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Abstract  This paper presents a practical and efficient method to solve large-scale nonlinear
equations. The global convergence of this new trust region algorithm is verified. The algorithm is
then used to solve the nonlinear equations arising in an Expanded Lagrangian Function (ELF).
Numerical results for the implementation of some large-scale problems indicate that the algorithm
is efficient for these classes of problems.
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1.INTRODUCTION

The use of trust region methods for solving systems
of nonlinear equations has been popular during the
past decade. Much of the interest is due to the
strong convergence properties of such methods
[1,2]. Duff et al.[3] use linear programming combined
with trust region idea to solve nonlinear equations.
It is based on minimizing the /;-norm of the linearized

vector within an /_ norm trust region, thereby permitting

linear programming techniques to be easily applied.
Duff et al. [3] show that their approach works
better than Levenberg's algorithm [4]. However, the
algorithm was not used for large-scale problems.
Luksan [5] uses an inexact trust region method to
solve large and sparse nonlinear equations. The
method does not need to use matrices so it can be
also used for large dense nonlinear equations.
Martinez [6] uses a two-dimensional search algorithm
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to solve large and sparse nonlinear equations.
Although the algorithm has strong convergence
properties, the computation of the two
dimensional search is expensive.

Martinez and Santos [7] tried to solve this
difficulty by using a curvilinear search algorithm.

This paper presents a modification of a trust
region algorithm introduced by Martinez [7]. Our
algorithm has a curvilinear search method similar
to that proposed by Martinez and Santos [7], and
our convergence proof eliminates mistakes in their
work. Numerical results of a large-scale problem
are presented at the end.

2. PROBLEM STATEMENT

Consider solving a set of nonlinear equations of
using the following minimization problem:
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where F = (fl,...,fm)T is a C'-function and ||||

represents the Euclidean norm in R". Martinez's
method [6] uses a Gauss-Newton strategy to obtain
an approximation of the Newton direction. Bi-
dimensional search methods are then used to find

the best direction d, ,, , which is a linear combination

of the Newton direction and the Cauchy step at
every iteration.

The algorithm developed by Martinez [6] needs
to solve a bi-dimensional search direction several
times. This makes the algorithm inefficient in some
cases, especially for large-scale problems.
Martinez and Santos [7] present a modification of
their method, and report that the use of a
curvilinear search method can reduce the burden of
the computation and significantly simplify the
algorithm for practical implementation. However,
the curvilinear search plane used in the algorithm
statement by Martinez and Santos is different from
what they actually developed. In the following
section, we present a new curvilinear search
method.

The contributions of the proposed method in
addition include the use of a pure Newton direction
near optimal solution.

A convergence proof is given at the end that
eliminates the mistakes in the work of Martinez
and Santos [7].

3. ANEW ALGORITHM WITH
CURVILINEAR SEARCH DIRECTION

In this section we present a proposed algorithm
that has similar steps as the algorithm in [7]. We
consider that a Newton step tends to provide fast

. *
convergence when x is close enough to x .
Therefore, we switch the bi-dimensional search

direction to a pure Newton step when step d, is
close enough to the final step.

Algorithm 1 Let F:QcR" ->R",m>n

Fe C'(),Q an open set. Let x° € Q be an
arbitrary initial point,
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Ny € [0,1),0,,8, € [0,1),05 e [o,%x&e [0,.1)

M >0,Me [6; M, M].
Let x, be the k-th approximation to the solution.
We denote

Fk =F(Xk)’Jk =J(Xk)7gk :JEFI( =

1 : M
EV||F(x)||2|xk,1)k = diag(c},...,0})

where
(xp)? if (xj)? e M, M],

it (x)? <M,
it (xl)Z>M.

o) = M
M

Step 1 Compute J, and g, . If g, =0, stop.

Step 2 Obtain w, € R" such that

Penewi + e <miled) ?)

If ||gk||S8 set Xy, =Xy + wyand k=k+1, go to
Step 1.

Step 3
following bi-dimensional problem:

Obtain v, € R" as the solution of the
minH J kV+FkH st.

Hklgk-'—kzwkH SH Wy H 3)

Step 4 Set dj = —g, and test the following two

conditions for vy :

vigi €61 [vi e 4)
and
My |<|v | < Vil ©
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If (4) and (5) are satisfied set dlg = v, otherwise set
ds =dk.
Step 4 Sett= 1. Perform Step 5.ato 5.d

T

2
(540:8etd=d(0=t2dﬁ4—g§dft(l—tz)di (6)
gk dk

6bﬁ1ﬂ§ﬁ@k+®W£%m%%mz+%g&1 (7)

go to Step 5.d

(5.¢): Let 7 be such that 8s]d(t)] <[dcd)] < (1-6fdco)
®)

Replace t by 7, go to Step 5.a
(S.d): dk :d, Xk+1 = Xk +dk'

Algorithm (1) has similar steps as the one
introduced by Martinez [7]. In Step 5.a, we are
using a new curvilinear search algorithm, which is
slightly different from the original algorithm.

Theorem 1. The Algorithm 1 is well defined. The
proof is similar to Martinez and Santos [7] and
corrects the mistakes in the original paper.

It is an easy task to show that if g, #0, the
algorithm can reach Step 5.d in a finite number of
iterations. In Step 2 of the algorithm, a system of
linear equations is solved. Assuming that the
system of equations has full rank, it always has a
unique solution. In Step 3, a two-dimensional sub
problem is solved and v is in the positive cone
determined by gy and w, . Step 4 does not create
any problems. Finally, Step 5 is verified as
follows. Let us write

g di
grdi
By the definition of d ,1 and (4) we know that a >

0. By (8), we need to show that (7) is satisfied
when t is small enough. By Mean Value Theorem,

d=d(t)=t*d, +at(1—-t*)d,, where a=
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1 2 1 2
1 s, e - e,

=g(g, +&Dd(1)"d(t)

(10)

where g(x) denotes %V"F(x)”2 and 0<§(t) <1.

Meanwhile, d (t) is a positive combination of
d, and d, in(6), g d; <0Oand g di <0 . Therefore

grd(t) <0 for te[0,1]. So, by (10)

;MF(Xk +d|? —;IIF(Xk)II2 )

lim,_,
’ gy d(t) (11)
g(xy +EMA) () _ g(xy)" dj
grd() g(xi)" di

Taking limits on both sides of (11), we have

e

grdy

(12)

A
Therefore, given 6, € (0,1), there exists t > 0such
that

] R e

grd(t)

0, (13)

for te (0,t).Thus, using gEd(f) <0, we obtain
(7). This completes the proof.

Theorem 2. Assume that (x,) is generated by
algorithm 1, Then:
If there exists ¢ > 0 such that ||gk||Scfor all

k=0,1,2,... and x" € Q is a limit point of (x),
then J(x )TF(x")=0.

2 02.
@ Let e>0. If xeQ:[Feof’ <[Fx®)|" is

compact, then there exists ke N such that
\p(xk)TF(xkj\Se.
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(b) Let X be a strict local minimizer of f in
Q,e20. Then there exists & >O0such that

ka - x*“ <g.
() If X is a local minimizer of ||F(xk)||2and an

isolated stationary point in €2, then there

. . *
exists €>0such that limx, =x , whenever

HXO —x*“ <e.

Proof 2 We prove that if the inequality
||dk|| SHdﬁH in (8) is changed to ||dk||SKHdiH for

some constant K, it will become a simple case of
the algorithm 3.1 of [6]. It is clear that the

Equations 4 and 6 and the definition of di( implies
that d, € C(d,,d;). It can be also verified that

d satisfies:

eldl <=6 [d1Je. | (14)

In fact,

ferai] el M [ef

- >= =M/ M= 9, (15)
e |di| e D Ml & 1

Therefore, (14) is proved. Now, by (4) and (5)

and the choice of d? we have:

gid} <—0,]d} e (16)

Hence the axiom (2) of [6] is satisfied. By

definition of dL , we have:

Mg, | <[di] < Mg, ] (17)

Hence, by (4), (5), the axiom (9) of [6] is also
satisfied. On the other hand, by (7), the axiom (9)
of [6] holds. Finally, we prove the inequality of

HdkH < KHdiH From the Expression 9 for d(t) it
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implies that d’(t) = 2td; +a(1-3t*)d,
, for te[0,1],

there is

Y(t)=2d"(t)" d(t) =

2(2td; +a(1-3t%)d, )" (t*d; +at(1-t*)d,) =
22032 d2 +2at’ (1-t*)d. ' d? +at?(1-3t%)d. ' d?
+a’t(1-3t)(1—t*)dL dL]=

a6 @[ +[4a% (- ) + 2267 (1-3t*)1d} " d:
+22%1(1-3t*)(1 - 2)d} |

< 42| +6ad}"d? +2a%[d} |

el fla

<4M g, | +

0, ”g K ”HdL H
2l [l o
0, ”g K ”HdL H
—2 2 6M2”gk”2 2M2”gk”2
<4M'|lg, | + 6, + 0
S(4M2+6M M el =Cile” 9

1 1

Therefore, for ¢ € [0,1],

JaOff =v(t) < ¥(1) + max o b O] < |2 +

2 .
T

f C
Thus (18) is satisfied with K= _[1+ M—lz and the

proof is complete.

4. MOTIVATION

In this section, the motivation of using a curvilinear
search direction similar to the one introduced in [7]
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TABLE 1. The Summary of the Use of Algorithm 1.

n q Curvilinear +Newton(CM) Curvilinear
Iter. | h| ) CPU(Sec.) Iter. | h| } CPU(Sec.)

120 96 28 6.46E-09 21.63 41 1.01E-10 38.98
240 192 34 8.55E-09 60.05 39 1.78E-10 85.49
360 288 48 1.36E-08 139.05 35 5.79E-10 123.06
480 384 40 3.99E-11 162.29 37 9.18E-11 200.16
600 480 29 2.53E-11 147.33 28 4.89E-11 163.08
720 576 31 2.54E-11 185.38 30 4.09E-11 215.10
1200 960 35 3.16E-11 370.29 30 8.39E-11 416.28
2400 1920 44 3.37E-10 820.70 29 6.08E-11 923.42
3600 2880 45 4.63E-07 1639.93 48 2.66E-09 3852.65
4800 3840 53 8.58E-07 2808.88 55 4.54E-09 7567.43
7800 6240 55 9.83E-07 4961.97 55 4.54E-09 10433.95
10800 8640 50 2.88E-06 5983.10 53 1.00E-09 19845.60
is explained. Since d(t) lies in the positive cone gldﬁ

generated by d, and d; for all te [0,1] and it is

desired to have a negative gradient direction when
the step is infinitesimal, the search direction is

assumed to be tangent to d}( for small step t. (Note
that d, (1)=d;,d, (0)=0,a>0). Let h be the
orthogonal projection of di on the orthogonal
complement of the line generated by d}( , related to
the norm || ) ||DEI ("ZHZD;‘ = ZTD:Z forall ze R"),

Therefore,

T _
h — d2 _ di Dkld}( dl
k 1T-1 41 &7
dk Dk dk

But d; =-D, g, , hence,

ged;
rdy

h=d? -8 gt

For each point z in the plane spanned by
(d, ,h) may be expressed as z=1y,d, +y,h.

IJE Transactions A: Basics

d; corresponds to y, = old! ,¥, =1. A simple
k Gy
curve proposed by Martinez [7] has the following
form:
T 41
g.d
P={z= Y1d}< +y,h|y, = (%YI)Z}a
g, di

and the curve used by Martinez and Santos, in the
coordinate (y,,y,) has the form:

P:{ZZY1dL+Y2h|Y1:

gTdZ 3
%(_YE ty, +\/Y2)}-
g, d,

5. NUMERICAL IMPLEMENTATION AND
RESULTS

In this section some numerical results for the
implementation of the curvilinear search method to
solve a large-scale problem from water resources
management are presented. The problem has the
form of the minimization of a quadratic objective
function, f(x), subject to some equality constraints,
h(x), and some bound constraints, g(x). The
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Expanded Lagrangian Techniques developed in [8]
is used to convert the constrained optimization into
a set of nonlinear equations in order to use the
curvilinear search algorithm developed in this
paper.

The implementation uses
n=10",0, =107,0, =10"%,£=10",M=10",M=10"
In Table 1, we report:
(n, q, Iter.): the number of variables, the number of
equality constraints, and the total number of
iterations needed to reach the convergence criteria
corresponding to the application, respectively.

(h_ CPU Time (Sec.)): The maximum violation

of equality constraints, the value of the objective
function, and the running time in seconds,
respectively. The algorithm has been coded using
FORTRAN77 on a Sparc2 workstation. The
performance of the proposed method that uses
Newton step at final stage (Algorithm 1) with the
implementation of the curvilinear line search is
compared. The results are summarized in Table 1.
In both algorithms, the number of iterations does
not increase significantly with the size of the
problem. In most cases, Algorithm 1 converges
faster, however, it doesn't reach the accuracy
required for large cases.

6. COMNCLUSION

In this paper, a practical and efficient method for
solving nonlinear equations has been presented.
Like the algorithm introduced in [7], it does not
need to solve the two-dimensional trust-region
subproblem several times. Instead, it uses a
curvilinear search direction similar to the one used
in [7]. The numerical results indicate that using a
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pure Newton step when the step is close enough to
the final solution can provide a fast convergence.
The global convergence of the proposed algorithm
has been verified.
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