
uEATY g0 19
1 ieENjeEM
V-, -—— 20 20
) ﬂl— Z limaxy ; ( )
ieN
Uij > Uij’, if yij >0,yij’=0 (21)

However, because of the objective function and the
nonlinear constraint (21), the secondary formulation is

not linear. So, a third formulation,as follows, is
generated by ignoring constraint (21).

maxz(x,y,u)=
1
T XAy ) X oy (23)
ieN jeM yj—A]. jeM
Subject to:
ZyijSl’IEN (24)
jeM
Yij <xj, i €N,j eEM (25)
i~ X iENjEM
pmXATY e 20 (26)
ien W
1 iENjEM
Vo, -—————=0 @
ij ‘uj_z ﬂimaxyij
ieN
¥ii= 0% € {0,1}, ;> 0,i eN,j EM 29)

After obtaining the optimal solution of the third
formulation, the satisfaction of the ignored constraint
(21) is checked. If it is not satisfied, the solution is
adjusted by using rule 1, as follows.By applying it to the
third formulation, the generated solution is optimal for
the secondary formulation too.
Rule 1. If Z= (X", Y ", u") is an optimal solution in the
problem of jointly finding optimal location X*, optimal
server allocation p* and optimal customer allocation
Y*, then, there exists an optimal solution in which the
facilities are assigned to the customers such that the
greatest utilities occur.
Mathematically, let Jogen = {j| X; >0, j €M}, V] € JOpen,
yijl >0, If Uijl <max jeJopen Uij, Then, Let
jx = arg{ max U}
,jE'I()p(%n

S P )
Yije = Yij1 Yiji=0 and
n

n __ P maxr
Hjs = M T Ar Yrjxr

n _ ,.,p maxr, n
151 = i = A W

Now, it will be shown that after these substitutions in the

objective function and the constraints (if needed), the
optimal solution will be obtained.

4. THE SOLUTION PROCEDURE

The main purpose of this sectionis to develop an
algorithm to solve the primary mathematical
formulation of the problem. A part of this algorithm
focuses on solving the third formulation of the problem,
which has introduced in the previous section. Therefore,
a solution algorithm is proposed to solve the third
formulation. Then, by using the simplification method,



S.Javanmardi et al. / IJE TRANSACTIONS B: Applications Vol. 30, No. 5, (May 2017) 758-767 762

which has discussed previously, the main algorithm is
developed.

4. 1. The Solution Algorithm for the Third
Formulation  This algorithm works based on the bi-
level optimization approach, and before developing it,
two necessary subproblems, consist of an upper bound
problem and optimal capacity decision problem, should
be described.

Due to stability constraints (j<x;j ), the upper bound

for the objective function of the third formulation is as
follows.

ST My )< T X Ay )

PeN jeM Vi Hj=Aj <ieNjeM FYE ) (29)
By substituting this upper bound in the objective
function and considering the constraints of the third
formulation, the following mixed integer programming
model is obtained, and called the Upper bound
formulation.

max*(x, y , ) =

2 X ﬂimaxy ij(\/ _tij)_h > H; (30)
ieN jeM jeM
Subject to:
ieN
JZM: y i =t 31
Yij <xj, i€EN,jeEM (32)
. X ieENjeM
XY T 20 (33)
oA Y, W
1 ieENjeEM
V-t -———20
I max 34
/lj_ Z /1i y ij ( )
ieN
Yii> 0, € {0,1},1;>0,i eN,j EM (35)

It is claimed that the optimal solution of the upper
bound problem is an upper bound for the optimal
solution of the third formulation problem. The proof
appears in the appendix 3.

The other necessary subproblem is the optimal
capacity decision problem, which is defined as follows.
Suppose that the assignment vector of customers to
facilities,Y, and subsequently, the location of facilities
vector X(Y) has been given, and determining the
optimal capacity vector of facilitiesx(r) is being
targeted. The set of open facilities is shown by
Jopen ={ilxj>0,jeM} The optimal capacity
decision problem for each of the open facilities jeigpe

is considered as follows.

1
Cj(x.y)= L My v ~tjj————)-h(u;
maxi J(X Y) iEZN i y”(\/ tlj ,Uj_/\j) (#J) (36)
Subject to:
u-TATY o €N (37)
5 = i i W \ax
1 J i EN
V-t -————20
i (38)
;uj_zlimaxyij
ieN
K> 0,i EN

It is claimed that, the above problem can be solved for
each facility separately, and the optimal capacity vector
of facilities «(r ) can be obtained. The proof and details
appear in appendix 4.

Now, after defining the two subproblems, the solution
algorithm for the third formulation is outlined as
follows.

Algorithm 1:
Step 0. K=0,

Step 1. While K <m, let K =K +1. Solve the
upper boundproblem such that the maximum number of
open facilities should be K. Therefore, the location
vector of facilities and also the assignment vector of
customers to facilities is obtained.

Step 2. Determine the optimal capacity vector, by
solving the optimal capacity decision problem to each
open facility.

Step 3. Compare the current value of objective
function of third formulation problem with the
previously obtained value. If it doesn’t increase, stop.
Otherwise, go to stepl.

In step 1, the maximum number of facilities is
determined, and the upper bound problem, that is a
mixed integer programming model is solved. Then, the
optimal capacity decision problemis solved, separately
for each facility, and the capacity assignment vector is
obtained, in step 2. By considering the optimal location
and assignment vector, obtained in step 1, and the
capacity assignment vector in step 2, the optimal value
of objective function of the third formulation problem is
found out, and it is compared to the previously obtained
value. If it doesn’t increase, the algorithm is terminated.
Else, the solution generating is continued by going to
stepl. The schema of the steps of the algorithm 1 is
shown in Figure .

4. 2. The Solution Algorithm for the Primary
Problem Due to the above explanations, the solution
algorithm for the primary mathematical formulation of
the problem is as follows.

Algorithm 2:
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Stepl. Transform the primary formulation of the
problem by using lemmal, and ignore the constraint
(21). Actually, the third formulation is obtained.

Step2. Solve the third formulation of the problem by
applying algorithm 1.

Step3. In the optimal solution of the third formulation, if
the constraint (21) is satisfied for all of the facilities,
this solution is optimal for the primary problem. Else,
adjust the solution by using the rule 1, and report the
optimal solution of the primary problem.

The general schema of the algorithm 2 is shown in
Figure .

5. COMPUTATIONAL
RESULTS

EXPERIMENTS AND

The purpose of this section is to evaluate the
performance of the proposed algorithm. In addition, the
model is analyzed and capability of the model is
represented via a representative case study .

5. 1. Evaluation of the Algorithm A number of
numerical tests is designed to evaluate the algorithm. A
random problem generating procedure is used here. The
number of potential facilities (m) is set at 10, 20 and 40,
and the number of population zones at 100, 200 and
400.

While K <m
Let K=K+l

such that the maximum number of
open facilities should be K

[ Solve the upper bound problem }

solving the optimal capacity decision
problem to each open facility

}

{ Compare the current value of objective }

[ Determine the optimal capacity vector, by ]

function of third formulation problem
with the previously obtained value

Boes the value 5
objective function
increase?

Report the obtained solution as the
optimal one

Figure 1. The schema of the steps of the algorithm 1

Transform the primary formulation of the
problem by using lemmal

!

Ignore the constraint (21)

]

[ Solve the third formulation of the problem by

applying algorithm 1

In the optimal sclutlnn of the third
formulation, check the satisfaction of the
constraint (21) for all of the facilities

s the constraint
(21) satisfied for all
of the facilities?

Adjust the solution by using the
rule 1

problem

Figure 2. The schema of the steps of the algorithm 2

[ report the optimal solution of the primary 1

Totally, there are nine problem sets. Ten instances is
considered in each set, such that the maximum total
capacity (MTC) is set at (%) in each instance and the

travel times were randomly generated in the interval
[0,5]. The maximum demand rate at each zone is

A =1 , and the maximum waiting time, W ™ s set

at 100. The locating cost h was set at 80 per unit of time
(hour) and the valuation of offered services was set at
100. The parameters’ values of this numerical example
are summarized in Table 1.

The mathematical models are solved using Matlab
2014a and performed on a machine with AMD FX-7600
Radeon R7 with 2.7 GHz CPU and 8 GB of RAM,
running Windows 8.

As it is mentioned before, a main part of the
proposed algorithm consist of the solution algorithm for
the third formulation which was called algorithm 1 and
contributes the most to the CPU time. This algorithm is
similar to the algorithm developed by Aboolian et al.
[10], because of applying the bi-level optimization
approach and similar subproblems which are used in
both of them. Their exact algorithm can be considered
as a standard to evaluate the efficiency of algorithm 1.
However, the CPU time of the mentioned algorithm
when applying to the current model is almost very high,
s0, the results of the proposed algorithm is compared to
the results of the algorithm developed by Aboolian et al.
[10] in terms of CPU times, obtained from the two
mentioned algorithms. The results are summarized in
Table 2.
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5. 2. An Illustrative Case Study Preventing and

764

TABLE 1. The parameters’ values of numerical example

controlling non-communicable diseases is very critical Input Parameters Values
to human societies. As a result, the government offers N 100.200.400
subsidized programs to provide customers’ welfare, so T
as to attract people to participate in the preventive m 10,2040
programs, in all of the cities in Iran. In this case study, a MTC A
hypothetical program of designing a network of
preventive healthcare clinics in Yazd, Iran is analyzed An m*n matrix, elements are the travel
and discussed. A 36-node network is considered where T times which are randomly generated in the
. . . interval [0,5]
each node represents a region defined by the first 5 o
digits of the postal codes, and the nodes are placed at A 1
the centroid of each region. The number of public v 100
hospitals, as the preventive care centers, set at 9 clinics
which serve about 500,000 residential in Yazd. The w ™ 100
shortest distance between all node pairs is extracted o 80
from the Geographic Information System (GIS) and
proportional to the dwellings of each region, the 1. is
determined. Other parameters’values are set as the
values in Table 1. Accordmg t_o the above dgscrlptlons, TABLE 2. The Comparison of CPU times (sec)
determining the optimal location and capacity of each -
. s . . CPU Time
center as well as customer assignment to facilities are N m  CPUTime (Aboolianetal. 2012) ey
desired. The results are shown in Table 3.
100 10 3357.27 10.66
100 20 >3600 31.04
6. CONCLUSION AND FUTURE RESEARCH 100 40 3600 91.34
In this paper, a network design problem in the 20010 >3600 190.19
preventive healthcare environment is studied. This 200 20 >3600 50051
context attracts a lot of attentions in recent years, due to 200 40 >3600 1400.01
its great effects on human society and also the economy.
59 - y i y 400 10 >3600 1100.13
Since, the utility of customers has an important role on
the public participation in preventive medical programs, 400 20 >3600 3400.22
the utility concept is incorporated in both objective 400 40 >3600 >3600
function and constraints.
TABLE 3. The optimal solution of the case study
MTC= 40 MTC =30
Location  Region No. of Facili Service Facili .
# # hospitals Postal code Locatzi rate Demand Locat?éi Servicerate  Demand
~ - served _ assigned served
(1=yes) assigned (1=yes)
1 137 1 89137 1 6.0105 6
2 149 1 89149 1 3.0105 3
3 156 1 89156 1 2.0105 2 1 5.0105 5
4 168 1 89168 1 3.0105 3 1 3.0105 3
5 169 1 89169 1 4.0105 4
6 173 1 89173 1 3.0105 3 1 5.0105 5
7 188 1 89188 1 5.0105 5
8 198 1 89198 1 4.0105 4 1 3.0105 3
9 493 1 89493 1 6.0105 6
Total 9 36.0945 36 4 16.042 16
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After transforming the nonlinear model, an algorithm to
obtain the optimal solution is developed. Computational
results show that, the proposed algorithm performs very
fast even in the case of fairly large-sized problems. As
the future research, the facilities can be considered as
multi-server queues instead of single-server ones. In
addition, the model can be studied such that the
customers’ demand originate over a region or plane
instead of the nodes of a network.
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8. APPENDIX

8.1. APPENDIX 1
Proof. The proof is similar to the proof of the similar
lemma in (26) except for the objective function, which
outlines as follows.
Obijective function:

*

*
Z5X

*

* * *
Y )=_ZN ,1imax(yi1Ui1+yi2Ui2+...
ie

* * * .
+ Yjjlijtyijuije +e+YimUim) -
i i

Uijaluija(y 1ory'ij )

* *
h(ug + 4+ ..+

* * *
HjTHH 2 + ..+ Hm)
—

KA Y ij ot a2+ AT Y fj 2

Due to (13), Ifyjj;, vji>0, thenujjiuijz.

So,

* * * * * *
Z (X uY )=_ZN A Ui+ YiUi2+..
ie

* * *
Yty juij2 tet YimUim) -
L i Lo b

Uija/uij2(y ijlory'ij 2)

* * ' ' *
h(dp + 2+ + Hj1+ Hj2+ ..+ Hm)
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Therefore —z*x * iy "=, “(x "y )

8.2. APPENDIX 2
Proof. The proof is similar to the proof of the similar
rule in (26) except for the objective function, which
outlines as follows.

n n_yP_yP p
v, j*+yijry ij17Y; j*+yij1 (39)
n,n_,P_. P_ no_ P
/tj*wjfuj*wj =Ry ) j*—ﬂk“axy ki1 (40)

Obijective function:

P
zP(x.y )= X ¥ l{"ainjp(Vftijf )>-h % p?: > /{{nax(y|1pui1+u.+yul Uij1
ieN jeMm ieN

p .
uj- ) Zimaxyij jeM i
ieN

+yij*pUij*+..,+YimpUim)’h(,“f+,U’2)+..+/.1=]1+/u?*+., L uby =

0
s

*N *
S5 AU U U Y i U i)
ieN jeM T

7h(yln+yg+.,.+;1T1+;1T*+.‘.+,unm)
L

,urjll-ﬁ-,urj]*
On the other hand, due to the basic assumption of the

rule 1;U:]>U:|LJ .

Therefore, zn(X Y u)=z P(X Y 1)

8. 3. APPENDIX 3 Observation1-The optimal
value of the upper bound problem is a valid upper
bound on optimal value of the third formulation.

The above result follows because the objective
function of the upper bound problem depicts the
difference between the upper bound on the first part of
the objective function of the third formulation and
facility costs, and the constraints equal the constraints of
the the third formulation.

Since the upper bound problem is a linear mixed
integer model, it can be solved by applying available
algorithms and obtain an effective upper bound.

8. 4. APPENDIX 4

optimal solution for the optimal capacity decision
problem for each jeiqe, , and for jesgy,, , letuj=o, then

Observation 2-If .} is an

the capacity vector # is optimal regarding y, x(y).

Note that the objective function of the optimal capacity
decision problem is concave (i.e. its second derivative is
negative everywhere in the feasible region of the
problem) and the constraints create a close feasible
region for ;. This results in the following corollary:

corollaryl- The optimal capacity decision problem has
an optimal solution 4j .

The condition of observation 2 is satisfied due to this
result.
Corollary 2- The optimal capacity . will be found out

by applying the following algorithm.
Stepl. Find the capacity ./ that maximizes the objective

function of the optimal capacity decision problem from
the first derivative of the objective function. If the
constraints are satisfied, stop and report the optimal

solution ,u]f:y‘j . Else, proceed to step 2. Step2. Find the

first non-negative value of . ; that satisfies the following
constraints:

l - -

> Y oamaXy L - 1EN, max, ., 1 1 EeN
#i ieN Vi w max ' ’y]zielel y'ﬁVftii,
Therefore,

1
m_ max max

M2 =max( ¥ A Yiit .2 A )”'*7)

= ien T wmad oy T TV max g

Al is the optimal solution.

Proof. Since the objective function of the optimal
capacity decision problem is concave and the

constraints create a close feasible region for .; , either
the value ofﬂj found from the first derivative of the
objective function or the first non-negative value of x;

that satisfies the constraints is the optimal solution
(Such 4 exists due to corollary 1).
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