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velocity and acceleration vectors are used to integrate the displacement and velocity of the current time
step, respectively. It could be shown that only one set of weighted factors appears in the proposed
technique so that the computational efforts and the required memory reduce compared with the similar
X ) multi time step integrations which use several groups of weighted factors for controlling the stability
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Implicit Multi Time Step anq the accuracy. Therefore, s1r.np11c1ty., lower.computatlon.al tasks and lgwer required memory are the
Higher Order Integration main advantages of the new integration which made this method suitable for nonlinear dynamic
analysis of large systems. Here, the Taylor series expansion and the Routh-Hurwitz criterion are
utilized to calculate the weighted factors and determine the stability domain of the proposed
integration, respectively. For numerical verification, some dynamic systems i.e. the nonlinear
vibration, the portal frame and the elastic pendulum are analyzed to clarify the ability and the
efficiency of the new method. Results show that by a similar time step, the proposed time integration is
more accurate and more rapid compared with the common approaches such as the Wilson-9, the
Newmark-$ and some other multi time step schemes.
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NOMENCLATURE

[C]Ml Damping matrix in n+1" time step [Z]mxm Coefficient matrix for integration’s order m
{oj"! Displacement vector in n+1" time step Greek Symbols

{D}Ml Velocity vector in n+1" time step & Displacement weighted factor for IHOA
{D}Ml Acceleration vector in n+1™ time step Ul Velocity weighted factor for [HOA

{DO} Initial displacement vector a Displacement weighted factor for N-IHOA
{DO} Initial velocity vector 14 Velocity weighted factor for N-IHOA
{D};:a]m Exact displacement vector in n+1™ time step At Time step

{D};:a]m Exact velocity vector in n+1" time step Atcr Critical time step

{f }Ml Internal force vector in n+1" time step s Eigenvalue

[T Mass matrix in n+1" time step Q Circular frequency

{P}" . Equivalent external force vector in n+1" time step (0] Natural frequency

EQ
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1 . . . .

{R}g+ Displacement residual vector in n+1" time step
+1 . . . .

{R }nV Velocity residual vector in n+1™ time step

[s]+! Equivalent stiffness matrix in n+1™ time step

EQ

Superscripts
n Time step
m Integration’s order

1. INTRODUCTION

Numerical methods which are widely used in dynamic
analyses try to obtain the answer of a second order time
differential equation with some initial conditions as
follows:

[MTH {D}nﬂ +[CT+I {D}nﬂ +{f(D“+')}:{P(t“”)}
DO}=D} ,  {DO)f={D}

(1

Here, [M]MI, [C]n+l’ {f(DnH )} and {P(tm-l)} are mass
matrix, damping matrix, internal and external forces
vectors, respectively. In addition, {p}"*'is the nodal

displacement vector and super dots denotes differential
with respect to the time. All of these quantities are

calculated at timeth, called the current time step.
Here, {D,} and {p,} are displacement and velocity

vectors at t=0, respectively. Numerical schemes are
classified in three general groups: Implicit, Explicit and
predictor-corrector. In each step of implicit methods, the
dynamic equation is transformed to the equivalent static
system. High accuracy and more stable analysis are the
main advantages of the implicit integrations especially
in nonlinear dynamics. However, the cost and the
computational time may dramatically increase for large
scale structures with huge number of degrees of
freedom. The Newmark- method, Wilson-0 procedure,
generalized-o method [1], HHT-a [2], WBZ-a [3], the
Newmark multi time step approach [4], the third order
time step integration [5], the Newmark complex time
step [6], the time weighted function procedure [7], the
generalized single step integration [8], the Nersett time
integration [9], the composite time integration [10], the
higher order acceleration function [11], the implicit
integration based on the conserving energy and
momentum [12], the Green function approach [13, 14],
the precise integration methods [15], the implicit higher
order time integration [16] and the backward Euler
time-integration method [17] are some well known
implicit integrations.

In the explicit methods, displacement and velocity
of the current time step are calculated by only vector
operations based on the previous time step data. Then,
the acceleration vector will be obtained by solving a
linear system of equations formulated from the dynamic
equation of motion [18-21]. These methods are quite

simple; however there are serious concerns about their
accuracy and stability.

Combining the implicit and the explicit techniques
leads to an interesting approach called predictor-
corrector algorithms. In such methods, the explicit
procedures are used to obtain an estimation of the
answer. This estimation is corrected by the implicit
relationships. As a result, calculations are in vector form
and because of using implicit equations; the numerical
instability will be limited [22, 23]. These specifications
cause that the predictor-corrector methods are utilized
for different analyses such as structural control [24].

In this paper, a new multi-time step integration
which belongs to the implicit methods is presented for
dynamic analysis. Here, the current displacement and
velocity vectors are proposed to be functions of the
velocity and acceleration vectors of several previous
time steps, respectively. The unknown parameters are
calculated in the manner that the suggested time
integration has maximum accuracy. Moreover, studying
the stability conditions of this integration leads to the
acceptable zone for choosing time step. To verify the
numerical ability of the proposed method, some
dynamic systems are analyzed.

2. NEW IMPLICIT HIGHER ORDER ACCURACY (N-
IHOA) TIME INTEGRATION

Numerical dynamic analysis methods could be
formulated as single or multi time step integrations. In
single step methods, the results of previous time
increment are only utilized to integrate the equations of
motion. Despite of simplicity, the efficiency of these
procedures is less than the multi time step schemes
which use results of several previous steps. The reason
for this subject is that the continuity of the higher order
derivatives may not be satisfied in single step
integrations. However, the computational efforts of
multi time step methods are higher than single step
procedures. Based on the above discussion, this paper
tries to propose an effective multi time step method so
that both higher order derivatives continuity and lower
computational tasks are achieved simultaneously. For
this purpose, a new version of the implicit higher order
accuracy (IHOA) method is presented here. It should be
noted that the IHOA integration utilizes the
accelerations of some previous time steps with
following fundamental equations [16].
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+goAt2{D} +ALZ Y éi{D}
i=1
{D}M :{D}n +(1—mz'1ni)mltb}“ +nOAt{1'j}n+1
mo e 3)
+Ati§1ni{D}
where, {I")}n_i is the acceleration vector at n-i ™ time

station. This quantity is available from the previous
steps. Furthermore, &, and m, are weighted factors
which control the stability and accuracy of time
integration. These factors have been calculated for
maximum accuracy [16]. In addition, time step ( At) has

been limited by the stability domain of the integration
[16].

For purposing a new version of the IHOA method,
the displacement and velocity vectors of the current
time step are assumed to be functions of the velocities
and accelerations of several previous steps, respectively,
as follows:

(D" =(D}" +At(1 —a’—milai){]j [ atar (o)™ +
sl opei o (4)
ALY a {D}

i=1

{D}“H ={D}“ +AY( —y'—filyi){ﬁ}“ Aty (5] +

mol s - )

ALYy, {D}
i=1

Here, o and y are weighted factors of new integration.

Equations (4) and (5) present the fundamental equations
of the proposed time integration which uses the
velocities and accelerations of several previous time
steps. To formulate the solution algorithm of the new

method, the current velocity vector ie. {p}"*' is
obtained from Equation (4):

(- ’—mil ai){D}n +Atrf1£1 o, {D}n_i

. yn+l i=1 i=1
{D} o' (6)
{D}n+1 —{D}n
Ata’

By substituting Equation (6) in Equation (5), the current

. . .. \n+1 .
acceleration vector i.e. {D} obtains;

08 LB e
fof " = —i=! il -
Ata'y

(7

, m-1 .. (e 1
{D}n+1_{D}n _(1_7 - izl yi){D}n +y {D}n+

Atzaryr y’

Finally, an equivalent static system is achieved if
Equations (6) and (7) are substituted into Equation (1),

[she D)™ = P! ®)

where, [s]gg' and {p}gglare the equivalent secant

stiffness matrix and the equivalent load vector,
respectively. These quantities are formulated as follows,

1 1 1 n 1 1
[S};g:a'y'Aﬁ [M}M +?(ALt[CT+ +[ST+ ©
P = e ]

At a'y’

({D}" e ="y @b +Atlnilai{]j}'_ij
i=1 i=1

+%[M ]“”((1 —y-y 1yi){ﬁ}" % ”j (10)
i=1

P ,[c]““({D}‘JrAt(l —a ="y )b
Ata iz !

+Atrf‘z‘ai{n}nij

i=1

The displacement vector of the current time step i.e.
{D}“+1 is calculated by solving Equation (8) in each time

step. Then, the current velocity and acceleration vectors
are obtained from Equations (6) and (7), respectively.
This procedure is repeated for the next time step until
the analysis time is completed.

It should be noted that the explicit Dynamic
Relaxation (DR) method is utilized here for solving
Equation (8). As described in the recent papers, the
Dynamic Relaxation method which can be successfully
combined with the implicit time integrations causes
considerable reduction in numerical errors [26].
Simplicity, vector operators and higher efficiency in
nonlinear systems are the other advantages of DR
method. Therefore, Dynamic Relaxation method is
employed here to solve the system of simultaneous
equations i.e. Equation (8).

The proposed formulation is called the N-IHOA i.e.
New Implicit Higher Order Accuracy. When m>1, the
first increment should be performed by m=1. Now, two
dynamic equilibrium points i.e. n and n-1 will be
available so that the second increment could be run by
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m=2. At this stage, three dynamic equilibrium points i.e.
n, n-1 and n-2 exist so that the next increment could be
started by m=3. This procedure is repeated until the
accuracy order of the integration reaches to the selected
value.

3. ACCURACY AND STABILITY

In the previous section, a new time integration called N-
IHOA has been formulated for dynamic analysis. There
are some weighted factors in the proposed relationships
which should be determined. If the integration’s order
be m, there are 2xm un-known parameters in the N-
IHOA relationships. These parameters are calculated so
that the numerical accuracy is maximized. It should be
emphasized that the stability condition is verified by
limiting the time step size.

In numerical methods, there are two sources of
error, generally, i.e. the integration’s error and the
numerical error. The numerical errors belong to the
computer’s calculations which the values are not saved
exactly. Because of high number of calculations, these
errors may increase in dynamic analyses. Using double
precision variables, these errors could be limited as
performed here. On the other hand, the integration’s
errors happen because of non continuity of higher order
displacement’s derivatives such as third order, forth
order, fifth order and etc. The reason for this subject
could be explained as follows. The dynamic equation of
motion is a second order time differential relationship
which only uses the first and the second order
derivatives of the displacement. In the other words,
higher order derivatives such as third order, forth order
and etc do not appear directly in the dynamic equation
of motion. The non continuity of higher order
derivatives between successive time steps causes the
integration’s error. The proposed method tries to
improve this defect by applying the continuity
conditions for more number of higher order
displacement’s derivatives.

For calculating the weighted factors, the error
functions of the current displacement and velocity
vectors could be defined as follows:

RE" = {0} - Dl (n

RE™ = {0 - Dl (12)
where, {R};*‘ and {R}T' are the current residual vectors

of the displacement and velocity, respectively. The

exact displacement and velocity vectors, ie. {D}i"!

and {DJi.

expansion:

Exact

are obtained from the Taylor series

{D};:Lct ={D}" +at[D}" +0.5a (B} +0.1667a¢* (D}’

(13)
+0.0417At4{D4}"+...
. yn+l . .
{D}Exact ={D} +At{15} +0.5A {D~‘}"+0.1667At~‘{D4}" (14

+0.0417At* {DS}" o

here, {D‘}" is the i™ displacement’s derivative order of

the n™ step. Since the exact solution vectors, i.e.
Equations (13) and (14) are functions of the
displacement’s derivatives of the n" increment, the
current displacement and velocity vectors, i.e. Equations
(4) and (5) should also be formulated based on the
displacement’s derivatives. For this purpose, the inverse
expansions of the velocity and acceleration vectors give
[16],

- Z @D A e
™ (o=} (15)

i=1,2..m

{]j}n—i: 0 (_1)k Atk {Dk+2}n_i+1
k!
k=0 :

(16)

i=1,2..m

Similar relationship could be written for the inverse
expansion of the j" order of the displacement’s
derivative,

Djn—i: 301 (_1)k Atk Dj+k n-—i+1
k!
k=0 :

(17

i=1,2..m, j=1,2..0

If Equations (15) to (17) are iterated successively, the
previous velocity and acceleration vectors are
formulated in the terms of the displacement’s
derivatives of the n™ step. For example, the current
displacement and velocity vectors for the first and
second accuracy order i.e. m=1 and m=2 are as follows;

D" =(D}" +At{D}n @' =a)A ()" +

m=2  (18)
(0.50+0.50 )Ar3 (D) + ...
D“*' SLINpeTEL ( )A2

={Dl +At|B} +(y'~ t= D+

T R L R A ALY — 9)
(0.5, +0.5,)A3 (D" +..
{D}“*‘={D}“+A1{D}“+(a'—a1—2a2)m2{ﬁ}“
+(0.50+0.5a, + 20 )AL ') + m=3  (20)

(0.1667a'~0.1667a,~1.3333a )Ar o] +...
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. yn+l . N n n
{D} ’ :{D} + At i) +(y'—y1—2y2)At2{D“} +
(0.5y'+0.5y,+2y2)At3{D4}n+ m=3  (21)

(0.1667y'—0.1667y, -1 .3333}/2)At4 D" +...

By comparing either Equation (18) with Equation
(19) or Equation (20) with Equation (21), the most
important specification of the N-IHOA is clarified. It
means if the integration order is selected as m, the
coefficients of the weighted factors in both
displacement and velocity vectors are the same. In the
other words, the proposed formulation of the N-IHOA
method leads to the only one set of independent
weighted factors so that the numerical values of the
weighted factors in the proposed displacement and the
velocity vectors (Equations 4 and 5) are the same, i.e.
a'=y' and a, =y, i=12,.m-1.1It should be noted

that the ITHOA method has two set of independent
weighted factors (&, and m;) which have different

values [16]. Consequently, if the integration order be m,
the N-IHOA and the THOA have m and 2xm
independent weighted factors, respectively. Therefore,
the N-IHOA will be simpler than the IHOA technique;
because in the THOA two set of weighted factors (& and

1) should be calculated and saved. Low number of

weighted factors in the proposed N-IHOA algorithm
leads to reduction in required memory for the dynamic
analysis and its programming will be simpler than the
IHOA. In addition, it is expected that the analysis time
of the N-IHOA may be less than the ITHOA. This subject
will be verified numerically. Such specifications cause
that the proposed method has a potential which makes it
suitable for using in the commercial structural analysis
software.

On the other hand, the maximum accuracy will
occur if the maximum possible number of the
coefficients in the displacement and the velocity

residual vectors i.e. {R}'[‘,“ and {R}T' are zero. To

explain this procedure, let the accuracy order be 3
(m=3). Substituting Equations (13) and (20) into (11)
and Equations (14) and 21 into (12) gives:

R = (a'~a —2a2—0.5)A12{15}“

1
#(0.50+0.5,+ 20 ~0.1667)A o] +

m=3 (22)
(016674 =0.1667¢,~1.3333a, ~0.0417)
Az4{D4}“+...
n _ ’ 2 N n
R =0y, =27, ~0.9A2 (o) +
m=3 (23)

(0.57'+0.57,+2y, ~0.1667)A3 {p*)" +

(0.1667y"~0.1667y,~1.3333y ~0.0417)A* o) 4+

The right hand sentences of Equations (22) and (23)
have the same coefficients which confirm the
dependency of weighted factors in the N-IHOA method
iie. ¢'=y', a,=y, and @, =y,. From this point of
view, Equations (22) and (23) are similar. Since there
are three weighted factors in each residual vector, the
maximum numerical accuracy is achieved when the
coefficients of three first sentences in Equation (22) or
(23) are equal to zero;

[ 1 -1 ) a 0.5
0.5 0.5 2 a, +=40.1667 m=3 (24)
|0.1667 —0.1667 -1.3333]|a, 0.0417

[ -1 -2 B’ 0.5
0.5 0.5 2 B, +=10.1667 m=3 (25)
[0.1667 —0.1667 —1.3333 || B, 0.0417

As expected, the system of Equations (24) and (25)
are the same. Generally, this procedure leads to the
following linear systems of equations, if the accuracy
order be m;

o 2 B 2
o, ; B, ;
[y 1= and (Z)ywy T op=1 (26)
[ 1 ﬁm—l 1
(m +1)! (m +1)!
Here, [7],.., is @ mxm constant matrix. For example,

this matrix has been calculated for some integration’s
order (m=1, 2, 3, 4and 5) as follows;

[Z]m:[l],

[Zlo=| ' ]} ,

0.5 05

| -1 —2
[Z3=| o5 0.5 2 s
0.1667 —0.1667 —1.3333

1 —1 -2 -3
27
[Z]4xs=| 05 0.5 2 45 |, @7

0.1667 —0.1667 —1.3333 —4.5
0.0417  0.0417 0.6667  3.375

1 -1 -2 -3 -4
0.5 0.5 2 45 8
[Z]s5= 0.1667 —0.1667 —13333 —45 —10.6667
0.0417 0.0417  0.6667 3375  10.6667
| 0083 —.0083 —.2667 -2025 -85333

From the Equation (26), one can sce that for a
selective integration order (m), the coefficients of
weighted factors in displacement and velocity vectors
are the same. If the first non-zero derivative’s order is
defined as the mathematical accuracy order, the
calculated weighted factors present both displacement
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and velocity by an accuracy order At™"?, respectively.

In the linear Newmark-p, central finite difference and
Zhai method, accuracy order related to displacement
and velocity are At> and At?, respectively. The least
integration’s order of the N-IHOA technique is 1. If the
integration’s order is at least (m=1), the accuracy order
of both displacement and velocity will be At®. For
higher order of the proposed integration, the accuracy
order of both displacement and velocity are higher than
the well-known existing methods such as linear
Newmark-f and central finite difference schemes.
Moreover, comparing the IHOA and N-IHOA show that
for the same integration’s order, the displacement’s
accuracy of the IHOA and N-THOA algorithms is At™"

and At™?, respectively. From the mathematical point
of view, the displacement’s accuracy of the IHOA is
one order higher than the N-IHOA. However, both
methods present the velocity by the same accuracy order
ie At™2.

On the other hand, the numerical weighted factors,
presented here, are unique and they are not dependent
on the problem’s specification. These linear systems
have been solved for some accuracy order i.e.
m=1,2...5, and the numerical values of weighted factors
have been inserted in Table 1.

TABLE 1. Optimum values of weighted factors for the N-
[HOA

’

m o a, o, a, a,
1 0.5

2 0.41667  -0.08333

3 0.375 -0.20833 0.041667

4 0.34861 -0.36667 0.14722 -0.02639

5 0.32986  -0.55417 0.33472 -0.12014 0.01875

On the other hand, the time step size of dynamic
analysis is determined so that the stability conditions are
satisfied. This study is performed for an undamped
single degree-of-freedom system in free vibration [19];

D+o’D=0, o=,— (28)
m
where, @ 1is the natural frequency. Determining the
acceptable time step size is the most common strategy
for verifying the numerical stability of the proposed
integration. Whatever the acceptable time step domain
is larger, the method will be more stable. For this
purpose, the weighted factors which calculated
previously are used. From Table 1, the numerical values
of these parameters are replaced in Equations (4) and
(5). First, the fundamental relationship of the N-IHOA
should be written in the differential form. The

differential form is a shape that the fundamental
relationships i.e. Equations (4) and (5) are only
formulated based on the displacement of several
successive steps. These formulations are similar to those
performed for the IHOA [16]. For example, differential
form of the N-IHOA method for the integration’s order
1, 2 and 3 will be as follows;

(0.5+0.125Q2)D "2 4 (0.125Q2 —1)D ! -
4+0.502D" =0 m=1 (29)
(0.4167+0.0723Q2)D™5 1 (0.2364Q2 —0.75)D"* +
(0.4167+0.2143Q2)D™3 1+(0.0346Q2 —0.0833)D™2  m=2  (30)
+0.00088Q2D™! —0.00006Q2D" =0

(0.375+0.0527Q2)D"*8 +(0.264Q2? - 0.5834)D"*7 +
(0.0001+0.2694Q2)D™+¢ +(0.25-0.0675Q2)D"*+ —

=3
(0.0417 +0.0467Q2)D* +0.0292Q2Dn+3 4 m G
0.0078Q2D+2 +0.001Q2D" —0.0417Q2D" =0
where, Q defines as below,
Q=0At (32)

These differential equations could be transformed to
the eigenvalue problems;

(0.5+0.125Q2)A2 +(0.125Q2 — 1) +0.5Q% =0 m=1  (33)

(0.4167+0.0723Q2)1° +(0.23640Q2 —0.75)A* +
(0.4167+0.214302)2° +(0.0346Q2 —0.0833)A%+ m=2  (34)
0.000880Q22 —0.00006Q2 =0

(0.375+0.0527Q2)A° +(0.264Q2 —0.5834) 1 +
(0.0001+0.2694Q2) A5 +(0.25—0.0675Q2) A —
(0.0417+0.0467Q2)A* +0.0292021° +
0.00780Q242 +0.001Q21 —0.0417Q2 =0

m=3  (35)

The numerical stability is ensured if the eigenvalue
(M) is less or equal to one i.e. |x|g1,o. In the other

words, these polynomials should be positive definition.
Here, the Routh-Hurwitz criterion is utilized to control
the positive definition of these polynomials [25]. As a
result, acceptable time step can be obtained. The results
have been shown in Table 2. Here, T is the period of the
system. Table 2 indicates that the N-IHOA formulation
is conditionally stable. It should be noted that for a
common dynamic analysis where time step is usually
selected in a limited bound i.e. m0.001T <At<0.1T , the
N-IHOA method will be stable. For more comparison,
the critical time step sizes of the IHOA method have
been also inserted in Table 2 [16]. It is clear that the
stability bounds of both the N-IHOA and the THOA are
approximately the same. The reason for this subject
could be explained by studying the main concepts of
these procedures. It should be noted that both methods
utilizes similar idea i.e. wusing several previous
information for integrating the equation of motion in the
current time step. But, the fundamental relationships
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and the method of applying the previous information are
completely different between the IHOA and N-IHOA
schemes. The proposed N-IHOA method uses both
velocities and accelerations of the previous steps
simultaneously, however; the THOA only utilizes the
accelerations of the previous increments.

It should be emphasized that the proposed
integration has been formulated with constant time step.
The variable time step may decrease the accuracy and
stability of the N-IHOA. The reason for this subject is
that the weighted factors and also the stability domains
have been studies under the assumption of constant time
step. Therefore, the concept of using the variable time
step is an interesting subject in multi time step
integrations which is the aim of the future researches.

TABLE 2. Stability condition for different accuracy order of
the N-IHOA

Integration’s order (m) ALy

IHOA N-IHOA
1 0.5513T 0.5196T
2 0.3899T 0.3052T
3 0.2832T 0.2605T
4 0.2586T 0.2568T
5 0.2564T 0.2407T
6 0.2682T 0.2416T

4. NUMERICAL STUDIES

In two previous sections, the fundamental relationships
of the N-IHOA followed with the calculations of the
weighted factors and stability conditions have been
presented. Here, the N-IHOA algorithm is utilized for
numerical analysis of some dynamic systems. For this
propose, a computer program, using Fortran Power
Station software, has been written by the author. Some
bench mark problems which their exact solutions are
available are solved to verify the validity of the
prepared computer’s program and also the proposed
numerical method.

Wide range of dynamic systems such as linear and
nonlinear, single and multi degree of freedom, damped
and un-damped, free and forced from finite element and
finite difference, for different kinds of structures i.e.
Euler beam and portal frame are used to verify the
proposed N-THOA integration in comparison with some
other existing methods. For this purpose, results of the
N-IHOA (NI) are compared with some well-known
schemes such as Newmark linear acceleration approach
(LA), Wilson-0 (WT) and trapezoidal method (CA).
Moreover, some problems are utilized to compare the
ability and efficiency of the proposed method (N-
[HOA) with the IHOA scheme.

4. 1. The Nonlinear Free Vibration The nonlinear
free vibration of a dynamic system with the following
equation of motion and initial values is going to be
solved [27],

D +100D + 500D +1000D” = 0
D(0)=0 D(0)=0.5

The quasi-exact solution is obtained using higher
order integrations i.e. the Bathe method with small time
step 0.0005 sec. Two time steps as 0.033 and 0.025
second are utilized for the numerical dynamic analysis.
Figures 1 and 2 show the displacement response of this
vibration between times 9 and 10 second. In both time
steps, the error of the NI4 and NIS is less than other
methods (Newmark and Wilson-0) so that these
proposed integrations could present the response of
nonlinear vibration with less error. In the other words,
the error of the NI1, NI2 and NI3 algorithms is more
than the NI4 and NIS5. By reducing time step in Figures
2, these methods come near to the exact solution. It
should be noted that the proposed NI4 and NIS time
integrations have the highest efficiency in this nonlinear
vibration.

(36)

NI

Figure 1. Response of the nonlinear free vibration for time
step 0.033 s

Figure 2. Response of the nonlinear free vibration for time
step 0.025 s
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4. 2. Portal Frame Under Based Excitation A
concrete plane frame with two bays and three stories
(see Figure 3) is analyzed under El Centro based
acceleration  [28]. This structure has elastic
geometrically nonlinear behavior and the co-rotational
finite element formulation is used to model this
nonlinearity [29]. The cross section and moment of area
of beams and columns are 0.40 m>, 0.03333 m*, 0.64 m’
and 0.03413 m®*, respectively. The mass matrix is
consistent [30] and in order to account for typical
additional masses such as slabs, floors, ceilings and etc.,
material density is assumed to be 1000 times the mass
density of concrete i.e. p=2500000 kg/m’.

By applying the El Centro ground acceleration (see
Figure 4) and using two time steps as 0.02 sec and 0.01
sec, the dynamic response of the structure is calculated
within duration of 10 seconds. Figures 5 and 6 show the
horizontal response of top of the frame when time step
is 0.02 sec and 0.01 sec, respectively. If time step is
0.02 sec, the NI2 and NI3 procedures are unstable; but
the NI1, NI4 and NI5 integrations can present the time
response curve. Figure 5 also shows that the proposed
NI4 and NI5 schemes are more accurate than the well
known methods such as Wilson-0 and Newmark-B so
that the NI4 and NI5 integrations present the quasi-exact
solution which is obtained by the higher order
integration i.e. the Bathe method with time step 0.0005
sec. As a result, the NI4 and NI5 methods have an
excellent efficiency in the nonlinear dynamic analysis of
finite element models. By reducing time step to 0.01
sec, all orders of the proposed method (NII1, 2...7),
converge to the exact solution and their accuracy is
higher than the common methods (Figure 6).

4. 3. Elastic Pendulum  Figure 7 shows an elastic
pendulum which is modeled by a two nodes truss
element [12]. This structure has large deflection
nonlinearity. Here, total Lagrange finite element
approach is utilized to form the nonlinear equilibrium
equations. The mass matrix is consistent [30] and the
axial rigidity (AE) and material density per element
length (pA) are 10* N and 6.57 kg/m, respectively.
Using two time steps as 0.05 sec and 0.01 sec, Bathe has
been analyzed this structure in a small time domain
between 0 to 5 seconds. Here, the analysis time domain
is extended to 50 seconds and time step is considered as
0.05 sec. Figure 8 shows the response of the horizontal
displacement of the pendulum.

The exact solution has been obtained by the Bathe
method with small time step 0.0001 sec. By this time
step, some methods such as the Wilson-8, NI2 and NI3
have many fluctuate and they will be unstable. From
Figure 8, it is clear that the proposed NI1, NI4 and NI5
producers are more accurate than the Newmark methods
so that the NI4 and NIS integrations present the semi-
exact solution.

5.4m

77 /77 /77 T
| 6.6 | 6.6 |
s g

Figure 3. Portal frame under based excitation

0 2 4 tisec) 6 8 10

Figure 4. El Centro ground acceleration

NIl

Figure 5. Response of Horizontal displacement of top of the
frame for time step 0.02 s
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Figure 6. Response of Horizontal displacement of top of the
frame for time step 0.01 s
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Therefore, the proposed time integration has very
good efficiency in nonlinear dynamic analysis.
Moreover, this example is utilized to compare the IHOA
and NI time integrations. Using time step as 0.05 sec, all
accuracy order of the THOA procedure (IHOA-I,
[HOA-2, THOA-3, THOA-4 and IHOA-5) present
unique response which has been shown in Figure 9.

A

3.0443 m

- o X X, =772 msec

Figure 7. Elastic pendulum

N4 ——NI5

Figure 8. Response of horizontal displacement of the elastic
pendulum for time step 0.05 sec

——Exact ——--1HOA-1,2,3,45 ——NII N4 ——NI5

Figure 9. Response of horizontal displacement of elastic
pendulum with IHOA and N-IHOA for time step 0.05 s

From Figure 9 it is concluded that the proposed NI1,
NI4 and NI5 procedures have more accuracy than the
IHOA integrations. It should be noted that by increasing
time step, 1. . 0.075 sec., the proposed time integrations
(NI methods) will be unstable, however the THOA
procedures are stable and can present the response by
some few errors. Therefore, the IHOA is more stable
than the N-IHOA.

4. 4. Euler Beam Here, the vibration of clamped
Euler beam is analyzed by the proposed method. The
governing equation for the Euler beam’s motion is as
follows [4];

2 2 2

O il -5 RSO a7
2 2 2

ot ox ox

The boundary conditions of clamped Euler beam can be
written in the following form

oD &'D 0 &’D
D(0,t)=0, gx:o =0, EIEX:L =0, g(El P j[ =0 (38)
Also the initial conditions are as follows;
D(x,0)=Dy(x),  D(x,0)=D,(x) (39)

The length of beam, material density, modulus of
elasticity, cross section and moment of area are 0.508
m, 2768 kg/m®, 6.897x10'° N/m% 6.4516x10™ m* and
3.4686x10® m®, respectively. The finite differences
approach is utilized to obtain the dynamic equilibrium
equations of Euler beam. Using one dimensional mesh
and central finite differences, the dynamic equilibrium
equation for i ™ node of mesh is as follows;

’D, D _-4D _ +6D -4D._ +D
pA i4 Bl—i+2 i+l i i-1

ot? (Ax)4

=2=P(x.0 (40)

Here, Ax is the distance between mesh nodes which
is assumed to be constant. Furthermore, a mesh with
eleven nodes (Ax=0.0508 m) is considered. All
boundary conditions are also expressed by central finite
differences. As a result, a linear system of dynamic
equations is obtained. At this stage, numerical time
integrations are used to calculate the time response of
beam. This structure is analyzed under a harmonic load
which is applied to the free end of the beam as follows;

P(L,t) =88.99632sin(30r) N (1)

The initial displacement and initial velocities are set
zero. Figure 10 shows the quasi exact vibration of free
end displacement of the beam achieved by very small
time step ie. 0.00001 second. Since the minimum
period of beam is 0.002226 second, the analysis is
started by time step 0.001 second. By this time step, a
dramatically growth in numerical errors which leads to
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unstable vibrations has been occurred in all methods.
Therefore, time step reduces so that each integration
could present the quasi exact solution. If time step is
0.0007 second, the NI1, THOA-1, CA (Newmark
Constant Acceleration) and LA (Newmark Linear
Acceleration) methods present the quasi exact solution
of Figure 10. Regardless the same efficiency, the
analysis time of the proposed NI1 scheme is less than
other techniques (as described in the portal frame).
Furthermore, by reducing time step to 0.0005 second,
the previous integrations (NI1, IHOA-1, CA and LA);
the NI5S and THOA-5 also lead to the quasi exact
solution. When time step is 0.0004 second, all methods
can present the quasi exact response except the [HOA-2,
3 and NI2, 3; however smaller time steps such as 0.0003
second solve this problem. These analyses show that the
first, fourth and fifth accuracy order of the proposed
integration (NI1, NI4 and NI5) have more ability than
other orders. Undamped vibrations which do not appear
in real systems cause a few reduction in efficiency of
the N-IHOA. Moreover, this example shows that the
proposed time integration can be successfully used for
dynamic analysis of systems which are modeled by
finite differences methods.

Wide range of dynamic analyses performed here
clearly state that the numerical accuracy is different
with the mathematical accuracy. From the mathematical
point of view, it is expected that by increasing the
accuracy order, the more accurate results are obtained.
In practice, this behavior does not always happen. For
example, the second and third order schemes of the
proposed integration have not suitable efficiency in
numerical examples compared with the first, forth and
fifth order methods. Some reasons could be presented
for this subject such as, the lack of formulations in using
the Taylor expansion and the inverse expansion which
are the approximation methods (not exact), the effect of
numerical errors and etc.

T ﬂ

AR OEY IS

Figure 10. Tip displacement of the Euler beam

5. CONCLUDING REMARKS

The new implicit higher order accuracy method i.e. the
N-IHOA technique was proposed for numerical
dynamic analysis under the assumption of constant time
step. Utilizing both velocity and acceleration vectors of
previous time steps for integrating the dynamic equation
of motion is the main originality of the suggested
method compared with other techniques such as the
IHOA scheme. These formulations were followed by a
comprehensive study on the mathematical accuracy
order and the stability condition of the proposed
method. From the mathematical point of view, it proves
that the new multi time step integration is conditionally
stable and the displacement’s accuracy of the N-IHOA
scheme is one order less than the displacement
formulated by the IHOA method. It should be noted that
both methods present the velocity vector by the same
mathematical accuracy order. However, simplicity,
lower computational efforts and lower requirement
memory are the main advantageous of the proposed
integration compared with the IHOA method. The
reason for this subject is that the new method runs with
only one set of weighted factors; however the ITHOA
technique requires two groups of different values. Wide
range of numerical dynamic analyses also show that by
a similar time step, the numerical accuracy of the
proposed method is higher than the common methods
such as the Wilson-0 and the Newmark-B schemes.
Moreover, it is proved numerically that the proposed
integration with accuracy orders 4 (NI4) and 5 (NI5S)
have the best efficiency in all examples.
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