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Abstract In this paper we examine fluctuation and frequency of the governing equation of
oscillator with odd and even nonlinearities without damping and we present a new efficient
modification of the He’s homotopy perturbation method for this equation. We applied standard and
modified homotopy perturbation method and compare them with the numerical solution (NS), also we
applied He’s Energy balance method (EBM) for study frequency of this equation. By compare
modified homotopy perturbation method with numerical solution we find that this modified homotopy
perturbation method works very well for the wide range of time and boundary conditions for
nonlinear oscillator, and comparison of the result obtained using this method for frequency with those
obtained by Energy balance method reveals that the former is very effective and convenient. The new
modified method accelerates the rapid convergence of the solution, reduces the error solution and
increases the validity range for fluctuation and frequency.

Keywords  Homotopy Perturbation Method (HPM), Nonlinear Undamped Oscillator, Energy
Balance Method (EBM), Modified Homotopy Perturbation Method (MHPM)

&\ﬁ.a;)_,.\g_aj_é_gG_g)'dla}ﬁ.b'«;):l{;ol“}}ﬁél} aJslee J.ALW.Z)OLN}JL&‘\JLEAO.:‘)) ’a.\.:gaq-
u;,)u.mﬁ;&a\)\bdzém wg;;.,@.g&iuﬁ)jﬁ&;})u.g&u’;;)) o3l 513 ulesl 5,0 1,
Gy Sl i oS o glie 5305 = ol b 1 Ly o5, IS 1 HPM 4l 355 5 il sla
oly b adls 50 HPM aislis L..JJSJA)\)_E oslanal 550 & VL (65 51 gy dslae ) IS8 05 )
Olosi 30 Jl i 5 Gl Blas 51 (S5 o5l gl HPM alis s (2s onl 8 ool (0 03 208 >
SR s s R Sl s cnl Sl edel s il dglie b s 038 S o Sl ot 8 S
S s el el 5 Fse o (8L s s 5 28 sen) Jil s S e e 0L L
50l 6lp pme 03l 5 eals 2alS 1 e 563 S m s ) ol e (2 Kes @ Oy o aly

a3 e 1 el

1. INTRODUCTION that mostly occur nonlinearly. These systems are
important in engineering because many practical
Nonlinear oscillations systems are such phenomena engineering components consist of vibrating systems
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that can be modeled using oscillator systems such
as elastic beams supported by two springs or mass-
on-moving belt or nonlinear pendulum and vibration
of a milling machine [1,2].

The development of numerical techniques for
solving nonlinear algebraic equations is a subject
of considerable interest. There are many papers
that deal with nonlinear algebraic equations. The
application of homotopy perturbation method in
linear and nonlinear problems has been devoted by
scientists and engineers [3-21], because this method
is to continuously deform a simple problem which is
easy to solve into the under study problem which
is difficult to solve. This method, homotopy
perturbation method (HPM), proposed first by He
[3,4], for solving differential and integral equations,
linear and nonlinear has been the subject of
extensive analytical and numerical studies. The
method is a coupling of the traditional perturbation
method and homotopy in topology. This method,
which does not require a small parameter in an
equation, has a significant advantage in that it
provides an analytical approximate solution to a
wide range of nonlinear problems in applied
sciences. This HPM has already been applied
successfully to solve Laplace equation, nonlinear
dispersive K(mp) equations, heat radiation equations,
nonlinear integral equations, nonlinear heat
conduction and convection equations, nonlinear
oscillators, nonlinear Schrodinger equations, nonlinear
wave equations, nonlinear chemistry problems, and
to other fields [5-21]. This HPM yields a very rapid
convergence of the solution series in most cases,
usually only a few iterations leading to very accurate
solutions. Thus He’s HPM is a universal one which
can solve various kinds of nonlinear equations.

Recently, some modifications of this method
have published to facilitate and accurate the
calculations and accelerate the rapid convergence
of the series solution and reduce the size of work
[22-27] and some new methods were found to
overcome the shortcomings, such as parameter-
expansion method [28-33]. It is the purpose of the
present paper to examine fluctuation and frequency
of the oscillator’s governing equation with strong
(odd and even) nonlinearities and introduce a new
reliable modification of the HPM. The new
modification demonstrates an accurate solution if
compared with standard HPM and Energy balance
method [34,35], and therefore it has been shown

42 - Vol. 23, No. 1, January 2010

that to be computationally efficient in applied
fields. In addition the new modified HPM may
give the exact solution for nonlinear equations by
using two iterations only. The obtained results
suggest that this newly improvement technique
introduces a powerful improvement for solving
nonlinear problems.

In this paper, we consider the following
oscillator equation that is governing equation for
many mechanical systems with odd and even
nonlinearities without damping.

5('+ux+[3x|x|+sx3=0, x(0)=A, x(0)=0. (D)

Where the following equation presented for the
relation between the deflection of this spring and
the force acting upon it:

F= klx +k2x2 +k3x3,
or
Fzm(ux—i—sz +8X3), 2)

There are many mechanical systems that model by
mass and spring, which some of them shown in
Figure 1.

Also some of two degree of freedom mechanical
systems simplified to Equation 1 shown in Figure 2.

2. ANALYSIS OF THE METHODS

2.1. Analysis of the Homotopy Perturbation
Method The Homotopy perturbation method is a
combination of the classical perturbation technique
and Homotopy technique. To explain the basic idea
of the HPM for solving nonlinear differential
equations we consider the following nonlinear
differential equation:

AQ)-f(r)=0, reQ, (3)
Subject to boundary condition
B(u,0u/0n)=0, rel, 4

Where A is a general differential operator, B a
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Ki, Ks, K;

(a)

Ki, Ky, K3

(b)

Ki, Ko, K3

(c)
Figure 1. The mass-nonlinear spring systems, (a)
mX +k;x + k2x|x| + k3x3 =0, (b) JO+ mgbo + klaze +
k,2%0[0] + k;a*0% = 0 and (c) JO + k,0 + k,0/0| + k;0° = 0.

boundary operator, f(r) is a known analytical
function, I is the boundary of domain Q and du/on
denotes differentiation along the normal drawn
outwards from . The operator A can, generally
speaking, be divided into two parts: a linear part L
and a nonlinear part N. Equation 3 therefore can be
rewritten as follows:

L(u)+ N(u)—f(r) =0, ®)]

In case that the nonlinear Equation 3 has no “small
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parameter”, we can construct the following
Homotopy:

H(v,p) =L(v)-L(u;y)+pL(ug) +p(N(V) -f(r))=0,  (6)
Where,
v(r,p): Qx[O,l]—)R, @)

In Equation 6, Pe[0,1] is an embedding parameter

and u, is the first approximation that satisfies the
boundary condition. We can assume that the
solution of Equation 6 can be written as a power
series in p, as following:

2
V=V PV PV, o, ®)

and the best approximation for solution is:

u =lim V=vyHv v, e, )]

p—1
When, Equation 6 correspond to Equations 3 and 9
becomes the approximate solution of Equation 3.
Some interesting results have been attained using
this method. Convergence and stability of this
method is shown in [36].

2.2. The New Modified HPM  The present
new modified HPM that is used to solve the
nonlinear undamped oscillator is similar to
standard HPM. In this way, the homotopy
parameter p is used to expand the square of the
unknown angular frequency o as follows:

uzmz—pal—pzcxz—..., (10)
or
m2:u+pa1+p20c2+..., (1)

Where p is coefficient of u(r) in Equation 3, that
the right hand of Equation 10 replace to it. Also
a(i=1,2,...) are arbitrary parameters that to be
determined.

The only different between present HPM and
standard HPM is expansion of angular frequency
, and we can approximate frequency by obtain o
in every section.

m2=u+a1+a2+..., (12)
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Figure 2. The 2DOF mass-nonlinear spring systems, (a)
{mil +kx; =k (%, = %) =k, (%, _X1)|(Xz —x1)|—k3(x2 _Xl)3 =0
mX, +kx; + ki (X, —x1) + K, (X, —X1)|(X2 —X1)|+k3(X2 _X1)3 =0

using the new variables u and v be defined as follows : {mi'/ +kv=0

u =X, —X;, V=X, +X this equation can be put into a different form |mii + ku + 2k,u + 2k2u|u| +2ksu’ =0
10, +mgth, —kja* (0, —6)) —k,a’ (0, ~0,}(®, ~6))] —k;a* (8, -6))’ =0
{Jé2 +mgh, +k;a2(0, —6,)+k,a> (8, —0))|(6, —6))| +ksa* (0, -6,)* =0
using the new variables u and v be defined as follows : {W +mgbv =0
u=0,-6,, v=0,+0, this equation can be put into a different form

i © {J?l +k0, —k, (8, —6,)—k,(8, —6,)(6, —6))| —k;(6,—6,)’ =0
J6, +k0, +k; (6, —6,)+k, (6, _91)|(92 _91)|+k3(92 _91)3 =0

Jii + mgbu + 2kja”u + 2k,a ulu| + 2ksa*u’ =0

using the new variables u and v be defined as follows : {JV’ +kv=0

u=0,-06;, v=0,+0, thisequation can be put into a different form | Jii + ku + 2k u + 2k,ufu| + 2k;u’ = 0.
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2.3. Energy Balance Method In this method
according to basic idea of the energy balance
method, if 8 = 0, it shows the whole energy is in
form of kinetic energy and if 6 = n/2, it shows the
whole energy is in form of potential energy, in 6 =
n/4 there is a balance between the potential energy
and kinetic energy so we can benefit from this
point.

Then a Hamiltonian is constructed, from which
the angular frequency can be readily obtained by
collocation method.

In the present paper, we consider a general
nonlinear oscillator in the form [37]:

u+f (u(t))=0 (13)

In which u and t are generalized displacement and
time variables, respectively.
Its variational principle can be easily obtained:

J(w) =I8(—%u'2 +F(u)jdt (14)

Where Tzz% is period of the nonlinear

oscillator, F(u) = I f(u)du.

Its Hamiltonian, therefore, can be written in the
form:

H=%u’2+F(u):F(A) (15)
or:
R(t):%u’2+F(u)—F(A):O (16)

Oscillatory systems contain two important physical
parameters, i.e. the frequency o and the amplitude
of oscillation, A. So let us consider such initial
conditions:

u(0)=A, u'(0)=0 (17)

Assume that its initial approximate guess can be
expressed as:

u(t)=A cos(mwt) (18)
Substituting (17) into u term of (15), yield:

242 .2

R(t)z%w A ot+F(Acoswt)—F(A)=0 (19)

sin
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If, by chance, the exact solution had been chosen
as the trial function, then it would be possible to
make R zero for all values of t by appropriate
choice of ®. Since Equation 17 is only an
approximation to the exact solution, R cannot be

made zero everywhere. Collocation at (ot:%

gives:

oo \/ 2(F(A) - F(A cos ot)) 20)

A2 sin2 ot

Its period can be written in the form:

T 2 1)
\/2(F(A) —F(A cos ot))

A2 sin2 ot

3. APPLICATIONS

3.1. Solution using Homotopy Perturbation
Method In this section, we will apply the HPM
to nonlinear ordinary differential Equation 1.
According to the HPM, we can construct a
homotopy of Equation 1 as follows:

H(x,p) = (1 p)(X + px) + p(k + px + Bx|x| + ex°)
(22)

Assume that the solution of Equation 1 can be
written as a power series in p:

X =X +PXy +p2x2 +... (23)
Substituting Equation 23 into Equation 22 we have:
H(x,p) = (1-p)(Xy +pX, +p25<'2 +o 4 p(x +pX
+p2x2 +..)) +pl(Xy +pXy +p25{2 ot u(xg +
281 +p2x2 +...) +[3(x0 +pxy +p2x2 +...)

(xO +px +p2x2 +...) +g(x0 +px +p2x2 +...)3]
(24)

Equating the terms with identical powers of p, we
obtain the following set of linear differential
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equations:
p’: Ky +uxg =0, xy(0)=A, %((0)=0 (25)

plz 5{1 +uxy +[3X0‘X0‘+8X8 =0, x1(0)=0,

%,(0)=0 (26)
2. 2. _
P .x2+ux2+2[3x1‘x0‘+38x0x1—0, 27)
x5(0)=0, %,(0)=0
p3.x +ux, + B(2x ‘x ‘+x ‘x ‘)+
3 3 2170 1171 (28)
3e(xgx +x2x,) =0, x3(0)=0, %5(0)=0
The solution of Equation 25 is
xo(t) = Acos(y/ut) (29)

Substitution of this result into Equation 26 gives:

K|+ 1x, +BA cos( Ju_t)‘A cos( \/u_t)‘+

(30)
e(A cos( \/p_t))3 =0,

It is possible to do the following Fourier series
expansion:

£(1) = BA cos(y/i O] cos(yu 0+
s(Acos(fu)} = X ay, cos(@n+Dyun)=(31)
n=0

a cos(\/Et) +ay cos(3\/Et) +...
Where:

4 7 [BA cos(6)|A cos(0)|
0

“an+1” + &(A cos(0))> (cos(2n +1)0) © 62
and

a =%A38+%A2B, as =%A38+%A2B, 3
as :%A3e+%A2B,

f(t) has an infinite number of harmonics and it is

difficult to solve the new differential equation;
however we can truncate the series expansion at
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Equation 31 and write an approximate equation
f(t) in the form:

Ny >
)= X a5, 11 cos((2n + mt), (34)
n=0

Equation 34 has only a finite number of harmonics.
It is possible to make this approximation because
the absolute value of the coefficient b,,,, decreases

when n increases as we can easily verify from
Equations 31 and 32. Comparing Equations 31 and
34, it follows that

£ =timy _,  f M), (35)

In the simplest case we consider N =1 (n =0,1) in
Equation 34, and we obtain

£(2) (t)=a, cos(t) + a5 cos(3nt), 36)

Substituting Equation 31 into Equation 30,
When N=1 (n=0,1) we have:

5{1 +ux; +ay cos( ot) + ay cos( 3mt) =0,

x,(0) =0, %,(0)=0, (37)

By solving Equation 37 we obtain:
a. +3a, —6a
3 241 1 (cos( 4/ t) +
a a
S (cos( 5+fu t) + 8—3(cos( 3/pt) - (38)
U

24 u
(ntsin( \/p t) + @cos( N

X ==

4
%

Substituting Equations 29 and 38 into Equation 27,
we have

2p

5('2 +HX, + (ZB‘A cos( /1 t)‘+

3a, -6
3eA cos( \/u_t)z)(——a15 T3 il (cos( \/p_t)+
u

24

as a3 _
an (cos( 5\/u_t)+ S (cos( 3\/u_t)

a—é/(utsim NOE @cos( Jro) = o,
2u 2

(39)
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The same procedure as was used for calculating x,
we obtain the following expression for x,:

~ b5+3b3—6b1

*2 7 24p
(cos( \/_t) + (cos( 5\/_t)
+ —3(cos( 3—\/},l_t) - 1

u 2H%
(ntsin( A/p t) + @cos( N

Where

(40)

b, = 4480,/ 1 a, Bt +5040 aAst+
1= T300m Juagp Ju

3157‘[&5 A8+630 Tag Ae+768 215[3+1792a3 B,

b, = 24192,/ua Bt + 15120, ua, Ast +
37 30240m ( 2‘/—16 */—

2835ma,Ac + 256a5 B+11520a,p)

3

by = (633
332640 70

20790mag As+31185m a3 Ae+58112a5B+59136a,B)
(41)

.0, the solutions are as follows:

60,/ na | Bt+166320,pa Aet+

Having x;,1=1,2,..
x(t) = xo(t) + xl(t) + X2(t) +...+ xn(t)

3.2. The New Modified HPM To illustrate the
new modified HPM, we expand the solution x(t)

and the square of the unknown angular frequency
o as follows:

u:mz—pal—pzaz—..., 42)
X =Xp + pX +p2x + 43)
0 1 5t
Where o, (i=1, 2...) are to be determined.
Substituting Equations 42 and 43 into Equation

1 we have:

H(x,p) = (1= p)(¥¢ + DX + D75y +.+

1JE Transactions A: Basics

u(xo +pxy +p2x2 +..)) +p[(5<'0 +p5i1 +p2§i2 +..+

(m2 —Ppoy —p2a2 )(x +Ppxy +p2x2 +..)+

B(X +pX |+ p2x2 +...) (XO +pX |+ p2X2 +.)|+
S(XO +PXy +p2X2 +...)3]

(44)
Equating the terms with identical powers of p, we

obtain the following set of linear differential
equations:

¥y +o%xy =0, x5(0)=A, %((0)=0. (45)

p1 : 5('1 + m2x1 + on‘x0‘+ sx% —a Xy = 0,
xl(O) =0, )'(1(0) =0.
(46)

p2 : 5('2 + 032X2 +2Bxl‘x0‘+3sx(2)x1 -

X, (0)=0.
(47)

UyX( = OyX) = 0, X2(0) =0,

p3 : 5{3 +c02x3 +B(2x2‘x0‘+ xl‘xl‘)+3s(x0x12 +

xgxz) — 03Xy = Oy Xy — O Xy = 0,
%3(0)=0, x5(0)=0.
(48)
The solution of Equation 45 is:
X (1) = Acos(wt) 49)

Substitution of this result into Equation 46 gives:

5{1 + mle + B A cos( o)t)|A cos( 0)t)|+ (50)
e(A cos( (x)t))3 - oclA cos( ot) =0,

It is possible to do the following Fourier series
expansion:

BA cos(oat)|A cos(u)t)| +g(A cos(cot))3 = ; a0 11
n=0

cos((2n +Dowt) = a cos(mt) + as cos(3mt) +...

(51
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Where

4
on+17

2
| ([ BAcos(0)|Acos(6)+&e(Acos (0))>](cos(2n+1) e)) de
0

(52)
and
a =2A38+iA2B,
4 3n
a :lA3a+iA2B (53)
374 150
3...8 42
a.=A"c+—A“B, ...
5 s P
Substituting Equation 51 into 50, we have:
. 2 ®
X[ +o7x,; + > a0 4
n=20
cos(( 2n +owt) - oclA cos( ot) =0,
or
2 o0
X;+0°x,+ Y a
1 1 n=1 2n +1 (54)

cos(( 2n +1)mt) + (a1 - oclA)cos( ot) =0,

No secular terms in X,(t) requires eliminating

contributions proportional to cos(mt) in the Equation
54 and we obtain

oy =—, (55)

Taking into account Equations 55 and 54, we
rewrite Equation 54 in the form:

e 0]
5{1+m2x1:— Zla2n+1cos((2n+1)wt),
n =

(56)

With initial conditions x,(0) = Oand %,(0) = 0.
The periodic solution to Equation 56 can be
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written as:

00
)= Y b
1 n=0 2n+1 (57)

cos((2n + Dowt) = b1 cos(wt) + b3 cos(3mt) +...

Substituting Equation 57 into Equation 56 we

obtain:
2 % 2
0 X b2 1(l—(2n+1) Jcos(( 2n + Not)
n=0 n +

o0
= - Z_ 1a2n 4108 (2n +owt),
(58)
We can write the following expression for the

coefficientsb,, ., :

b _ 3on +1 __%on 41
AL on 412 -1l dnmn + 1) o2
forn>1 59)

Taking into account that x,(0) = 0, Equation 31
gives

by =-
n

b
1

(60)

1 ™M8

2n+1

x,(t) has an infinite number of harmonics and it is

difficult to solve the new differential equation;
however we can truncate the series expansion at
Equation 57 and write an approximate equation

xM(t) in the form
N
xNM© =6 cos@+ T by, | cos((2n+ Dot)
n=1

(61)
Where

b
1

b(M) (62)

Mz

2n+1
n

Equation 61 has only a finite number of harmonics.

It is possible to make this approximation because
the absolute value of the coefficient b,,,; decreases
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when n increases as we can easily verify from
Equations 51 and 59. Comparing Equations 57 and
61, and Equations 60 and 61, it follows that:

x 0 =tim__ _xM), .
b, = lim pMN) (©2
1 n—o 1

In the simplest case we consider N =1 (n =0,1) in
Equations 61 and 62, and we obtain:

x{D ()= by(~cos (1) + cosGor)), (64)

From Equation 59 the following expression for the
coefficient b, is obtained:

by = —3 (65)

and from Equation 42 and 55, writing p = 1, we
can find that the first-order approximate frequency

o (A) = fura, :Jw% (66)

Substituting Equations 49, 64 and 66 into Equation
3.26 gives the following equation forx,(t) :

5{2 + mzxz +
2[3b3(— cos( t) + cos( 30)t))|A cos( cot)|+

38A2 cos 2(cot)b3(— cos( ot) + cos( 3mt)) —
otzA cos( mt) — a1b3(— cos( ot) + cos( 3wt)) =0,
(67)

It is possible to do the following Fourier series
expansion:

2[3b3 (—cos(mt) + cos(30)t))|A cos(o)t)| +

35A2 cosz(mt)b3 (—cos(mt) + cos(3mt)) —

% (68)

oclb3 (cosBot))= X Con 41 cos((2n +mwt) =
=0

< cos(wt) + C3 cos(3wt) +...

1JE Transactions A: Basics

Where

[2Bb3(— cos(0)+cos(30))
%
4 IZ |Acos((nt)|—oc1b3(cos(36)) 0
To | +3:A2 0052(6)b3(—cos(9)
+cos(30))]cos((2n+1)0)

“on+17

(69)
and

3 16 b
¢ :ZAzs(b3 +3b1)+§A[3(?3+b1 ),

3.9 by 4 36 4
C3 —gA 8(b3 +?)+;Aﬁ(gb3 +Eb1)—a1b3, (70)

3 9 16
=2 A%by +— A
33, B(

o2 3 b
54

1
21 35)’

Substituting Equation 31 into Equation 30, we have:

o0
Ky +oxy+ §0c2n L1 cos((2n + Do)

- ocZA cos( @t) + oclb3 cos( wt) =0,

or

. 2 x

Xn+0°X,+ 2 ¢ cos( (2n + 1wt)

2 2 n=1 2n +1 (71)
+(oc1b3—oc2A+cl)cos(cot):0,

No secular terms in x,(t) requires eliminating

contributions proportional to cos(wt) in the
Equation 71 and we obtain

IR LE 7

Taking into account Equation 72 and 71, we
rewrite Equation 71 in the form

[o0]
5{2+0)2X2=— Y 5,4 c0s((2n +Dot), (73)
n=1

With initial conditions x,(0) = 0 and x,(0) = 0.
The periodic solution to Equation 73 can be
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written as:

= 5 d 2n +1 =
x2(t) nzo 2n+1cos(( n + Dot) (74)

d1 cos(mt) + d3 cos(3mt) +...

Substituting Equation 74 into Equation 73 we
obtain:

N}

d2n +1(1— (2n +1)2)cos (2n+1Dot)

e

cos ((2n + owt),

C
2n +1
1 n

= =
p M8 11 M8
o

(75)

We can write the following expression for the
coefficients b,, ., :

d _ “2n+1 __ %on+1
20l on i D2 — el 4n(n+ Dol
forn>1 (76)

Taking into account that x,(0) = 0, Equation 74
gives

2n+1 (77

The same procedure as was used for approximate
x; we obtain the following expression for x,:

)y
x3 (0= (78)
- (d3 + d5 )cos(mt) + d3 cos(3mt) + d5 cos(Smt),

and from Equations 42 and 72, writing p = 1, we
can find that the first-order approximate

a, ¢ ab
— _ 1.1 173
0y (A) = [n+ay +o, _\/“+X+X+_ (79)

3.3. Energy Balance Method for Equation 1,

f(x)= ux+Bx2 +8X3,

and

50 - Vol. 23, No. 1, January 2010

2 3 4

X X X
FX)=p—+p—+e—
()M2 B3 2

Its variational and Hamiltonian formulations can
be readily obtained as follows:

2
=] ? 2 gt (80)
0 +B£+Si
3 4
H=
_X'2+ ﬁ+[3ﬁ+8ﬁ A_2+B_3+8£
Ry TPy e T, 3 4
(81)
R(t) =
2 3 4 2 3 4
2 x A2 A3 A
— Xt P e —p - p——g—— =
ho P 2 P 4
(82)

Substituting (17) into (82), we obtain:

R(t)=

22 A3 cos((ot)3

2 2
sin(o)t)2 +pA coz((ut) +
A4

4 2 3 L4
A cos(ot) _HA__BA__SA_:()
4 2 U3 g

p +(83)

We obtain the following result:

2A cos((nt)3 e A2 cos(oat)4 N
3 2

2
B>//
sin(ot)

o=(- ucos(mt)2 -B

(84)

. _ 2 . .
with T = % , yields:
T=2nsin(ot)

3
3 ucos(mt)z B 2A co3s(0)t) B
1
A2 cos(oat)4 2A A2 A
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If we collocate at wt="T 4> We obtain:
2
m:J—B\/EA+£3A -i—;,l+[3ﬂ (86)
3 3
. _ 2 . .
with T = %) , yields:
T- 2n 87)

—te—+ +B4—A
4 THTP

\/ JV2A  3A2
_B 3

4. CONCLUSIONS

In the present work, we have applied He’s Homotopy
Perturbation Method (HPM), modification He’s
Homotopy Perturbation Method (MHPM) and He’s
Energy balance method (EBM) to investigation of
fluctuation and frequency of the oscillator’s governing
equation with strong nonlinearities. This equation
is solved by the numerical method using the
software MAPLE 11, whose results of the different
methods of HPM and MHPM are compared in
Figures 3-5, and the result for A =5, A = 10 have
been shown in Figure 4.

Observe that HPM is just valid for short region,

— NS W B MHPM =— = = HPM

xit)

Figure 3. The comparison between standard HPM, modified
HPM and numerical solutions for A=1,u=1,8=1, e=1.
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—_— R W MEHPM — - = HPM

(a)
—— 5 W m MHPM — - = HFM
10
5
@ 0 I
I
1
_5 1
'
1
-10 L . ,
0 0.5 1.0 15
i
(b)

Figure 4. The comparison between standard HPM, modified
HPM and numerical solutions for (a) A =5 pn=1, =1,
e=land(b)A=10,u=1,=1, e=1.

but the new modification HPM solution exactly
the same with the numerical solution (NS) for this
strongly nonlinear problem. These approximate
analytical solutions are in an excellent agreement
with the corresponding numerical solutions.

Figure 5 shows the comparison between numerical
solution and new modification HPM for different
value of A, p, B and €.

The results of the different methods of MHPM
and EBM for frequency are compared in Figures
6-12.
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Figure 5. The comparison between standard HPM, modified
HPM and numerical solution for (@) A=1p=0.5,=1, € =
1.5,b)A=1,p=1,p=15, € =0.5.
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